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Preface

The two volume set “Lectures on QCD” provides an introductory overview of
Quantum Chromodynamics, the theory of strong interactions. In a series of artic-
les, the fundamentals of QCD are discussed and significant areas of applications
are described. Emphasis is put on recent developments. The field-theoretic basis
of QCD is the focus of the first volume. The topics discussed include lattice gauge
theories, anomalies, finite temperature field theories, sum-rules, the Skyrme mo-
del, and supersymmetric QCD. Applications of QCD to the phenomenology of
strong interactions form the subject of the second volume. There, investigations
of deep inelastic lepton—nucleon scattering, of high energy hadronic reactions
and studies of the quark-gluon plasma in relativistic heavy ion collisions are
presented.

These articles are based on lectures delivered by internationally well known
experts on the occasion of a series of workshops organised by the “Graduierten-
kolleg on Strong Interaction Physics” of the Universities of Erlangen-Niirnberg
and Regensburg in the years 1992-1995. The workshops were held at “Kloster
Banz”. Kloster Banz is a former monastery overlooking the valley of the river
Main and still serves, for some days of the year, as the stage where certain canons
and orthodoxies are vigorously formulated.

Inspired by the atmosphere of the site, the workshops were set up with the
aim of introducing novices in the field to the basics of QCD. Accordingly, the
character of the lectures was pedagogical rather than technical. With the or-
ganisation of these workshops we have attempted to establish a new form in
graduate education. Graduate students of the “Graduiertenkolleg” constituted
a large fraction of the audience. They have worked out these articles on QCD in
collaboration with the lecturers.

Thanks are due to Jutta Geithner for technical help in the preparation of
these proceedings. The support of the “Graduiertenkolleg” by the Deutsche For-
schungsgemeinschaft was instrumental in this endeavor and is gratefully acknow-
ledged.

Erlangen, January 1997 F. Lenz
H. W. GrieBhammer
D. Stoll
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Fascinating Field Theory:

Quantum Field Theory, Renormalization
Group,

and Lattice Regularization*

P. Hasenfratz’;
Notes by F. Kleefeld? and T. Kraus?

! Institute for Theoretical Physics, University of Bern, Siedlerstrasse 5, 3012 Bern,
Switzerland

? Institute for Theoretical Physics, University of Erlangen-Niirnberg, Staudtstr. 7,
91058 Erlangen, Germany

1 Introduction

Quantum field theory gives a unified prescription of physical phenomena where
collective behaviour plays an important role. This collective behaviour is inde-
pendent of the microscopical details and can lead to mind-boggling phenomena
such as dynamical mass generation, spontaneous symmetry breaking, confine-
ment, etc. The main purpose of these lectures is to communicate our fascination
about the way quantum field theories work.

In the introduction we try to explain and motivate some of the notions ente-
ring the title of these lectures and answer a few ‘why questions’ concerning the
subject.

1.1 Why Field Theory (As Opposed to Point Mechanics)?

In most of the interesting problems in physics a large number of degrees of
freedom are involved. Very often we are not interested in the individual motion
of one of the degrees of freedom, but rather in the collective phenomena created
by the correlated motion of a large number of variables.

Consider a pendulum, for example. Its motion is a simple problem in clas-
sical mechanics. If we consider many of them coupled by springs, modes might
occur which involve the coordinated, correlated motion of all the degrees of free-
dom (waves). For these kinds of phenomena a field theoretic description is very
natural.

* Lectures presented at the workshop “Lattice QCD and Dense Matter” organised l?y
the Graduiertenkolleg Erlangen-Regensburg, held on October 11th-13th, 1994 in
Kloster Banz, Germany
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Fig. 1. Collective phenomena.

1.2 Why Quantum Field Theory (QFT) (Rather Than Quantum
Mechanics (QM)) for the Collective Excitations?

In microphysics, the birth and death, the creation and annihilation of excitations
(particles) is a basic feature, which is observed everywhere.

Take for example the absorption and emission of a photon by an atom. QM
already has problems with this relatively simple example, especially with induced
emission.! There are, however, high energy scattering events where the number
of produced particles lies in the hundreds, even in the thousands. QM works with
normalized wavefunctions and the associated interpretation excludes the possi-
bility of particle creation and annihilation. We need a prescription with states
of an arbitrary number of exitations and with the possibility to communicate
between them. This is just what QFT provides us with.

1.3 Why Lattice Regularization?

Some of the mathematical operations which enter the definition of a QFT require
a careful limiting procedure. In field theory, the variables are associated with
space-time points. These variables have some kind of self-interaction, whereas
the elementary interaction between different degrees of freedom is over infinite-
simal distances as expressed by derivatives. Already in the classical theory, the
definition of a derivative requires the temporary introduction of a finite incre-
ment (of the argument of the function considered) which disappears at the end
by some limiting procedure

f'(a:)= lim f(:z:+a)—f(:c)' (1)
a—0 a
Similarly, the very definition of a QFT requires the temporary introduction of a
defining framework called regularization, which disappears from the theory by a
limiting process. The way to introduce and remove the regularization is a highly
non-trivial problem.
Accepting the fact that we need some regularization scheme — why should
we resort to lattice regularization? Let us mention some of the reasons.

! Strictly speaking, it does not belong to the realm of QM.
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— In general, in any problems which require numerical analysis (e.g. integrals,
partial differential equations, ...), the standard procedure is to introduce
meshes. Also the path integral can be defined in a natural way by introducing
meshes. Consider the probability amplitude for the propagation of a particle
from the coordinates (x;,t;) to (zf,ts) in QM:

K(zf7tf;riati)= Z eiSCl(:(t))’ (2)

all paths
where S is the classical action and the sum extends over all paths connecting

the points (z;,¢;) and (zy,ts). The sum over all paths in equation (2) can
be defined by introducing a space-time lattice (see Fig. 2)).

e

x ]

Y4
t t, t

i f

Fig. 2. Paths on a space-time lattice.

— Lattice regularization overcomes some of the shortcomings of other sche-

mes. Lattice regularization is defined non-perturbatively, unlike, for exam-
ple, dimensional regularization which can only be applied in the context of
perturbation theory.
Lattice regularization is very convenient for gauge systems, or for theories
with constrained variables. Choosing a momentum cutoff, the constraints
may become very cumbersome. Consider for example the non-linear ¢ model,
where the spins lie on a unit sphere: S(x)? = 1. This constraint is simple
in configuration space, but complicated in momentum space. Even worse, a
momentum cutoff violates gauge invariance.

1.4 Why Renormalization Group?

We begin with a slight detour, asking ourselves about the common feature of
all field theories (QCD, QED, electro-weak interaction, #*, ...). Their most
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important common property is locality. Locality means that the elementary in-
teraction in the action takes place only between infinitesimally separated points.
On the other hand, we are interested in finite correlation lengths of the systems
described by field theories. In QCD, for example, we want to obtain a correlation
length of the order fm, which is the typical scale for hadronic objects. Therefore
some miraculous thing has to happen that ensures we obtain a finite correlation
length at the end in the solution (in the Greens functions), despite the fact that
the distance of our basic interaction in the action approaches zero. Collective
behavior is needed to overcome this paradox.

Let us look at the relevant scales in momentum space (Fig. 3). We are inte-
rested in some region of physical momenta which is well below the cutoff. The
predictions in this physical region are influenced by by the high momentum mo-
des also. At first sight this seems to be a problem, since we do not know what
the elementary interaction between, say, an electron and a photon at the cut-off
should look like. For the field theoretical prescription to be successful we need
the results of the theory in the physical region to be independent of the details of
the interaction near the cutoff (i.e. independent of the details of the interaction,
or of the regularization scheme). This property, called universality, is produced
typically by the collective motion of a large number of degrees of freedom. This
is the property which allows us to calculate the anomalous magnetic moment of
the electron to many digits precision in spite of our limited knowledge on the
form of the interaction at very high energies.

physics regularization dependent scrap

] energy or
| \
' / momentum

/ scale
a

1

Fig. 3. Momentum scales.

It would be useful to define a procedure which eliminates the uninteresting
degrees of freedom at high momenta, but takes into account their effect on
the remaining variables exactly. This procedure is the renormalization group
transformation (RG). RG ideas not only provide a deep insight into the way
QFTs work, on properties like universality and renormalizability of a theory,
but they lead to powerful quantitative methods also [1].
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2 Quantum Field Theories (QFTs) Versus Critical
Phenomena in Classical Statistical Physics
2.1 Formal Relation Between QFTs and Classical Statistical Physics

Consider an n-point function in QFT in Minkowski space, with #(z) as the
generic field

(0| T (8(z1), 8(e3), .., #(aa) ) | 0). ®3)

In path integral language this expression is equal to

D& &(zy)(z,) ... ¥(zy, i [roat [**ax £(s,0,9
oy < L DEEERE) (x)expz( [T a1 dx £(8,0,9)) @

where Z = [D® exp (i fdt [ dx L) is the normalization and z = (t,x) =
(t,z1,...,2q,). For the Lagrangian £ we might take

1 &1

LMinkowski = 530456045 - ; 531'9531'45 -V(®) . (5)
For many reasons it is helpful to perform an analytic continuation and go to
Euclidean space,

t =19 = —i%q

i/dt/dx—)/d% (6)

where d = d, + 1. By Wick rotation, the relative minus sign between the time
and the spatial derivatives disappears,

LMinkowski — — (i %a,-qba@ + V(¢)) = —£($,09) , (7

and we get -
Z = / D& exp (—/d%ﬂ@@@)) , (8)
(B(e2)B(e2) .. B(zn)) = /D@ H(z1)8(z2) ... &(zn) exp (= [ dzE) o)

z

Equations (8,9) are nothing but the partition function and correlation functions
for a system in classical statistical mechanics. The QFT of fields in d; space
dimensions is transformed — by continuation to Euclidean space — into classical
statistical physics of fields in d = d; + 1 Euclidean dimensions. The Euclidean ac-
tion plays the role of E/kpT, where FE is the classical energy of the d dimensional
system.
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2.2 Mass (Gap) m, Correlation Length ¢

The n-point (correlation) functions also determine the spectrum of the theory.
Take (in Minkowski space) the operator in the Heisenberg picture

&(t,0) = et dge Mt (10)

where &5 is the field operator in the Schrodinger picture at the space point 0.
Then

. . . . 2
(018(t,0)8(0,0) [0) = Y e EEt |0 ds | m)| . (1)
where we have used the closure relation
1=3 |n)n| (12)

for the energy eigenstates | n) of the system. If we perform the analytic conti-
nuation to Euclidean space, we obtain

t > —ix4
(01 $(2,0)8(0,0) | 0) 3 e~(Ex=Bw)za |g, 2. (13)

If the state 5 | 0) is orthogonal to the groundstate | 0) then

(0] &(¢,0)$(t,0) | 0) “125° e=4F=4 |y |2,
AE = E, — Eo = my. (14)

The dimensionful quantity mgs is the mass gap in the channel of &. As myr
determines how fast the correlator in (14) falls off as a function of z4, the inverse
of mgs can be identified with the correlation length £4:

1
= —. 15
£ar ma (15)
Note again that mg4; and {4 are dimensionful physical observables and their
physical units are given by: [mg] = g, {4} = cm.

2.3 QFTs Versus Critical Phenomena

There is a deep similarity between the problems of a QFT and those of critical
phenomena. For illustration, consider a large piece of magnet. The magnet is
built of atoms forming a lattice structure with a lattice distance a ~ O(A). At
a given generic temperature T > T, the net magnetization is zero, the distance
over which the magnetic spins are correlated (correlation length) is of the order
of the lattice spacing (see Fig. 4 on the next page). Let us tune the tempera-
ture towards the critical temperature where where spontaneous magnetization
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Magnet Magnet under reducing glasses

)
Corr. Jength=3a~3 A

\L T approaches T c

[+]
Corr. length=30a~30A

- =
corr. length ~1fm

solid state physicist field theorist

Fig. 4. Solid State Physics versus Field Theory.

sets in. In approaching T¢, the correlation length gets larger and larger, several
hundreds of lattice units (hundreds of As), and beyond. A field theorist looks
at this problem through his special glasses. These are reducing glasses. Through
his glasses, the original lattice unit and correlation length is O(1fm). This is a
trivial rescaling. It is more important that the field theorist increases the redu-
cing factor of his glasses in such a way that through his glasses, the correlation
length stays the order of 1fm even when the temperature gets close to the Curie
point (see Fig. 4). For the solid state physicist, the correlation length approa-
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ches macroscopical distances, while looking through the increasingly reducing
glasses of the field theorist, the correlation length remains constant, but the
lattice becomes increasingly fine grained. At the Curie point, the field theorist
obtains a continuum field theory (a — 0) with finite O(1fm) correlation length.
His colleague has a lattice with fixed lattice unit (a ~ 1 A) and macroscopical
correlation length. It is clear, however, that the main difficulty — obtaining and
controlling the large scale collective behavior — is a common problem for them.

3 Renormalization Group (RG) Transformation

We shall discuss RG transformations both in momentum and in configuration
space. The systematic elimination of large momentum (short distance) fluctua-
tions is done by:

— thinning out the variables
— relabelling and rescaling the remaining variables

The momentum space regularization with a sharpe cutoff is conceptually simple
and it is well suited to explain the steps of a RG transformation. For a free
field theory and in leading order of perturbation theory it leads to a technically
simple problem. We start our discussion with this case. In general, however the
sharpe cutoff creates difficulties. In addition, momentum space regularization is
not suited for contrained and gauge systems, as we discussed before. All these
problems are avoided by using a regularization in configuration space. In the
second part of this section we discuss RG transformations in this context. In
the following the notation @ (z) is used for a scalar field, @ (k) for its Fourier
transform:

& (z) = /k e B (k)

using the following abbreviation for the d-dimensional integration in Euclidean

momentum space:
© qdk

3.1 RG Transformation in Momentum Space

We choose a cutoff in momentum space:
k] < 4o

The next step is to express everything in terms of dimensionless quantities in
units of the cutoff, i.e. introduce the dimensionless momentum variable ¢:

ky
U = Fout

= g <1,
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ki, ks, ..

Kl max= A™

Fig. 5. Considered range of momentum.

and the dimensionless field variables ¢ (g):

- d42
pla)=B(k)- (4= F
The generating functional in Euclidean space then reads
2=11 [av@e 50 . (16)
lal<t

The idea is now to integrate out in a cascading procedure the irrelevant high
momentum parts of the degrees of freedom in Z to come down to relevant mo-
mentum scales which determine physics. The cascading procedure is done as
follows. One splits up the fields ¢ (¢) into two parts, wo(q), which is defined in
the region |g| < 3 , and ¢1(g), which is defined in the region 1 <|g| <1 :
¢(9) = po(9) + wilg) - (17)
——

lel<3  3<lal<t

Integration over ¢, (g) (“thinning out”) leads to the effective action S (yo):

z=1] /d%(ll) 1 II /d%(q)e-s(%wpl) _

lal<} z<lgi<1
= H /d(po(q) e—S(<P0)
lgl<3

Now one replaces the dimensionless momentum g by ¢’ = 2q (“relabelling”)
where

0<|d|<1
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q:,q, -

lé%lql_—l

= VE
%7/

Fig. 6. Range of q (The shaded region is integrated out by one RG transformation
step.).

This leads to the following change in the field variables (“rescaling”):

(@)= ¢ wole) - (18)
~~
const
For the generating functional one obtains
/dcp (g )e“S'(‘p )L /d(p _S . (19)
lg'I<1 Iql<1

In the second step primed fields and integration variables were just replaced by
unprimed symbols. The net effect of the RG transformation between eqs.(16)
and (19) is just the following change in the action:

S(p) 25 S'(0)

The low energy (long distance) correlations remain unchanged by the RG trans-
formation as one can check (|q1], |g2| < 1):

<ep(@)elg) > =

=— II /d<p(q Yo (a)e(@)e S =

ItJI<1
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¢TI [a0t@) o' @yo(2)eS®)

lg'i<1

We thus have the following expression for the correlation function

Sela)eln) >ls = ¢ <¢'(2a)¢e'2e) >l

~8(q1+42) G (a1 ~8(2q1+242) G@'(201)],

Using 8(2q) = 2795(q) one obtains the relation for the two point Greens func-
tions:

6P| =274 6P (2q)| , - (20)

If the propagator has a pole at ¢> = —m? (m is measured in A®** units, m < 1),

ie. G@(g) ~ (¢ + m2®) ™", then the pole will be shifted by the RG transforma-
tion to the position m’' =2m, as

: 1 1 1
GP(g) ~ ~

(3)* +m? g2 +(2m)’ g2 + (')’

Although the dimensionful mass mg = m * A°** and so the dimensionful cor-
relation length &y ~ (mdf)_1 is not changed by the RG transformation, we
have the following changes for the action S (¢), the dimensionless mass m, the
dimensionless correlation length ¢ ~ m~! and the cutoff A°"* itself:

S(#) 25 8'(p)

RG
m-—2m

(21)
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3.2 RG Transformation in Configuration Space (Lattice)

We shall consider a d dimensional hypercubic lattice in Euclidean space. The
field ¢ is defined on the lattice points n, where n is a d dimensional vector of
integers. On the lattice the generating functional Z is written as:

z=]] / dpn e~ 50 (22)

where n runs over all lattice sites. A RG transformation in configuration space
averages out the short distance fluctuations, i.e. fluctuations over distances O(a),
where a is the lattice unit. We form blocks on the lattice labelled by the block
index np (see Fig. 7). To every block we associate a block variable ¢', which is

site labelled by "n" block labelled by "ng"
R : \ _________________ | — a'—
je—a—e: e LI
k—— a’H . °
) ) i e .

Fig. 7. Lattice before and after block transformation.

an average of the original fields in the block. Integrating over the fields ¢ keeping
the block averages fixed, Z is expressed in terms of a functional integral over the
block fields:

1

z=]] / don ] / dg', 5@'"5 5 Y g eSO =

neEng

= H /dcp,nn H /d‘Pn 5((/7,"3 -b Z ‘Pn) e_S(‘p) —

nEng

= H /d(p'na e_Sl((p,)
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where

e S =T] /d% 5@y —b S pn) e 5 (23)

nEng

Here np extends over all blocks, b is a free parameter at this stage, which corre-
sponds to the rescaling parameter ¢ in (18), and S’(¢’) is the resulting effective

action after performing the block transformation. The lattice unit a ~ (Acuty ™
transforms under the considered RG transformations as:

a8 2a=0d
The dimensionful and dimensionless correlation length transforms as in (21):
RG
Sa — &ar

=

N fvn

Let us close this section by discussing a basic assumption of the RG theory.
The constrained functional integral in (23) seems to be technically more com-
plicated than the original functional integral for Z. How the RG idea can help
then to get quantitative predictions out of the model considered? The point is
that functional integrals, or partition sums are not always very difficult. Con-
sider for example a classical statistical system at very high temperatures. The
partition sum (and other quantities) can be calculated to high precision by using
the technique of high temperature expansion. The physical reason that such an
expansion works is that at high temperatures the system has short range fluc-
tuations only. The partition sum becomes really difficult to calculate at tempe-
ratures when the system has long range fluctuations, when collective behaviour
occurs, when many terms in the partition sum contribute to the final result es-
sentially. The functional integral in (23) is not expected to be difficult in this
sense. The constraints expressed by the é-functions are expected to disrupt the
long-range fluctuations of the system. Actually, this is a basic assumption of the
RG theory: the integrals over the high momentum (short distance) components
of the system define a non-critical problem with short distance fluctuations only.

4 Fixed Point (FP), Behavior in the Vicinity of a FP

Let us see, how the action is changed by RG transformations. The transformed
action S’(9'), in general, will contain all kinds of different interactions, even if
the original action S (#) had a simple form.

To begin with, we take an action of the general form

S(®) =) Kuba(®) ,
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where 6,(®) (a =1,2,...) denotes all kinds of different interaction terms like

B0 (®), /;Qz(x), /;@4(:5), /z(a,,qs(z))z, /1(6,,45(1:))2 qs2(m),.../zqs}8(x),

(24)
and K, are the corresponding dimensionless couplings (all coupling constants
can be made dimensionless by multiplying with a suitable power of the cutoft
Acut). The transformed action S’($’') is also expanded in terms of these inter-

action terms
S'(@) = K. 0a(%)

Thus, under repeated RG transformations the set of all couplings and the corre-
sponding dimensionless correlation length changes step by step in the following
manner:

(K.} 28 (k1) B8 (kiy B8

¢ B ¢ G g RG

The RG transformation can have fized points { K} (FP) in the space of couplings
which have the property

(K} B8 (K

As the dimensionless correlation length has to decrease at each RG step, at a FP
it has to be infinity, i.e. £ = oo (the other possibility £ = 0 is not interesting for
us). A set of points in the space of couplings K,, where £ = oo , forms a hyper—
surface which is called critical surface. Since £ LEY %5, an RG transformation
drives the point {K,} away from a critical surface, except when {K,} is on the
critical surface.

Let us consider now the behavior of the action under RG transformations in
the vicinity of a FP: Assume there is a FP {K}} on the critical surface. Take
a point {K,} in the neighborhood of the fixed point, i.e. AKy = Ko — K is
small. Perform now an RG transformation

(K} B8 (K} , AK,=K.,-K

We can now express AK], in terms of AK,, by an expansion

A, = 8K ({K)) = 8K () + 3 52 A1, ((K7)) 8K+ O ((AKY)
o B

A RG transformation which takes only into account the linear term of this AK~
expansion, is usually called linearized RG transformation. With the definition:
a

Tog = K, AK,({K})

K=K~
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the equation can be rewritten considering only the linear term in the AK-
expansion
AK, =) Toup AKp
B

Diagonalization of T,p gives the eigenvectors A* (a = 1,2,...) and the corre-
sponding eigenvalues A\® 2, We distinguish three cases:

— |A%] > 1: The eigenvalue is called relevant.
— |A%] = 1: The eigenvalue is called marginal.
— |A%] < 1: The eigenvalue is called irrelevant.

The reason for these names is the following. Using the notation
K@) = h36a(P)
a

the action can be expanded in the eigenbasis h®(®):

S(8) = S*(®) + ) _ c*h* (&) ,

where c® are the corresponding expansion coefficients. Repeated application of
RG transformations changes the action close to the FP in the following way:

S(#) 28 54 @) + S At (@) BS 50(8) + T () e h (@) £S

What one sees is that on one hand there is a part S*($) in the action, which
is unchanged by successive RG transformations. S$*(®) is called the fized point
action. On the other hand, the interaction terms associated with an irrelevant
eigenvalue, the so called irrelevant interactions or irrelevant operators are sup-
pressed by each RG transformation step, while terms associated with a relevant
eigenvalue (relevant interactions or relevant operators) are enhanced. For terms
belonging to marginal eigenvalues it is not immediately clear what will happen.
One has to look to higher order terms in the AK-expansion which determine
whether the corresponding interaction term will be suppressed or enhanced by
RG transformations or whether this property remains in higher orders also im-
plying the existence of a fixed line rather than a fixed point.

Let us consider for illustration the d = 3 (= 2 + 1) scalar field theory (see
Fig. 8). Analytical and numerical results suggest the following scenario. Two
FPs (FP() and FP(?) can be identified which have to lie in the critical plane.
FP(®) is positioned at the origin of the coupling space. This FP is called the
Gaussian FP. The Gaussian FP itself (here and in models with other field con-
tent) describes massless free field theories, but its neighbourhood might reveal
more interesting physical properties. As one can see in Fig. 8, at each FP there

% Actually, this step requires more care: T, is not a symmetric matrix, in general.
For the associated technical complications see, for example, ref. [1].
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FP(I)

/
\

Critical Surface (§ = co)

Fig. 8. Coupling space and RG trajectories of the d = 3 scalar FT.

are attractive (irrelevant) and repulsive (relevant) eigendirections with respect
to RG transformations. At both fixed points there is a relevant direction running
out of the critical surface. In addition, there is one trajectory leading from the
Gaussian FP (FP(?)) to FP(!), This shows that the dimension of the basin of
attraction of FP{?) is one less than the one of FP(!), That implies that in order to
reach the basin of attraction of FP(2) one has to tune one additional parameter.

The number of different fixed points in a d dimensional scalar field theory
grows as d is decreased towards 2. On the other hand, in d = 4, there is only
one FP identified until now.

5 Gaussian FP

5.1 The Gaussian FP in Scalar FTs

In the last section it was mentioned that in four Euclidean dimensions (d = 4 =
3+1) only one FP can be identified for a scalar FT. This FP is the Gaussian FP
which exists in any dimension. The Gaussian FP has an enormous importance,
especially in QFTs, so we shall investigate its properties in some detail. To
identify the Gaussian FP in scalar FTs, we start with a simple Gaussian scalar
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theory, i.e. an action which is quadratic in the field

Acut
5= /kzo & (k) (k) 5(k)

Here j(k) is a general function which can be expanded in increasing powers of
k:

2 d
pR)y =70+ 1 Zkk +a(2kk) +B kukukuk, + ..

convention! #=1 u=1

By rescaling the integration variable & (k) in the path integral one can arrange
that the coefficient of the term 3 k,k, is 1. We shall take this convention. As
in Sect. 3 we then introduce dlmenswnless quantities with the help of the cutoff
Acut

QG = A’i’fn , gl <1
elg) = 45(/c (4eu) F*
p(q) = p(k) - (47"

9 = To - (Ac"c) -2

«=a- (AC“‘)

8 =

3 - (Acut.)2

yielding

2
P (Q) =710+ Z Qudy + (Z QpQu) + 8 Z Quququdu +
B u B

Now we perform an RG transformation as in Sect. 3.1. The generating functional

=/D<p(q) =11 /dcp exp{—% /_ (q)w(—q)p(q)}

lgi<1

Following the steps in Sect. 3.1 we split the fields and the action in low and high
momentum parts

0<lg|<d  3<lgl<t

S(po+ 1) =S (po) +S(p1)
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where the last equation is valid for quadratic actions only. Integration over ¢
gives for the generating functional (up to a multiplicative constant)

Z = const - H /d(po(q) exp{—% /jowo(Q)%(—Q)P(‘I)} =

1
lql<3

—eons [T [ar(@) o {-3¢2* [ paret-0e ()] =

le'1<1 =0

= const - H /dgp'(q’) e_S’(‘P')

lg'|<1
As usual we rescaled the dimensionless momenta and fields:
0'(@)=C"polg) , d=2q , 0<|dI<1

So we have

/

1
S 25 =3¢ [ d@e0n(3)

p(@) 25 p (%) 2d=

2
- 1 1 1
= (2274 T°+Z unq‘,+Ea(Zq,‘q,,> +Eﬁzq,‘q‘,quq#+...
G [ [z

To satisfy the convention that the coefficient of the 3° , g,qu—term in the action
should be 1 we choose .
2
¢=2%

yielding

RG RG RG,
To —)1'6:47‘0-—) Tg:42’l‘0 _— ...

RG RG 2 RG
a Sad=taSa =) a=...

=18 =(1) 85 ..

We see that the only relevant operator in the action is the one with the coefficient
ro (eigenvalue: A = 4), all other interactions are irrelevant, i.e.:

To relevant A =4
a irrelevant A = %—
B8 irrelevant A = 3

all other irrelevant |A| < 1
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On the critical surface ( 7y = 0) repeated RG transformations lead to an FP
action which is of a free scalar FT of massless (£ = co) particles:

SW=5 [ e@e-0r@

P (g)=gq

5.2 Classification of Operators in the Vicinity of the Gaussian FP

In the previous section we considered couplings which are quadratic in the fields.
Let us generalize this by considering an extended coupling constant space in the
vicinity of the Gaussian FP. Add for example to the Gaussian FP action some

terms like:
:\4/¢4(z) , 5\6/-@6(2:) ,
T z

This leads in momentum space (using again dimensionless variables and coup-
lings ro, A4, A¢ (< 1)) to following terms in the action

S=/%(‘12+7‘0)<P(‘1)<P(—Q)+
+/\4/ ¢ (@) ¢ (a2) v (g3) ¢ (qa) (g1 + g2+ g3 +qa) +

+/\e/ elg) ... o(gs) 0(g1+...+g6) + ...
q1---e

For simplifying the algebra and notations let us keep those terms only which are
explicitely written out above. ; From this expression a straightforward calculation
gives the following transformation behavior of the coupling close to the Gaussian
FP:

ro 25 (ro + 6 Xsc+ 1526 %) (2279

A R—G) (A‘; +15)X¢ C) C4 934

Xs 25 Ag (82754

=
c= —
k:% k2+'r0

The RG eigenvalues A* and the eigenvectors A?® of this linear transformation are
therefore (the last column shows the engineering dimension of the highest power

with
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in the eigenvector)

A =92 () = ¢2 dim®%(z) =d — 2
A2 = 94-d B gt 4 482 dimd*(z) =2d -4 .
AB) = 26-2d¢  p() = g8 L p B + b, 8° dimP%(c) =3d -6

The general result can be stated as:

To every simple operator 8(z) with engineering dimension dg there
corresponds an eigenoperator, whose highest dimensional element
is 0(z), and the corresponding eigenvalue is:

A0=2d—d9

Some examples are shown in Table 1 In 3 and 4 Euclidean dimensions the re-

Table 1. RG eigenvalues for a scalar field theory

6(z) do PN

$*(z) |d-2| 4
S(z) [2d—4|2*¢
#5(z) |3d —6[28°%

(8°9(2))’|d+2]| 1

sult above leads to the following statements concerning the relevance of special
operators in linear order in the AK-expansion:

d=3 O(AK)
$?, o4 relevant
5 marginal

all other operators irrelevant
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d=4 O(4K)
@? relevant
ot marginal

all other operators irrelevant

The fate of the marginal operators #° (d = 3) and $* (d = 4) is decided by the
O ((AK)?) terms. In both cases they become weakly irrelevant.

5.3 A Brief Discussion on the Yang Mills Interaction

If the form of the RG transformation respects the symmetries of the original
action, then the action after the transformation will also have these symmetries.
It might happen that a symmetry of the theory is broken by the regulariza-
tion. If the corresponding symmetry breaking interactions have no projection to
the relevant, or marginal directions of the RG transformation, then the symme-
try is automatically regained in the continuum limit. The term proportional to
B in p in the previous section gives an example for this possibility: this rotation
symmetry breaking perturbation dies out in the infrared (continuum) limit.

In contrast, if a gauge symmetry is broken, the corresponding non-gauge
invariant interactions will be relevant and the gauge symmetry will not come
back automatically in the continuum limit. In fact, at the Gaussian fixed point
there exist several non—gauge invariant relevant (marginal) operators in d = 4
Yang-Mills theory (A = eigenvalue of RG transformation), e.g.

O(AK)
A5 A5 relevant (\ =4)
A% A2 A% A® marginal (A = 1)

0,A, A A, marginal (A =1)

If one restricts oneself to gauge invariant operators, it turns out that the lowest
dimensional gauge invariant operator:
Fi F., with dg =4

is marginal to first order and becomes weakly relevant to second order in the AK—
expansion, while all other gauge invariant operators are irrelevant. The coupling
g which is associated with this operator is the only interaction which survives the
infrared limit. This coupling is growing as the momentum scale is decreased and
the other way around (“asymptotic freedom”). The simple topology of the coup-
ling space for d = 4 (gauge invariant) Yang—Mills theory is displayed in Fig. 9
where g,c;, ¢z, ... denote the relevant and irrelevant couplings respectively.
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Renormalized Trajectory (RT)

ow/

- 2
Bl=g

(GFP = Gaussian Fixed Point)

Fig. 9. Gaussian Fixed Point in d = 4 Yang-Mills theory.

6 The Perfect Lattice Regularized Free Scalar Theory:
The Perfect Laplace Operator

Methods related to the RG theory are among the most powerful tools to attack
difficult non-perturbative problems in statistical physics and field theory. There
is now way to give even an overview on those methods and results. We shall
rather discuss a specific application hoping that it is sufficiently interesting to
raise your interest for digging deeper into the subject of RG. We shall discuss
the possibility to construct perfect actions on the lattice. What ’perfect’ means,
what is it good for and what this has to do with RG ~ this is our subject now.
Take, for concreteness, the d = 2 Euclidean space continuum action

1 2
S = [ d’z 3 ;a@(z) 8,9(z), . (25)

The standard way to put this theory on the lattice is to replace the derivative
by a discrete difference. Suppressing the lattice unit dependence (‘a = 1’) one
obtains:

2
- / d’z % ,,; P(zx) AP (z) =
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ib.p. 1< 1
bp /d2:z: 3 Z 0,9(z) 8, %(x) — Z 3 (Ptn — Bn)’ (26)
p=1 n,i

where ji is the unit vector in 1 or 2 direction. This corresponds to the Laplace
operator on the lattice

2
(Alsttice 8) =48, =3 (@i +Pnz) . @)

a=1

This is the familiar 4,1, —1, -1, —1 rule for the lattice Laplace operator. It

is clear, however, that Alattice s only an approximation to the continuum

Acont = 37 8,0, and by solving Algitice ¢ = 0 the predictions will be dis-

standard

torted. For small a, the distortion is O(a?) plus possibly boundary effects which
can even produce O{a) corrections.

-1

Fig. 10. Standard Laplace operator on the lattice.

Similarly, the corresponding field theory gives predictions which are conta-
minated by lattice artifacts. To see this explicitely, we determine the spectrum
which in the continuum is

‘ ) o P2k es’klzleikzzz
—ipZ1 ycont — —1pzT)
fd:vle D™ (z4,22) = /dzle /_oo (2m)? k2 + k3

oo dkz eikz.tz
—/_oo 2m p? + k3

= le—lp!n, (28)

2p

where D™ is the Greens function in the continuum (obeying A°™ D°™(z;, z2)
= §(zy)-6(z2)) and [ dz; e *P* projects into the momentum= p channel. Com-
paring this with the expected behavior of the propagator

/dl‘l e—:‘ancont(Il,Iz) Z2 300 e-—zzE(P), (29)

one observes the expected dispersion relation E = |p)|.
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Things will change, however, if we consider the propagator for the standard
lattice Laplace operator (see e.g. [2]). By calculating the lattice action in Fourier
space

Z % (¢n+ﬂ - ¢n)z = /” (%:%% Z (eik“ — 1) (e'““‘ — 1) é(k)é(—k)

T dk NAANWTY

= —_ 3 £ ) S(k)P(-k),
2/4(2”)22“;5171 (%) dwi-n
one can read off the propagator for A

lattice
standard”

momenta, one gets for the propagator for small k (k << 1):

(30)

Reintroducing a and dimensionful

1 1
= . (31)
. a 2 2
AT, () P o)
This corresponds to the dispersion relation

E(p) = |p| + O(p%)
artifacts.

(32)
for the standard lattice action for small |p|. The O((p®)-terms represents lattice

As one can see in Fig. 11 the standard lattice dispersion relation

] standard
& i lattice free FT
Sy ;

PP T S

0

i
a P

Fig. 11. Dispersion relations for continuum theory and standard lattice theory.

approximates the continuum relation very well for small |p| but gets very bad
near the edge of the Brillouin zone.

It might sound surprising, but there exists a lattice version of the free sca-
lar theory which is free of lattice artifacts and most notably, it gives back the
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exact spectrum of the continuum theory. This formulation - by construction —
defines a perfect Laplace operator on the lattice. Even more, this perfect lattice
representation of the model is sufficiently simple to be interesting in practical
calculations.

This perfect action is the FP action of the model related to some RG trans-
formation on the lattice. To find this action, let us start with a general quadratic
form in d = 2 dimensions:

1
S = 5 ; p(r) $nénir, (33)

where p(r) are the coupling constants and n = (n1,nz), r = {(r1,r2). The RG
transformation

_% Z p(r) ¢n¢n+r

H/dq&,.e nr H5 (Xna - % Z ¢n) (34)

ne€ng

is generalized by introducing the free parameter x in the following way

2
0 (x,,a —% Z ¢,.> — exp{ —2k (x,,s —% Z d)n) . (35)

neng neng

In the limit Kk — oo we recover the §-function blocking, for finite x it is a
(legitime) generalization. We then obtain

exp [—% Z P’(T) Xng Xﬂs-&-rs} = H /dd’ﬂ €xp [-% ZP(T) ¢"¢"+r:|
7B n wr )
~2 (Xn, - % > ¢n) . (36)

nenp

The problem is to find a a specific set of couplings p* (r) such that if p(r) = p*(r),
then p'(r) = p*(r) as well (fixed point). Since we have to perform Gaussian
integrals only, this problem is comparatively easy to solve and we will only give
the result in Fourier space

1 . 2 q;
1 1 sin® & 1
% = Z 2 . 2 2 + 9.’
p(9) G (g+2m)’ o (% +m)” 3k
[o o] [o o]
where [ = (lp,!;) 1is an integer vector and Z = Z z
1 lo=—00 lj=—0
* T d2q igr =* 37
and p*(r) = amze P (@, 9=(1q1,q2) (37)
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One can calculate the spectrum for this perfect Laplace operator and one obtains
the astonishing result that it is exact. Not only that it is exact in the Brillouin
zone, but the full spectrum is obtained. One finds a tower of poles when doing
the integration in the k,-plane. The dispersion relation reads

E =|p+2nly|, where I} =0,%1,4£2,.... (38)

Therefore we obtain the full continuum spectrum as shown in Fig. 12.

E(p)
N

; a
K n P
-2 0 y

Fig. 12. Dispersion relation for the perfect Laplace operator on the lattice.

Table 2. The couplings of the quadratic two—spin interaction terms at a distance
r = (ro,r1) for the optimal choice of the block transformation with k = 2. Note that in
our convention, for the standard action the only non-vanishing entry in this list would
be psT(l,O) = —1.

r p(r) r p(r)
(1,00 -0.61802 [}(4,0)] —2.632-107°
(1,1)] —0.19033 |{(4,1)| 7.064-10"7
(2,0){—1.998 - 1073}|(4,2)| 1.327-10"°
(2,1)|-6.793 - 107*{|(4,3)| —=7.953 - 10”7
(2,2)] 1.625 - 1073 .{|(4,4)} 6.895-10"®
( )

)
)

3,0)|-1.173 - 107 *}|(5,0)| —8.831 - 1078
(3,1)] 1.942 - 1073 {|(5,1)} 3.457-1078
(3,2)] 5.232-107% ||(5,2)| 3.491-10"%
(3,3){-1.226 - 107%}|(5,3)| -3.349 - 1072
(5,4)( 8.408-107°
(5,5){-1.657 - 1071

The properties {most notably the interaction range) of p(r) depend on the
free parameter . The choice k ~ 2. is optimal in the sense that p(r) decays very
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rapidly with growing |r|, like ~ exp(—3.44|r|). For this choice p(r) is strongly
dominated by the nearest neighbor and diagonal couplings while the couplings
at distance > 1 are already small. As Table 2 (taken from [3]) shows, p(3,3) is,
for example, 5 orders of magnitude smaller than the nearest neighbor coupling.
The choice k = 0o (corresponding to a block transformation with é~function)
gives a considerably larger interaction range, p(r) ~ exp(—1.45|r|).

7 Perfect Lattice Action in Asymptotically Free Theories

In this section we illustrate the idea of improved lattice actions. As Yang-Mills
theory or QCD in 4 dimensions are technically quite complicated, we choose as
a toy model the non-linear ¢ model in d = 2 dimensions for which more details
can be found in [3].

7.1 Introduction to the Non-linear ¢ Model

The continuum action of the O(3)-symmetric non-linear ¢ model in Euclidean
space is given by

2
Scont _ g/dzz Z Byé(x) 6“§(x),
p=1

with the constraint : &%(x) = 1, (39)

where & is a 3-component vector and 3 = 1/g, the coupling constant g is di-
mensionless.
This model has some features common to Yang-Mills theories in 4 dimensions:

— The theory is asymptotically free in g.

— The dynamics of the system generates a mass gap m. We obtain a triplet of
particles with mass m.

— Classical instanton solutions exist with scale invariant actions.

This model has a long history, as this interesting, but relatively simple theory is
an excelient testing ground for theoretical and numerical ideas.

On the lattice one obtains the standard formulation of the action (39) by
replacing the derivatives with nearest neighbor differences,

B
Sitendard = 5 Z nii— Bn) =B Pabnys +const,  (40)
n,j

where n = (ny,ny) labels the lattice sites and i is the unit vector in 1 or 2-
direction.
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7.2 The Renormalized Coupling g,

An interesting problem is to calculate the renormalized coupling g.(L) for this
model, where L is some physical length scale. For small L (L << ) this can be
done in perturbation theory, due to asymptotic freedom. The challenging task
is, however, to calculate g,(L) for large L, away from the perturbative regime.

Before we will deal with this problem, we first have to define the renormalized
coupling g,(L). It is easy to see that

gr(L) := m(L)- L (41)

is a reasonable definition, where m (L) is the mass gap in a finite, periodic box of
length L in space direction (time is kept infinite). We will provide an intuitive ar-
gument to show that the relation (41) is a possible definition of the renormalized
coupling:

Consider L to be small, then only the constant modes of ¢ with respect to
z are important, implying

S = —‘;—/Ode/dtg(aué(x))z Lo %/dt (ds)z. (42)

Eq. (42) defines a simple problem in quantum mechanics. It describes a quantum
mechanical rotator in 3 dimensions with a moment of inertia © = 1/g. The
energy spectrum is given by

_W+1) 0+

E =
L
20 2%

., 1=0,1,2,... (43)

and we obtain the mass gap as the energy of the lowest excitation,

g _9r 2
m(L) = I°7 + 0(g°). (44)
After this detour we return to the task of calculating the renormalized coupling
in the non-perturbative regime. This problem was considered in ([4]) as a pre-
paration for the analogous highly relevant calculation in QCD. Consider, as an
example, the value of g.(L) = 1.0505 and calculate the renormalized coupling
at the scale 2L: g,(2L). At such big couplings the problem is non-perturbative.
One has to resort to Monte Carlo simulations using lattice regularization. The
discretization introduces systematical errors whose size is reduced as the lattice
unit a is decreased relative to the physical scales of the problem, in our case
relative to L. To this end g,(2L) is calculated on lattices with L/a = 5,6, ...,16
and the results are then extrapolated to L/a = co. This is a non-trivial problem
even in d = 2. The results of this procedure are shown in Fig. 13.

The question we want to investigate is, whether we can find an improved
lattice action with drastically reduced lattice artifacts.
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Fig. 13. Running coupling in non-linear o model: extrapolation to the continuum limit.

7.3 RG Group Flow and the Perfect Action
for the Non-linear o Model

A radical solution would be to use a perfect lattice action which is completely
free of lattice artifacts. That such perfect actions exist, follows from Wilson’s
renormalization group (RG) theory ([1], [6] and [7}).

Beyond the basic requirements of O(3) symmetry, locality, correct classical
limit, translation and 90°-rotation symmetry, the form of the lattice action is lar-
gely arbitrary. It might contain nearest neighbor, next—to—nearest neighbor, etc.,
even different multi-spin interactions. Let us denote the corresponding couplings
by ci1, ¢2,.... The action 3S(®P) is represented by a point in the infinite dimen-
sional space of couplings (3, c;, cz, . ..). We shall consider RG transformations in
configuration space, namely block transformations with a scale factor of 2. Un-
der repeated block transformations the action moves in this coupling constant
space. The expected flow diagram is sketched in Fig. 14 {7], [5]. In the 3 = oo hy-
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perplane (correlation length £ = co) there is a fixed point (FP) c},c3,. .., whose
exact position depends on the details of the block transformation. We shall use
the notation S(®;c},c3,...) = S*(P) and call 3S*(#) the FP-action. The FP
has one marginal and infinitely many irrelevant directions. The marginal ope-
rator is S* itself [7]. Actually, S* is not exactly marginal, it is weakly relevant.
The trajectory which leaves the FP along the weakly relevant direction is called
the renormalized trajectory (RT). For large 8 the RT runs along the FP-action,
but for smaller 3 they do not coincide anymore. It is easy to see that the points

RT
FP —— — — _—— FP action
N

1/8

1

Fig.14. Flow of the couplings under RG transformation in the O(N) non-linear o
model.

of the RT define perfect actions. The argument goes as follows: At any given 3,
the point of the RT is connected to the infinitesimal neighborhood of the FP by
(infinitely many steps of) exact RG transformations. Since each step increases
the lattice unit by a factor of 2, any distance at the given 3 (even 1 lattice unit)
corresponds to a long distance close to the FP. The infinitesimal neighborhood
of the FP is in the continuum limit, there are no cut—off effects at long distances.
On the other hand, for all the questions which can be formulated in terms of
degrees of freedom after the transformation we get the same answer as before.
So, there are no lattice artifacts at the given 8 on the RT at any distance.
Since an RG step is a non-critical problem, the FP-action and the actions
on the RT in general are expected to be local ([1], [6] and [7]). Locality, however,
allows non-negligible interactions over several lattice units in the action. For



Fascinating Field Theory 31

practical reasons we need more than locality. For practical applicability we have
to answer positively the following questions:

~ Is it possible to determine 5*{®) to a good precision?

— Is $*(®) of sufficiently short range? Is the structure of S* simple enough al-
lowing a parameterization where the number of couplings remains relatively
low, 0O(10-100)?

— Questions i. and ii. for the points of the RT.

Our pilot study shows that for the non-linear ¢ model, using a properly
chosen RG transformation, the answer to these questions is ’yes’, even if we go
down to small correlation lengths . The determination of S*(#) is a saddle point
problem which requires minimization over classical fields. The range of inter-
action in S*(#) depends on the RG transformation. By a proper choice of the
block-transformation S*($) becomes surprisingly short ranged. S*(#) contains
multi-spin couplings also but its structure is relatively simple. With O(20) coup-
lings an excellent parameterization can be obtained which works even on coarse
configurations, i.e. at small correlation lengths. The problems related to S*(®)
can be solved partly analytically, which is a special bonus in asymptotically free
theories.

7.4 Determining the Perfect Classical Action
for the Non-linear o Model

After these remarks let us look in detail at the RG transformation in configura-
tion space. As we have seen in Sect. 3.2 (equation 23), one naturally introduces
block spins as averages over the original degrees of freedom. In our case the
effective action would read

-#8@) - [ s(s,, - Znem 2 “") ~6S(#)
’ /; ( 7 |Zn€ns Q"' )

where : L =1] f d®.6 (2% - 1). (45)

We would like to introduce a parameter in the transformation (45), which can
be tuned in order to make the fixed point action short ranged. For this purpose
we write the the delta function in (45) as

Z"E'n &n

s\, - ﬁ
EﬂEnB Pn

= const - lim,_, o, exp {,Br:

(46)

5
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The function Yy (for O(N)-symmetry) obeys the relation

/d@é (#2 -1) e?P = const - Yn (|b]) (47)
and ensures that the partition function is only changed up to an irrelevant con-
stant by the corresponding RG transformation for all values of k. Therefore
can be taken as a free parameter of the RG transformation. In the limit 8 — oo

the RG transformation which corresponds to the smearing out of §-function
(expression (47) for finite k) can be written as

e_IBIS’(QI) =/exp (—/H{S(Q)-—K}Z §IB Z: Qn—l Z ¢ﬂljl })
& np
(48

neEng nEny
where 8’ = 8- 0O(1), due to asymptotic freedom. Equation (48) is a saddle point
problem in this limit, giving

S'(#') = mm{ —nZ[ Z@,,-|Z¢n|]}. (49)

nEng nenp

The FP of the transformation is determined by the equation

s*(ds')_mm{s* _nz[ S &1 &a |}} (50)

neEng neng

Equation (50) can be solved by stochastic methods for a given configuration ¢'.
The final thing one has to do is to find a parameterization for the fixed point
action.> We choose the parameterization

&) = _% 3 p(r) (1 = i) (51)

+ Z c(nl,n27 n37n4) (1 - ¢ﬂ1§ﬂz) (1 - §"3¢ﬂ4) +

n1,n2,Nn3,N4

where the summations go over all the lattice points. It is a significant help in the
parameterization and optimalization problem that the first two functions p and
c in equation (51) can be calculated analytically. p(r) are just the coeflicients
for the perfect Laplace operator on the lattice as discussed in Sect. 6. For the
optimal choice k & 2 p(r) falls off as ~ exp(—3.44|r|). This is reasonably short
ranged. The coefficients ¢ have to be determined numerically. A good fit for the
action can be obtained by using only 24 parameters. The values for an explicit
parameterization of the fixed point action (51) are given in Table 3.

g Actually for Yang-Mills theories in 4 dimensions the real difficulty is to find a proper
parameterization of the action with a finite number of parameters, whereas solving
the fixed point equation for a given field configuration is a numerically feasible pro-
blem.
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Table 3. The couplings used for the FP-action. The diagrams indicate the form of the
interaction. All couplings used for this fit can be put on a 1x1 square. The coefficients
of the quadratic and quartic interactions are calculated analytically, the higher order
interactions are fitted.

# type coupling type coupling type coupling
1 ®&—® (61884 &—® _(04057 €&® _(.01163
4 / 0.19058 / ~0.02212 / —0.00463
7 i 0.01881 : —0.00139 { 0.00497
10 0.02155 ‘ 0.00717 l —0.00055
13 A 0.01078 A 0.00765 A —0.00557
16 >< 0.01209 >< —0.00114 >< 0.00548
*—e *—o *—"

19 —0.00258 0.00387 ~0.00100
*—@ *s——® *——e

22 ~0.01817 —0.00772 I:I 0.04970

7.5 Results Obtained by Simulating the FP Action

The FP-action S} p is defined as BrpS*(®). For large Brp, the RT runs together
with the FP-action (Fig. 14), therefore Sy p is the perfect action. For interme-
diate Brp values it is not perfect anymore, but — as we shall see — it performs
amazingly well. As we discussed in the previous sections, the FP-action can be
determined with the help of classical calculations. For k = 2 it is very short
ranged and a relatively simple parameterization describes it well. This parame-
terized form {given in Table 3) can be easily simulated. Even the cluster Monte
Carlo method can be generalized to such multi-coupling actions. This parametri-
zed FP-action can be considered as a first approximation towards ’perfectness’.
We consider again the problem of the running coupling in the non-linear & mo-
del. One can simulate the FP-action on a lattice of spatial size, say, L/a = 5 and
tune Bpp until m(L)L become close to the prescribed value: at 3pp = 1.0821 one
obtains g,(L) = 1.0578(5). Then measuring on a lattice with L'/a = 2L/a =10
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Fig. 15. Simulating the perfect classical action.

at the same Spp value one obtained m(2L)2L = 1.2611(9). In the time direction
the lattice was chosen to be at least 6-times larger than the finite box correlation
length £(L) = 1/m(L) and distances larger than three times £ were used in the
fitting procedure to obtain the mass gap. At the end one shifts g,(2L) according
to the slight difference between the actual (1.0578) and prescribed (1.0595) va-
lue for g-(L) leading to g.(2L) = 1.2638(12). The error from this procedure is
negligible. One can repeate this calculation at L = 10 also, for Spp = 1.214 with
the results: m(L)L = 1.0613(8) and m(2L)2L = 1.2664(18). After shifting this
gives g.(2L) = 1.2635(22). In Fig. 15 these two points are compared with the
extrapolated prediction g,(2L) = 1.2641(20). No cut—off effects can be seen.*

4 Surprisingly, even for an extremely coarse lattice, L/a = 3, (at Brp = 0.98) one
obtains g,(2L) = 1.2626(11), still with no sign of lattice artifacts.
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1 Introduction

Since Wilson’s paper [1] twenty years ago, lattice gauge theory has become a
powerful tool to solve, rather than to model, QCD. Its applications include the
demonstration of confinement and deconfinement of quarks and gluons, the mea-
surement of hadronic matrix elements, the exploration of hadron structure, and
the study of QCD thermodynamics relevant to relativistic heavy ion collisions.
The combination of improved approximations to the continuum action, improved
algorithms and the rapid increase in available computer power offer the prospect
of definitive, quantitative solutions in the near future.

Following the advice of Viki Weisskopf, the goal of these brief lectures is “to
uncover a little rather than to cover a lot”. My hope is to explain the basic
concepts and stimulate interest with a few selected results, so that students can
appreciate the basic ideas, understand the potential and limitations of Lattice
QCD, have enough background to understand seminars and colloquia, and be
prepared to read the vast literature in the field. Textbooks such as those by
Creutz [2], Montvay and Miinster [3] and Rothe [4] provide deeper insight, key
articles are reprinted in the volume by Rebbi [5], and yearly reviews and new re-
sults may be found in the proceedings of the annual lattice conferences published
as supplements to Nuclear Physics B.

2 Path Integrals

2.1 Feynman Path Integral

One of the key ideas underlying our approach is the use of path integrals. The
formulation of quantum mechanics in terms of path integrals provides not only

* Lectures presented at the workshop “Lattice QCD and Dense Matter” organised by
the Graduiertenkolleg Erlangen-Regensburg, held on October 11th-13th, 1994 in
Kloster Banz, Germany
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a very elegant and physical picture of the quantum evolution as a sum over
time histories but also a powerful computational framework, which eliminates
the non-commutativity of the quantum operators and thus reduces the problem
to a quadrature.

First we illustrate the basic idea of the Feynman path integral in the simplest
case of a single quantum mechanical degree of freedom. One goes to Euclidean
spacetime by rotating time to imaginary time it — timag and obtains a purely
real (imaginary) time evolution operator, and later the Wiener measure for the
path integral (3). The time evolution operator for imaginary time 3 is broken up
into a large number n of time slices, and by inserting complete sets of position
eigenstates one obtains for the matrix element

n

(2! |9 | &) = [don.. dons [[(uss 1 ), &=

i=0

’ (1)

3|

where zo = 2%, z, = zf. We may evaluate the evolution operator between two
neighboring time slices in momentum space by neglecting terms of order 2,

<-Ti+1 |e—s(%i'+V(z)) | z;) = /g_p e:’p(:;+1—z.~)—e{;'2;—eV(:;) +O(62) )
m

— 00

zip1—2i\2 z
_ /_m.e‘f[?(—ﬂ—) +ieo)] + 0@
2me

so that the matrix element (1) can be expressed as the sum over all paths of the
exponential of the classical action S[z(timag)):

(27 e o) = /d(xl e Tpo1) e_ez[%(z’ =) +V(zi)]

Z(timag) == 4
S / dz(timag) € SZ(tms)]

z(0)=z*
This result generalizes straightforwardly to the case of many degrees of freedom:

! .2, -EZ[

(ol oah 1P | otz = [ donltimag) €

i <
Zl...IN

5> [ zuuz—m]

xe i ki

ke

(4)
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It should be mentioned that time-ordering naturally comes in by the time slicing
procedure, hence time-ordered products are represented as follows:

- }:dtim.gH(tim.s) ]
(2 | TO(t)O(t2) e © | 2*) =
= /Dz(timag) O(tl,imag)o(tZ,imag) e—S[z(tim.g)] . (5)

The Wick rotation to imaginary time in (1) interchanges the role of the
Lagrangian in Minkowski space and the Hamiltonian in Euclidean space:

Jafa (&) -vi] 25 a3 () ove] -

Although we drop the subscript of timag and will always use the term time for
Euclidean time, remember that the “time” is not the time on the lattice.

2.2 Scalar Field Theory

The results of the Feynman path integral can easily be transferred to a scalar
field theory. In order to properly define the path integral we need to discretize
the spatial coordinates r — an, where the n; are integers and a is the lattice
spacing. The corresponding lattice field theory is then viewed as a quantum
many-body problem with canonical coordinates ¢>( ) and conjugate momentum

#(n), [¢(n),?r(m)] = idn.m, and the position eigenstates £ | z) = z | z) are

replaced by eigenstates of the field ¢(n) | ¢) = ¢(n) | ¢). If we define the spatial
derivative on the lattice as

| Vé(n) [*:= Z|¢n+e. -¢(m) [, (7)

the Hamiltonian is replaced by!

/ 43 {%nm) + % | Vo(r) +V(¢(r))}
(8)
- Z {—wz(n 2 Z | p(n + &) — ¢(n) |? +V(¢(n))}

! For simplicity, the lattice spacing a is set to 1 in the following. It can always be
reinstated by dimensional analysis.
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The first term in (8) is the kinetic energy part, the remaining terms, which
will be denoted as F([¢] in the following, correspond to a sum of one- and two-
body potentials. Matrix elements of the Euclidean evolution operator can now
be expressed as a path integral:

- Y {ir*(m)+Flpm)]}
(¢r le m | ¢i) =

¢(nyﬂ)=¢f(n) _ E %(¢(n,k)*¢(n,k))2} _ Z F[¢(n,k)]
= / [I dé(n,k)e *m e D . (9)

¢(n,0)=¢:(n) WF

A general time-ordered product acquires the form

o
(97 | TO(@)e™® J ErGm+3IVo+V} | 4y / D¢ O(¢)e =¥ (10)
[-H
with the Euclidean action
3
Sel) =1 {% > (9(n+ o) —o(a)” + V(¢(n))} S

The Euclidean action appears symmetric in spatial coordinates x and “time”
t. Hence, it is often useful to interpret lattice physics from the viewpoint of
statistical mechanics in d + 1 dimensions rather than in terms of Hamiltonian
field theory in d dimensions. One may think of any direction as “time”, and one
should note that the physical temperature of the (d + 1) dimensional statistical
system is given by the length of the smallest edge on the lattice. The above
results may be generalized to an arbitrary second quantized theory formulated
with the help of a set of creation and annihilation operators. To this end, we need
a resolution of the unity in terms of eigenstates of the annihilation operators —
known as coherent states — which has to be inserted in the time slicing procedure.
A detailed discussion of this approach to the path integral formulation can be
found in 6] and [7].

2.3 Fermionic Path Integrals

For Fermions one must take an additional step and introduce Grassmann varia-
bles which may be viewed as anticommuting c-numbers

{9} =0, {¢i¥;}=0, {¥59;}=0 (12)

and reflect the anticommutativity of the Fermionic field operators. By (12),
the most general function of a set of 2N Grassmann variables is a finite linear
combination of monomials

PUPST L PRUTT RN with ) S 2N, (13)
i
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where the a; take on the values 0 and 1. The integral is defined by

[awi=1, [avvi=o0 (14)

and coincides with the (left) derivative. Both of them may be regarded as purely
algebraical definitions. Although there are a few technical details which can be
found in (7], the essential point is that Grassmann path integrals have essentially
the same form as for Bosons, except for a few crucial minus signs which do all
the correct bookkeeping for the difference between Bosons and Fermions.

Since the Fermionic action is typically bilinear in the fields, the resulting path
integrals are Gauflian and the Grassmann variables can be integrated according
to the formula

/H dd; dip; o~ Ui Mij b + i +mi s _ det(M) ol Mi;1 nj (15)

which is easily verified for N = 1 by the use of (14)

/d& dy e~ VaY¥ — /dJ; dy (1 —Pa)=a (16)
and should be compared with the corresponding Bosonic counterpart
/ II —d‘; 97 o2 Mijz; + 512+ 52 [de(M)) ™ M (1)
. i

Note that det(M) appears in (15) to the power —1 instead of 1 due to the fact
that Grassmann variables transform with the inverse Jacobian under coordinate
transformations. Assume the action has the form

S, 9, A) = ¥; M(A);; ¥; + Sp(A) (18)

where, for example ; M(A);;¥; = ¢ (6 — 4 +m)y and A represents the real
Bosonic gauge field with an action Sp(A4) = F2,(A)- Then

/d’lﬁd’l[ldA eS(‘l/;,’l/J,A) :—‘/dA e]n detM(A)+SB(A) , (19)
and we are left with an integral over the Bose field A of an effective action
Ses(A) = In det M(A) + Sp(A) . (20)

In the same way, thermodynamic averages of time-ordered products of field anni-
hilation and creation operators at space-time points i = (x;,¢;) can be calculated
by differentiating the generating functional (15) with respect to the correspon-
ding sources 7}; and n;. For example, the propagator (or contraction in the lan-
guage of Wick’s theorem) is:

(T d;) = / AP dydA (9 ;) SW ¥ 4) = / dA M~1(4),; eSert(4)
(21)
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3 Lattice QCD for Gluons

3.1 U(1) Gauge Theory and the Wilson Action

Here we concentrate on the pure gauge field sector and start with the simplest
possible gauge group, U(1), corresponding to QED. The Lagrangian density for
a pure U(1) gauge theory with coupling to an external source j,(x) given by

1 .
C:—ZF,,.,F‘,,,+g],,A“ (22)

with the field strength tensor F,, being the four-dimensional curl of the the vec-
tor potential A,, F,,, = 0,4, — 8, A, . Note that we will always use a Euclidean
metric g,, = d,,, with upper and lower Lorentz indices being equivalent.

Since F,, is gauge invariant, F,,? is both gauge and Lorentz invariant and
the Lagrangian (22) leads to Maxwell’s equations of electrodynamics.

We now consider how to approximate this continuum theory on a space-
time lattice. Often in numerical analysis, one may allow discrete approximations
to break fundamental underlying symmetries such as translation or rotation
invariance, which only would be restored in the continuum limit. In the case of
lattice gauge theory, however, since gauge invariance plays such a crucial role
in defining the theory, it is desirable to enforce it exactly in the lattice action.
Thus we will settle for a gauge invariant action which breaks Lorentz invariance,
and simply insist on making the lattice spacing small enough that the errors are
acceptably small.

Following Wilson, we define the action in terms of directed link variables
assigned to each of the links between sites of the space time lattice. For U(1), we
define the link variable from site n in the u direction to site n + u as a discrete

. ¢ T
approximation to the integral e Jn ™" e A { no sum over repeated indices)
which we denote

Uu(n) = efu (@) (23)

Thus 8, (n) is a discrete approximation to g f: 0 g u A, along the direction
of the link, and when the direction is reversed, U,(n) = Uy,(n)' and 8,(n) —
—6,(n). The link variable is then a group element of U(1) and the compact
variable 8,(n) will be associated with agA,(x) in the continuum limit. With
these link variables, the integral over the field variables in the path integral is
replaced by the invariant group measure for U(1), which is 5 f:ﬂ dé.

The fundamental building blocks of the lattice action are products of directed
link variables taken counter-clockwise around each individual plaguette of the
lattice. As will be seen in the section on Wilson loops, this product is gauge
invariant by construction, ensuring gauge invariance of the resulting action. A
typical plaquette is sketched in Fig. 1, where n is an arbitrary site and p and
v denote displacements by one site in the horizontal and vertical directions. By
convention, the compact variables 8, and 6, are associated with links directed
in the positive 4 and v directions so that —8, and —6, must be associated with
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A+v 0,(A4+70) A+E+TV
6.(7) L 0,(7+ ()
n 0..(7) Atz

Fig.1. An elementary plaquette of link variables

links in the negative u and v directions. The product of the four group elements
around the plaquette may thus be written

Ug = ei0u (1) @ifu (M+y) e—iO,‘(IH-u) e—i@.,(n)

=: e'¥uv (24)
where
Tw =06,(n+p)-6,(n)—[0.(n+v)—0,(n)] (25)
=: A0, — A0,

Here, A, denotes the discrete lattice difference operator which becomes a de-
rivative in the continuum limit, so that X, is a discrete approximation to the

curl on the lattice and is proportional to 8,4, — 9, A, = F,, in the continuum.
Using conventional notation, the Wilson action is then written as
S=8Y (1-RelUo) (26)
a
=ﬂ2(1—cos£,,.,) . (27)
o

Continuum QED is recovered by restoring the lattice spacing a and defining
the new variables 8 := g%- and 6,(n) =: agA,(n), and expanding §,(n + p) =
6, (n) +ad,8,(n)+ O(a?), with the result that the leading contribution as a — 0
is

S

X

;12' ;(1 — cos[a (8,6, ~ 8,6 )]) 31, ZD: (1 — cos (anguu)>
(28)

X

;1, D (%ﬁF‘fv(n) + ) — %/d“zF,,.,(x) Fu(x) .

n{uv}
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In the second line, 3/, denotes the sum over all pairs of 1 and v arising from
the sum over plaquettes and an extra factor of 1/2 arises in the last step due
to the fact that each pair occurs twice in the double sum over repeated indices
F,,F,,. The terms higher order in the lattice cutoff a vanish in the classical
continuum limit and may give rise to finite renormalization of the coupling con-
stant in quantum field theory. The lattice gauge theory defined by (26) is in a
form which may be solved directly using the Metropolis or heat bath methods
for updating the global action, see eg. [3].

An alternative form of lattice gauge theory which is useful in the pure gauge
sector is the Hamiltonian form. Consider the generalization of the action (26) to
the case of unequal lattice spacings a; in the space direction and a; in the time
direction. By repeating the steps in (28), it is clear that in order to retain the
continuum limit with unequal spacings, the action must be

s = —52 (1— cos Z,) + —ﬁz (1 - cos Zy) (29)

where 0, denotes a space-time plaquette and O, denotes a space-space plaquette
and we must have 6y(n) = a;gAp(n) and 6;(n) = a,gAi(n).

Choosing the temporal gauge in which U is set to unity on time links, so that
6o = 0, we then obtain for the space-time plaquettes,

a5 RelUp = 2,8 cos (1+6;(n+po) —1—6i(n)) ~ s
a; 2a;

2

(6t0+ 0 - 20)

(30)
The Hamiltonian which produces the action (30) under evolution for infinitesimal
time a; is

at

1 o? B
H=-—2%" - = ) (1-cosZy) (31)
()2 j
2a,0 ™ 06;(n) % (n
where 1 and j run over the spatial directions and n runs over the spatial lattice
sites. The continuum limit is verified by using 8 = g% and (n) = ga,A;(n) and
noting that the properly normalized commutation relation on the lattice

[Ad(w), B (m)] = 20 2m (52)
requires ‘ 5
Ei@) = (—1’3 TR (33)

with the result

H=a}Y %Ef(n) . (1 — cosalg (BiA, — ajA.-))
i,1n

2
9% tyn

(34)
> % (E?(n) + Bf(n)) R /d% -12- (Ez(x) + Bz(x)) .

in
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The lattice Hamiltonian (31) may be viewed as a many-body Schrédinger equa-
tion with coordinates 8;, and a four-body potential. The initial value Monte Carlo
method (7] therefore provides a useful alternative to the usual global sampling
of the Lagrangian action, and has been exploited for U(1) and SU(N) gauge
theories [8].

In discussing the relation between the Hamiltonian and Lagrangian forms
of lattice gauge theory, it is useful to examine the role of Gauf’s law and how
the presence of external charges is manifested in the theory. The basic ideas are
most easily sketched in the continuum theory. Since the Hamiltonian does not
constrain the charge state of the system, we must project the states appearing in
the path integral onto the space satisfying V - E = p with a specific background
charge p which may be accomplished by writing a functional § function in the
form [Dx ¢t f @z dtx(V-E—p) Remaining in temporal gauge Ao = 0 and using
the form of the path integral (2) in which both the coordinate z + A and
momentum p <> E appear, the path integral for the partition function projected
onto the space with external source p may be written

7 /DX DADE efdsz dt [iE~A—%(E2+B2)+ix(V~E—p)]

- pesas](A-ea) 5]} )

= /DxDAe

Equation (35) is an important result. Having started in temporal gauge 49 = 0,
we see that enforcing Gauf’s law gives rise to a projection integral over an
additional field y which enters into the final action just like the original A, field.
Indeed, renaming x = Ap so that A; — 8;A¢ = Foi and writing the source as a
set of point charges p(z) = Y qné(z — z,), we obtain

7 = /DAM e fd3zd£§F,‘,,va He—iqn ftho(x,‘,:) i (36)

Thus, the Hamiltonian path integral with projection is precisely the Lagrangian
path integral with a line of A, fields at the positions of the fixed external +
charges. In the case of no external charges, we may think of the Lagrangian
path integral including the Ag integral as the usual filter e=#H selecting out the
ground state. In the presence of charges, the path integral augmented by lines
of Ay at the positions of the charges filters out the ground state in the presence
of these sources.

3.2 SU(N) Gauge Theory

The generalization to non-Abelian gauge theory is straightforward. The link
variables become group elements of SU(N) (Their behavior under Gauge trans-
formations will be explained in the next section.)

AC

U(m) = e*2ode™  A,(n) = 45(n) 5, (37)
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te A =0,  tr A°X° =28 (38)

where ¢ is a color label which runs over the N2 — 1 generators A° (Pauli matrices
for SU(2), Gell-Mann matrices forSU(3)). The integration in the path integral
is defined by the invariant group measure which we will denote by D(U) (for
details see eg. [2][3]).

Using the same labeling conventions as in Fig. 1 with 6, replaced by agA“,
the product of SU(N) group elements around an elementa.ry plaquette is

Ua = eiag;l,.(n)eiagﬁ,,(n-%u)e—iagz&“(n+v)e—iag,i.,(n) . (39)

By expanding A(n+p) as before and making use of the Baker—-Hausdorff identity

e2X 0¥ = gaX+a¥+3a’(X.¥]+0(%) dye to the non-commutativity of the genera-
tors, Un can be shown to reduce in the continuum limit to

UD ~ e‘°29 }3“"

N - . < - . 40
Fo=0,4,- 08,4, +ig [A“,Au] = Fe, A (40)
The discrete lattice action for the SU(N) gauge theory is then defined as
1 2N
S(U) = — —ReTr =— 41
) /32;(1 ~Re UD), 8= (41)

Substitution of Up from (39) in the action (41) yields the desired continuum
action in leading order

SWU) = [3%{1 — %Re Tr (1 +ia%gF,, — 1a%g®F2, .. )}
~ 3fa'e’ 3 FTr (FAFL(m)3AF, ()
n,{uv}
(42)
2
~ Bix et 3 3F;, (n) Fy,(n)
n - {p}

+} [de R R )

Summation over repeated indices is implied everywhere except where ) {uv}
denotes the sum over distinct pairs u and v.

3.3 Wilson Loops and Lines

If there were a quark field defined on a lattice, then under a local gauge trans-
formation, the field ¢; at each site would be multiplied by an element g; of the
gauge group,
Y = givi 4
43
bi = igi | 43)
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The link variables U, (n) were explicitly introduced to compensate such a gauge
transformation, so the link variable U;; going from site i to j transforms like

Ui; = giUijgj—l . (44)

The only variables in the pure gauge sector are link variables, and the only gauge
invariant objects which can be constructed are products of link variables around
closed paths, for which the factors of g and g~! combine at each site. The Wilson
loop is therefore defined as the trace of a closed loop of link variables

W:=Tr H Ui = TrUijUjk .. . UmnUni (45)

ijEc

and specifies the rotation in color space that a quark would accumulate along
the loop ¢ from the path-ordered product P, ef 94,

Note that by (43),(44) a product of link variables transforms in the same way
as a quark anti-quark pair under gauge transformations

UikUkt-uUrr_;j e d g;ng-ng...Um,'gj'l (46)
ih; — gibihig; -

Thus, as far as the gluon fields are concerned, the ends of a chain of link variables

are equivalent to an external quark-antiquark source, and the presence of such

a chain of link variables therefore measures the response of the gluon fields to
an external quark-antiquark source.

3 3
]
L
t; |
[&
0 — r 0 z
0 L To

Fig. 2. A space-time Wilson loop defined by the chain of link variables C on a finite

lattice (left) and a Wilson or Polyakov line defined by the chain of link variables L on
a finite lattice (right).



Lattice Gauge Theory 47

Now, consider the time evolution of the system corresponding to the expec-
tation value of the Wilson loop drawn in Fig. 2:

f D(U) e_s(U)TI H U{j
W)= 1) 50

(47)

Prior to the time ¢;, there are no color sources present, so evolution filters out
the gluon ground state in the zero charge sector, |0) = e~%H |Q = 0). At time ¢;,
the line of link variables between 0 and L creates an external antiquark source
at 0 and a quark source at L. As discussed in connection with (36), the links
in the time direction between ¢; and t; maintain these sources at 0 and L.
Hence, for any ¢ between t; and ¢y, the evolution filters out the lowest gluon
configuration in the presence of external quark-antiquark sources producing the
state |y) = e~(t=t)H 4(0) (L) |0). Finally, at time ts, the external sources at
0 and L are removed by a line of links from L to 0, and the system is returned
to the zero charge sector. Using Feynman’s picturesque language of antiquarks
corresponding to quarks propagating backwards in time, one may succinctly
characterize the Wilson loop as measuring the response of the gluon fields to an
external quark-like source traveling around the perimeter of the space-time loop
in the direction of the arrows.

Quantitatively, if t; —¢; is large enough, the lowest gluon state in the presence
of quark and antiquark sources separated by L will dominate, and (W) will be
proportional to e~ (¢~ t)V(L) where V(L) is the static quark-antiquark potential.
Physically, this potential corresponds to the potential arising in heavy quark
spectroscopy, and its calculation therefore signals confinement. Furthermore, at
large distances, the potential in the pure gluon sector becomes linear (since the
flux tube cannot be broken by gg pair creation), so the Wilson loop enables
direct numerical calculation of the string tension. If the Wilson loop has I links
in the time direction and J links in the space direction, then

W(I,J) = <’I‘r I1 U> 2% emalV(a))
Cry

(48)

LJ2oo —a?ols

The exponent is thus proportional to the area for large loops, and this area
behavior is a signature of confinement, since it arises directly from the linearly
rising potential. Indeed, the area law and hence confinement is found in the
strong coupling expansion of lattice Gauge theories (see next section). Although
the preceding physical argument was framed in Hamiltonian form with evolution
in the time direction, it is clear that because of the symmetry of the Euclidean
action, all space-time dimensions are equivalent and the area law reflects this
symmetry. Although the area law behavior of large Wilson loops is clear from
(48), in practical calculations on finite lattices, there are significant corrections,
including a term proportional to the perimeter arising from the self-energy of
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the external sources and a constant arising from gluon exchanges at the corners,
so that

-InW({,J)~ C+ DI+ J)+ad’clJ . (49)
To eliminate the constant and perimeter terms, the following ratio of Wilson
loops having the same perimeter is calculated to cancel out the C and D terms
in (49)

W, JHIW({I-1,J-1) 2
x(1,J) ]n(W(I,J—l)W(I—l,J) @ (50)
and we will subsequently show results for this quantity.

A Wilson or Polyakov line is another form of gauge invariant closed loop
which can be placed on a periodic lattice. In this case, as sketched in Fig. 2, the
links are located at a fixed position in space z¢ and run in the time direction from
the first time slice to the last, which by periodicity is equivalent to the first and
thus renders the product gauge invariant. If the length of the lattice in the time
direction is 3; (were the subscript ¢ distinguishes it from the inverse coupling
constant B, = 2¥ to which we will append a subscript g when necessary), the
expectation value of the Wilson line yields the partition function for the gluon
field in the presence of a single fixed quark at inverse temperature 3, and thus
specifies the free energy Fyyark of a single quark.

[DU)e SUW Tr HU,»J
Ty — L e~ P Fauark

This quantity will be useful as an order parameter for the deconfinement phase
transition. Note that because the periodic lattice is a four-dimensional torus and
L winds around the lattice once in the time direction, it is characterized by a
winding number and is thus topologically distinct from a Wilson loop which has
winding number 0. By the preceding argument, two lines in opposite directions,
one at ¢ = 0 and one at £ = L, will produce the free energy of a quark and
antiquark separated by distance L, and as 8; — oo this provides an alternative
means of calculating the static quark-antiquark potential.

The interaction energy can be measured by comparing sources of different
temporal extent ¢ty — t; to cancel out end effects, and properties of the ground
state may be obtained by measuring appropriate observables on intermediate
time slices. For example, E? and B? in the presence of a static source can be
measured using the fact that, in the continuum limit, a plaquette in the uv plane
may be expanded

TrUS, = Tre® oF ~ 1 - %a4g2F3V : (52)

Hence, in the presence of a source O, where O denotes e.g. L or W above,
the change in E? or B? relative to the vacuum is given by the space-time or
space-space components of

(£2, (e = )

6~ W) (53)
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3.4 Strong Coupling Expansion

For strong coupling g, one can obtain a useful physical picture [1] of what hap-
pens when one evaluates the expectation value of a Wilson loop

(W) = Z—I/D(U) e-g"zu:(l_w“(%w")) T [Jvu (54)
C

by expanding the exponential in powers of the inverse coupling constant 3, :=
%Q’-. This expansion is formally equivalent to the high temperature expansion in
statistical mechanics where the inverse temperature plays the role of 3,. Note
however, that the actual physical inverse temperature of our system is specified
by the length of the lattice in the time direction, 8; = Nay, and is distinct from
Bg-

The structure of the expansion is revealed by considering the integrals over
group elements which arise in the path integral (54). A general discussion of
integration over SU(N) group elements is given by Creutz [2], but for our present
purposes it is sufficient to use the following two results, where Greek indices
denote SU(N) matrix indices, not sites

/ dUUgp =0 (55)

1
/dU UaﬁU,;;l = N&a&éﬂy (56)

which follow directly from the orthogonality relation for irreducible matrix repre-
sentations of the group and are trivially verified for U(1) for which the invariant
measure is [dU = 2= [T df and U = e*.

Now consider the diagrams which result from drawing the links in the Wilson
loop [J- U and some set of plaquettes Uy and Ud, obtained from expanding the
exponential in (54). The integral (55) tells us that any diagram which has a single
exposed link (that is, a single link between a pair of sites} anywhere on the lattice
gives no contribution. Thus, the only non-vanishing terms in the expansion are
those in which we manage to mate plaquettes from the exponential with the
Wilson loop to eliminate all exposed links. The simplest way to mate two links
to obtain a non-vanishing result is to place them between the same sites in
opposite directions, which by (56) yields +. Since each plaquette brings with it
a factor of 3, the lowest order non-vanishing contribution to { W) is obtained by
“tiling” the interior of the Wilson loop with plaquettes oriented in the opposite
direction as sketched in Fig. 3 for a 3 x 3 loop. Note that each of the outer links
of the original Wilson loop is protected, and the interior links protect each other
pairwise. The leading term for an I x J Wilson loop would thus have I x J tiles,
each contributing a factor £ In addition, because of the traces in the plaquettes
and Wilson loop in (54) and the &’s in (56), there is a factor of N for each of
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X X X X x X X
X X X
X X X X X
X X X X X
X X X
X X x X X X X

Fig. 3. A 3 x 3 Wilson loop tiled with plaquettes in the strong coupling expansion.

the (I +1)(J + 1) sites, and because of the factor & in (56) there is a factor 3
for each of the (2IJ + I + J) double bonds. Hence, except for SU(2), where the
counting is different because the two orientations of plaquettes are equivalent,
the overall contribution goes as

W)~ (52) (57)

giving the lowest order contribution to the string tension

o~ —a2ln (%) . (58)

Fancier tilings are also possible if one is willing to use more tiles and thus include
more powers of 3. For example, one could place five tiles together to make a cubic
box with an open bottom and replace one or more tiles with this box. The box
could be elongated, or even grown into a tube which connects back somewhere
else. Alternatively, one could replace a plaquette oriented in one direction by
(N — 1) plaquettes oriented in the opposite direction to obtain a non-vanishing
SU(N) integral.

The utility of this expansion is threefold. It shows that any lattice Gauge
theory (even QED) is confining with the linear potential in the strong coupling
limes, as assumed in (48). In addition, it provides a physical picture of filling
in the Wilson loop with a gluon membrane, whose vibrations and contortions
represent all the quantum fluctuations of the gluon field. When observed on
a particular time slice, the cross section of this surface corresponds to a color
flux tube joining the quark-antiquark sources. And thirdly, in low orders, the
individual terms can be calculated explicitly and provide a valuable quantitative
check of numerical calculations.
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3.5 Confinement Transition

The formal similarity between the Euclidean path integral for pure gauge theory
and statistical mechanics in d+ 1 dimensions allows us to apply standard techni-
ques for the symmetry analysis of phase transitions to the confinement transition.
Symmetry analysis of gauge theory is treated in detail in the review by Svetitsky
[9] and I will only summarize the main ideas here.

The essential idea is to follow the approach of Landau and identify an order
parameter characterizing the transition, construct an effective action in terms of
this order parameter, and use symmetry considerations to identify the form of
the action.

The Wilson loop satisfies Landau’s definition of an order parameter since, by
(51), (L) = e P+Fausrx_ In the low-temperature confined phase, the free energy
of a single quark is infinite so that (L) = 0 whereas in the deconfined high-
temperature phase the free energy is finite and thus { L} # 0. Since this behavior
appears superficially to be just the opposite of that of a magnet, which has
magnetization (M ) # 0 at low temperature and ( M ) = 0 at high temperature,
it is important to recognize once again that the parameter which enters the lattice
partition function analogously to the temperature in statistical mechaniczsnis not
the physical temperature. For a fixed lattice, the action has the form e—?sn SO
that g2 plays the role of an effective temperature whereas the physical inverse
temperature is 8; = N;a where N, is the (fixed) number of lattice sites in the
time direction. Thus, in order for the physical temperature to increase, a must
decrease, which as we shall see subsequently, means that g decreases, so that
the effective temperature decreases. Hence, both a magnet and a lattice gauge
system have finite order parameters when the relevant effective temperature is
low and vanishing order parameters at high effective temperature.

It is useful to define an effective action Sese[L] such that the original partition
function obtained by integrating the lattice action S(U) over the group elements
can be written as an integral of Sess{L] over the order parameter:

z= [y = [apeset (59)

This effective action is constructed in the standard way by introducing a é-
function requiring that L(z) be equal to the expectation value of a Wilson line
at point z:

o Sll] = /d(U)e‘S(U) H 5 (L(a:) - Tr HUq) (60)
z Lz

I will now show that this effective action is symmetric with respect to the center
of the gauge group, and that this symmetry has important implications for the
confinement phase transition.

Let Z be an element of the center of the group, Z € C. That is, Z commu-
tes with every element of the group. Suppose every link in the time direction
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originating on a particular time slice is multiplied by Z. In effect, the lattice is
now no longer periodic but rather is periodic up to multiplication by the center
element Z. The lattice action S(U) is invariant under this multiplication by Z,
since any space-time plaquette containing the affected time links is transformed
as

U, U, Uy UL — 20, U, U} 2t U}
= U, LUl UL .
The last line shows that it is essential that Z commutes with all elements of the

group. Each Wilson line, however, necessarily contains one factor of Z which
may be commuted to this end of the line, so that

[Hvi-z]fvs- (62)
L. L.

(61)

A matrix which commutes with every SU(N) matrix must be a multiple of
the unit matrix, so we may write Z = ZI. Since the action is invariant under
multiplication of an entire time slice by Z whereas the Wilson line is multiplied
by Z, the effective action has the symmetry

Sese(L) = Set[ZL) , ZI1€C. (63)

Given this symmetry of the effective action with respect to the center, the
usual symmetry arguments for analyzing phase transitions apply. The major
assumption at this point is that one can integrate out the degrees of freedom
at short distance scales and derive a Landau-Ginzburg action of the usual local
form

Sett — / de {(B:L)* +V(L)} (64)

where the effective potential has symmetry with respect to the center V(L) =
V(ZL) and the reader is referred to Ref. [8] for details.

We are now ready to examine the implications of the symmetry with respect
to the center of the local potential V(L) for the order of the deconfinement
transition. First, consider U(1) gauge theory. Since the group is Abelian, the
center is the whole group and V(L) in symmetric under L — ¢*® L. This requires
that V is a function of |L|? and has the generic form

Vuay (IL?) = alL® + b|LI* + c|LI® + ... . (65)

A phase transition will occur in the region of temperature in which a(7") changes
sign, and we note that the value of L at which the minimum occurs will change
discontinuously or continuously depending upon whether b is negative or posi-
tive. Thus, the order of the phase transition depends on the sign of b, and in
particular, is not constrained by the form of (65).

Is the non-Abelian case constrained any more strongly by symmetry? It is
easy to see that the center of SU(N) is Z(N), that is, the N roots of unity, since
det(ZI) = ZN = 1. For SU(2), this means Z = +1 and hence, V(L) = V(-L).
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As in the case of U(1) this only requires V to be a function of |L|? leading again
to the form (65) for which the order of phase transition is indeterminate. For

SU(3), however, we have Z(3) symmetry so that V(L) = V (e"l%l L)' In this

case, the action may include a cubic invariant ReL?® in addition to powers of
|L|2, so that (for real L) the action has the generic form

Vsu@)(L) =a|L]* +bReL® +c|L|*+... . (66)

In the presence of a cubic term, the position of the minimum must necessarily
jump discontinuously, and we therefore conclude that the phase transition must
be first order. This argument, while elegant and compelling, does depend on
the formally exact effective action having the essentially local Landau-Ginzburg
form (64).

There are two essential aspects of the Z(3) symmetry of SU(3) for our pur-
poses. The first is the role of the Wilson line (L) as an order parameter and
measure of spontaneous symmetry breaking. In the confining phase, (L) = 0
and there is no spontaneous symmetry breaking. Thus, a plot of a Monte Carlo
calculation of (L) in the complex phase will produce a graph which is symmetric
under rotation by 27”, and has points equally distributed along the directions 1,
e, and e~ 3. This is analogous to a calculation of the spin in the unbroken
symmetry phase of an Ising system, for which the distribution of spins is evenly
divided between up and down. In the broken symmetry deconfined phase, ho-
wever, (L) # 0, and calculated values of ( L) may be clustered around any one
of the three axes 1, e¥* and e~ %%, just as the ordered state of the Ising system
will either be concentrated around spin up or down. This behavior is clearly
displayed in the Monte Carlo calculations [10] shown in Fig. 4. As the length of
the lattice in the time direction §;, corresponding to the inverse temperature, is
increased from 2 to 5 lattice units, one observes a qualitative change from the
broken symmetry solution in part (a) clustered around the real axis to the com-
pletely symmetric solution in part (d) which is rotationally symmetric around
the origin.

The second essential result is that the SU(3) confinement transition is first
order. It is difficult to establish definitively the order of a phase transition by nu-
merical calculations on finite lattices, since discontinuous transitions in the ther-
modynamic limit correspond to continuous transitions on finite lattices. There
is, however, very strong evidence that the transition is indeed first order, inclu-
ding the sharpening of the transition as the lattice size is increased, hysteresis
observed when a series of calculations with decreasing temperature is compared
with a series calculated with increasing temperature, and two phase coexistence
in which a sequence of Monte Carlo configurations in one phase persists in ap-
parent equilibrium for a long time followed by an equally persistent sequence of
configurations in the other phase.

Particularly suggestive evidence is provided by the microcanonical Monte
Carlo results [11] shown in Fig. 5 for SU(2) and SU(3). Recall that for a van
der Waals liquid-gas transition, the density is a multi-valued function of the
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Fig. 4. Monte Carlo calculations from Ref. [5] of the order parameter (L) in the com-
plex plane,showing symmetry restoration as the inverse temperature f; increases from
2 to 5 lattice units.

temperature and the Maxwell construction specifies the actual discontinuity in
the density occurring in the first-order transition in the thermodynamic limit.
However, the S-shaped curve corresponds to metastable states which, although
inaccessible in the canonical ensemble, can be explored by microcanonical cal-
culations. For gauge theory on a lattice with a fixed number of sites, the order
parameter ( L) corresponds to the density order parameter, and 3, corresponds
to the temperature since increasing (3, decreases g which decreases the lattice
spacing a and thus increases the temperature (see next section). Figure 5 clearly
demonstrates that on the same finite lattice, the Wilson line in SU(3) shows
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the double-valued van der Waals dependence on 3, characteristic of a first-order
transition whereas in SU(2) there is no reentrant behavior and the transition
appears second order. This result is consistent with and strongly supports the
Z(N) symmetry analysis.

1.5

su(2) N
Microcanonicol . i

T $uf9)
1 Microcononical
H O Monte Caslo 'Y

I ,
| +

1
1.5 20 3 45 5.0 5.5

Fig. 5. Microcanonical calculation [11] of the dependence of the Wilson line order pa-
rameter,denoted WL, on Best, which increases with increasing temperature.The reen-
trant behaviour for SU(3) indicates a first order transition whereas the single-valued
increase for SU(2) indicates a second order transition.

The deconfinement transition is much more difficult to treat in the presence of
dynamical Fermions. Physically, it is clear that a Wilson line no longer serves as
a rigorous order parameter since the possibility of creating quark-antiquark pairs
from the vacuum can lead to screening of the external source and thus a finite
rather than infinite free energy. In terms of our symmetry analysis, introduction
of gauge invariant quark-gluon coupling terms of the form iy Uiy, destroys the
Z(N) symmetry of the action since ¥, Utr+1 = Z9,Uthr41 at the time slice
on which temporal link variables are multiplied by elements of the center. The
hope is that nonetheless quarks are in some sense a small enough perturbation
that the qualitative features of the pure gluon sector are not destroyed.

3.6 Continuum Limit and Renormalization

Pure gauge theory on a finite lattice is specified by two parameters: the dimen-
sionless bare coupling constant g and the lattice spacing a corresponding to a
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momentum cutoff pyax ~ I. As a is changed, the bare g must be changed to
keep physical quantities fixed.

In principle, the renormalization procedure on a lattice is very simple and
could be carried out as follows. First, pick an initial value of g and calculate
some set of dimensionful physical observables { ;). These observables may be
written in the form

(0i) =a"% (fil9)) (67)

where d; is the dimension of the operator and f; is the dimensionless quantity
calculated on the lattice using the Wilson action with 8 = -251;'— and with all
lengths expressed in units of the lattice spacing a. For example, we have already
seen in (49) that the string tension has the form ¢ = a~2x. Then, use the physical
value of one operator, say O, to determine the physical value of a corresponding
to the selected g. Again, using the string tension example, we could define a =
V/X/420MeV. With this value of a determined from O,, all other observables
O, ...0On are completely specified. One should then repeat this procedure for
a sequence of successively smaller and smaller values of g, thereby determining
the function a(g) and a sequence of values for the observables O3 ...On. If the
theory is correct, then each sequence of observables O; ¢ # 1 should approach a
limit as g — 0, and that limit should agree with nature.

In practice, it would be very difficult to carry out a series of calculations
as described above to small enough g to make a convincing case. Hence, it is
preferable to make use of our knowledge of the relation between the coupling
constant and cutoff based on the renormalization group in the perturbative re-
gime, and only carry out explicit lattice calculations down to the point at which
the renormalization group behavior is clearly established. The foundation of the
argument is the fact that the first two coefficients in the expansion of the re-
normalization group function aga-‘l are independent of the regularization scheme,
and thus may be taken from continuum one and two loop calculations:

d
ad—g=7093+'7lgs+-'- . (68)
a
Integration of this equation yields the desired relation
1 /16x2)51/12 s
—_ —_ 1ilg 69
-1 (i) © (69)

showing also that g — 0 as a — 0, where A is an integration constant and we
have used the values of yy and -, for SU(3) with no Fermions. The renormaliza-
tion group behavior can be used only for asymptotically free theories, and only
if a window exists in which the onset of scaling can be observed for a sequence
of lattices.

The constant Ay governing the relation between the bare coupling constant
and the lattice cutoff can be related by one-loop continuum calculations to the
constants Ayom and A4+, which govern the relation between the renormalized

M3
coupling constant and continuum cutoff using the momentum space subtraction
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procedure in Feynman gauge and the minimal subtraction procedure respec-
tively, with the results [12]

AMOM = 83.5 AL y Am‘ =289 AL . (70)

This correspondence is important for two reasons. First, the large coefficients
in (70) allow us to reconcile our notion that the basic scale Aqcp is of order
several hundred MeV with the fact that lattice measurements yield values of
Ap ~ 4 — 4.6 MeV, which would otherwise appear astonishingly low. Second, it
provides a quantitative consistency test, since experiments in the perturbative
regime of QCD produce values of o consistent with those calculated on the
lattice.

There is now substantial numerical evidence that lattice calculations in the
pure gauge sector display the correct renormalization group behavior, and thus
provide accurate solutions of continuum QCD. Data exist for two independent
quantities, Ti,, the temperature of the deconfinement transition, and the string
tension o. Results for the transition temperature are shown in Fig. 6 taken from
Ref. [13] based on data from Ref. [14]. The transition temperature on a lattice
with N; time slices is given by Ti, = (N:a(gi.))~! where g, is the value of
the coupling for which the transition occurs. If a(g:,) is calculated using the
perturbative expression (69), then once g is small enough that the lattice theory
coincides with the continuum theory,the quantity Ti./AL should approach a
constant. As seen in Fig. 6, Ty, /A indeed appears constant above 3 = f; = 6.

11010 T o oo e o o o o ) e 7]

u ]

80: - - o

- SOE- * —:
g E 3
EX 40C 3
2 3

20 3

5 E

R J SO O I I | 1:

0 5 6 7

6/9%

Fig. 6. Ratio of the transition temperature T, to AL as a function of inverse coupling
constant.

A second test of continuum behavior is provided by the string tension. One
could display the approach to the continuum limit by plotting -3 as a function
L

of 3 = % and observing that, as in Fig. 6, this ratio becomes constant beyond
8 = 6. Xn alternative plot, which will also be useful for subsequent purposes is
shown in Fig. 7. For the present, observe only the solid squares, which denote
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Fig. 7. Physical lattice spacing a(g), determined from the string tension (squares) and
hadron masses in the quenched approximation (circles). The solid and dashed lines
show the dependence expected in the continuum limit from the renormalization group
expression (69) for two values of Ar. The difference between masses calculated with
Wilson Fermions (solid circles) and staggered Fermions (open circles) is discussed in
the next section. Data are taken from references cited in [29].

values of a calculated from the surface tension as follows

l [oe?] ] R

a(g®) = |—=| = o - (71)
Texpt 420 MeV

For comparison, the renormalization group expression (69) is also plotted for the
value A = 4.05 MeV which provides the best fit to the last two points. Again,
one sees continuum behavior above 8 = 6. This graph also allows us to read off
directly the values of @ and a~! at various values of 3 and compare values of a
determined from the string tension with those determined from hadron masses to
be discussed in a later section. One may also note that over the range of coupling
constants relevant to lattice calculations, the effect of the premultiplying factor
g~ %%* in (69) is indiscernible and Ina is essentially linear in 3. Although space
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does not permit additional figures pertinent to the continuum limit, it is also
instructive to look directly at the renormalization group function agg, and a
useful graph combining string tension and transition temperature calculations is

shown in [15].
More on renormalization on the lattice and the continuum limit can be found
eg. in the lectures by P. Hasenfratz at this workshop [16].

In summary, I believe it is reasonable to regard lattice gauge theory in the
pure gauge sector to be quite satisfactory. There are no glaring conceptual or
computational problems, and all the numerical evidence to date suggests that one
obtains an excellent approximation to the continuum theory for 3, above 6. In
contrast, we will now see that full QCD including Fermions is more problematic
at both the conceptual and computational levels.

4 Lattice QCD with Quarks

4.1 Naive Lattice Fermions and Doubling Problem

The simplest Hermitean finite difference expression for a Fermionic Hamiltonian
that has the desired symmetries would be:

Spve =t §° 515 > [$(0) 7, Uu(n) ¥(n +a,) — $(n + a,) 7, UL (m)y(n)] +
n B

+at Y G mu() (72
n

1t has the proper continuum limit as can be seen by expanding the link variables
and fields

S;aivez/fz [21_‘1 Z {1/;7“(1 + ‘I,gA“)(l + 03“)1!1 - 'J)(l + Gg#)’h‘(l - ’lgaAu)'d)}]
B

+/d“x«Zm¢ —>/d‘*zzZ['rﬂ(8ﬂ+i9Au) +m]y, (73)

where Euclidean y-matrices satisfying {,, 7.} = 20,, have been used.

However, the above naive lattice action (72) has an unexpected problem that
shows already up in the one dimensional case. Consider the Hamiltonian of free
(A, = 0) massless quarks in one space dimension,

Hnaive = aZz/)f(n) a % ('(/1(71 + 1)2_0'11)(71 - 1)) , a=ymn =03 . (74)

In order to obtain a Hermitean Hamiltonian it is essential to use a symmetric
next to nearest neighbour difference approximation to the first derivative. We
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now transform the field operators to momentum space by writing the Fourier
sum

ikp na kp — % (75)

_!!

where it is understood that for a lattice with N sites and periodic boundary
conditions, the sum over momenta in the first Brillouin zone extends over the N
momenta. The Hamiltonian is diagonal

: sin(kp a
H™ = Z v, o ( e L (76)
=
and thus has the eigenvalue spectrum
. 2
B, = +50ke k20 (1 _ (ke ) (77)
a 3
with eigenfunctions
: 1 _ 0
Tr(n) =e*mox®,  xti= (0) ;X = (1> : (78)

The comparison of the continuum spectrum for a massless Dirac particle E, =
+k and the lattice spectrum in the top of Fig. 8 displays the species doubling
problem. In the region of small &k values, the lattice spectrum (77) yields a good
approximation to the linear physical spectrum, and the range of linearity increa-
ses as a — 0. However, at the edge of the Brillouin zone, there is a second region
in which the spectrum also goes to zero linearly. In fact, for every physical mode
¥y, there is a precisely degenerate unphysical mode %= _. Since the partition
function blindly counts and weights all modes according to their energies, it is
clear that all Fermion loops will be overcounted by a factor of 2 in all physical
observables. Note also that since the velocity is v = %, the lattice spectrum
necessarily mixes right-moving and left-moving modes.

The origin and structure of the doubled states is simple. The degenerate
partner to the state Wy(n) = e’* "y is the state ¥z _x(n) = e""e~** "%y, that
is, a sawtooth mode in which every other lattice site has an extra factor of —1.
The real part of a low k¥ mode ¥ and its sawtooth partner W= _ are sketched for
a half wavelength in the middle section of Fig. 8. Note that although there are
sufficient points in the half wavelength of ¥, to yield an accurate integral with
any smooth function, there is no way that the rapidly oscillating wave function
¥=_ can represent a mode with momentum near %. Thus, we need some way
to eliminate these modes so that they play no role in the continuum limit. The
origin of the degeneracy of the physical mode with its sawtooth partner is the
symmetric difference approximation to the derivative ¢’ ~ —(ﬁﬂ)—'ﬂl—ll in the
naive Hamiltonian (74), which clearly is impervious to the minus 51gns e~ and
thus yields the same magnitude for the derivatives of ¥, and ¥z _i. The origin
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Fig. 8. Fermion doubling in one dimension. The top plots compare the physical con-
tinuum spectrum with the spectrum of the lattice Hamiltonian. The middle plots show
a half wavelength of the real part of the non-vanishing component of a physical wave
function (left) and its degenerate unphysical sawtooth partner (right). The bottom
plots show the linear combinations corresponding to staggered Fermions.

of this symmetric difference, in turn, is Hermiticity, since expressions involving
only nearest neighbor differences like ¥!n(y(n + 1) — 1(n)) are non-Hermitean
and yield complex eigenvalues.

The doubling we have discussed for simplicity in one dimension arises ana-
logously in each of the four Euclidean dimensions of the naive Fermion action,
(72), so that we obtain 2* = 16 lattice modes for each physical mode. Again,

specializing to the massless case, the momentum space action corresponding to
(72) is

. - _ i [
S%alve = ¢M¢ — Z'ﬂbk Z’Y,‘ sin (: a) '(/)k , (79)
k u

so that the inverse propagator is

(Tay) =M = Y 2D (80
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This propagator replicates the physical behavior in the region of k* ~ 0 fifteen
times around points on the edge of the four-dimensional Brillouin zone at which
one or more of the components k* ~ T.

We are now prepared to understand both the features giving rise to the
doubling problem and the generality of the problem [17]. Whereas the specific
function sin (k*a) in (76) and (79) is the result of using the lowest-order Her-
mitean difference formula for the derivatives in the continuum action, the most
general form of the chiral symmetric, Hermitean action derived from discrete
derivatives on a periodic lattice with the correct continuum limit is

SF=Y Y P (k) (81)
k b

where P#(k) is real for Hermiticity, P* (k) *39 0 for the correct continuum limit,
and P*(k) is periodic under k* — k* + 27" and continuous for local discrete
difference formulae on a lattice. Note that chiral symmetry requires the form
1/77# P#4), so that under a chiral transformation ¢ — e*@75¢), the two sign changes
from -y, in ¢ and v, leave the action invariant. Since P# (k) is real, continuous and
periodic in k* with period %", it must cross the axis at some intermediate point,
so that this general discrete action has the doubling observed in (79) in each
of the four Euclidean directions yielding 15 spurious low-mass excitations for
each physical excitation. A rigorous version of these arguments is known as the
Nielsen-Ninomiya no-go theorem [18}, which proves using homotopy theory that
one cannot avoid Fermion doubling in a lattice theory which is simultaneously
Hermitean, local and chirally symmetric.

An additional aspect of Fermion doubling is the absence of the axial anomaly.
The unphysical doubler Fermions couple to an external axial current with the

opposite chiral charge and effectively cancel the axial anomaly arising from the
physical Fermions.

4.2 Wilson Fermions

One of the ways out of the no-go theorem is to give up chiral symmetry and,
following Wilson, add a second derivative term to the Hamiltonian. In one di-
mension, combining the naive Hamiltonian H"#® (74) with a perturbation of
the form

B = —50 3 ¢! (”’(”“)—w(n)w(n_n)

a2

(82)
o9 —2% dz P(z)¢" (z) 3%
yields the Wilson Hamiltonian

Hw = B 4 ' = ¥ gl [asin(ka) _ (cos(ka) — 1)] . (83)
% a 1 a
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Using a representation with @ = o3 and —iy9 = o0;, we obtain the energy
spectrum

a

E? = (M)Z + [2— (cos(ka) — 1)]2 (84)

with the limits
12,2 , r212,.2
E___){ii;(l—gkaﬂka)(k—»(’)r) ‘ (85)
:t;r (k — ;)
Thus, for fixed r, the mode for & ~ 0 has the correct continuum limit whereas
the sawtooth mode for k£ ~ Z becomes infinitely massive and decouples from the
theory.
In four Euclidean dimensions, the corresponding Wilson action is

Sw==at Y- 20 B[ 500 r = ) Uuli) w(n + )+ 9 + 2, ()
n #

o vm)] +at 3 (m+ L) vw) vio) (56)
n
"

and the propagators for the spurious modes acquire masses which diverge as -
as in the one-dimensional case.

The Wilson action manifestly breaks chiral symmetry for m = 0, since under
the transformation ¢ — e*®¥s4, i — ¢ e'2*754). As long as the contribution
of the symmetry breaking term can be made arbitrarily small, its presence does
not interfere with the physics of spontaneous symmetry breaking.

Wilson Fermions provide a framework for completely solving the doubling
problem which yields the correct physics in the limit of sufficiently small lattice
spacing a. The primary disadvantages are associated with the lack of explicit
chiral symmetry for finite a.

4.3 Staggered Fermions

An alternative way of treating Fermions on the lattice is the use of staggered or
Kogut-Susskind Fermions [19]. This method does not avoid the no-go theorem,
but rather reduces the number of doubled (unphysical) Fermion species by thin-
ning out the Fermion degrees of freedom and has the advantage of maintaining
explicit chiral symmetry. The basic idea is to transform the Fermion field ope-
rators to a new representation in which the naive Fermion action is diagonal in
the Dirac indices, so that the naive Fermions represent Np copies of the new
Fermions, where Np is the number of Dirac components. By keeping only one
of these Np copies, one effectively thins the degrees of freedom by 1/Np.
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A convenient choice for the transformation of the Fermion field in four space-
time dimensions is a m me
Y(m) =% s x(n) ,
(88)
P(n) = X(n) 73713211 6" -
To see how this transformation renders the naive action (72) diagonal, consider
a typical term:

T - 1
$(n) 12 9(n + az) = %(0) Y22V 112150 AP x(n + )

(89)
= (-=1)™* ™ x(n) x(n + az)

where the factor (—1)"*™ arises from anticommuting 7, through the product
Y5°7r" and the remaining vy matrices combine pairwise to unity. By the same
argument,
¥(n) 7, Y(n +a,) = n,(n) x(n) x(n +a,) (90)
where
Mu(n) = (=1)»=0 . (91)

The naive action may thus be written

Sp=a*y" { 2 3 muln) 3() [Uu(n) x(n +a,) — Uy(n —a,) x(n - a,)
n u

+%(n) m x(n) } (92)

where x(n) now represents any one of the Np Dirac components and may thus
be regarded as a scalar. By (88), it is clear that the components of x are specific
linear combinations of the doubled Fermion fields.

It is particularly simple to see how staggered Fermions work in the case of
free, massless particles in one dimension described by the Hamiltonian (76). The
Dirac equation has two components, and in this case the staggered solutions x
for a given k are just the sum or difference of the physical mode ¥; and the
sawtooth mode ¥y _, and are sketched in the bottom portion of Fig. 8. Note
that for each of the staggered solutions, half of the points, either the even or odd
points, correspond to the physical Fermion mode and the other half of the points
are identically zero. Thus, the thinning of the degrees of freedom corresponds to
having essentially doubled the lattice spacing. The maximum momentum which
can be sustained on the lattice with spacing 2a is -, so that for both the even
site mode and the odd site mode only the portion of the spectrum in the upper
right portion of Fig. 8 between —Z- and 7= contributes and there are no spurious
low-mass modes. In the special case of one space dimension where there are two
Dirac components and two naive Fermion modes, staggered Fermions completely
resolve the doubling problem.
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If one were to solve Hamiltonian field theory in three space dimensions, re-
duction of the 23 naive Fermions by a factor of 1/4 for the four Dirac components
would leave two species of staggered Fermions which one could regard as two
degenerate flavors corresponding to up and down quarks. In Lagrangian field
theory in 3 + 1 dimensions, the 16 naive Fermions are only reduced to four
flavors of staggered Fermions.

The principle advantage of staggered Fermions is the residual chiral symme-
try of the lattice action. The mass is thereby protected from renormalization
and it is possible to define a lattice axial current. So as to avoid spurious chiral
symmetry breaking due to the presence of a chiral symmetry breaking term in
the lattice action as in the case of Wilson Fermions, it is useful to use staggered
Fermions. The chiral order parameter is calculated by evaluating

() = Z“/Dz/?m/,p(u) e PMU)Y-S(U)

=71 /D(U) et Det M(U)—S(U)M—I(U) . (93)
It serves as an order parameter for the case of zero quark mass and is also used as
an indicator of a phase transition at finite quark mass. The price one pays for the
staggered Fermions is the necessity of having an integer multiple of four flavors.
Thus one cannot directly study the case of three flavors, where the presence of a
cubic invariant implies a first-order transition (cf. the section on the confinement
transition), or the physically relevant case of two flavors of light quarks.

The primary disadvantage of staggered Fermions is therefore the existence of
four flavors in four dimensions. In addition, the lattice resolution is cut in half
relative to Wilson Fermions, and physical operators are complicated, non-local
combinations of y fields. Hence, for most purposes in studying hadronic physics,
it will be desirable to use Wilson Fermions.

4.4 Hopping Parameter Expansion

Consider Wilson Fermions with the action (86) and define the hopping parameter
K’

1 1
= = 94
" 2ma +8r 2Ma (94)

and rescaled Fermion fields

1/2

¥:=(Ma*)"" ¢, (95)

where M = m + %= enters as a mass term in (86). The action then has the form

Sw = Z {f/(n) ¥(n) - K,z [@(n) (r—7,) Uu(n)¥(n+a,)+

(96)
F(n +a,)(r+7,) Ul(n) W(n)] } .
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The fields have been scaled such that the diagonal term is now unity, and the
hopping parameter & specifies the strength of the nearest-neighbour coupling via
link variables. The partition function for an SU{N) gauge theory in the presence
of Fermions with the action (96) reads in a slightly schematic form

_ ~¥ (1+sU)¥-B 3" (1-4 Re Tr Ua)
Z= / d¥ d¥ d(U) e o (97)
Just as the strong coupling expansion provided insight into solutions of lattice
QCD in the pure gauge sector, the hopping parameter expansion provides ana-
logous insight into solutions in the presence of Fermions. In the strong coupling
regime, 8 = 2712! is small and the U’s distributed according to exp{—3S(U)} are
nearly random. Thus, the average of U is in some sense small, and we may ex-
pand the exponential in (97) in the hopping parameter x. The Fermionic content
of the partition function may then be written schematically as

. —X¥n¥n i} _ }
Z({U)= | d¥d¥ e 1 S @xUG)FRUP)...(FxUP) . (98)

Using Wick’s theorem, this integral is equal to the sum of all contractions, where
because the matrix in the exponent is the unit matrix, the contraction (¥m In )
is just dm n. Thus, each factor « U which connects one site to an adjacent site
must be connected to another hopping term x U emanating from the new site,
and the net result after integrating out the Fermions is the sum of all possible
closed chains of kU in which the U’s are oriented head to tail

Z(U)=>_ & Unn,Un,n,-- Un,n, - (99)

The full partition function is then the integral over gauge fields of all such loops
weighted by the giuon action.

Consider now the hopping parameter expansion for a meson propagator (see
(105) in the subsequent section)

<fr(x, t) C¥(x,t) ¥(0,0) "¥(0,0) > =

=21 / ATAPA(U) e~ 2 FF e~ LI RUE (100)

@mf) (ww)
(X,t) (0,0

where ¥ I' ¥ represents a combination of Fermion fields of the appropriate flavors
and v matrices to create or annihilate the desired meson state. As before, we
expand exp{— Y. ¥ xU ¥} and apply Wick’s theorem to obtain all contractions
of ¥ and ¥. The lowest order (in k) non-vanishing contribution is obtained by
creating two straight chains of U’s, one from (0,0) to (x,t) and the other from
(x,t) to (0,0). Higher-order contributions are obtained by elongating these two

xXe

—ﬁ§ (1- #ReTrUs) (
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chains to form any closed path including the points (0,0) and (x,t) and by
adding any additional number of separate closed loops of U’s. The complete
propagator is the sum over all such loops of U’s

i i -8 (1-Fytr (Ua+UL))
<sprw(x,t)u7rw(0,o)> =Z! / dU)e =© (101)
x Y kN (U U)goxe (U---U)...(U...U) .
loops

Note that the remnants of the Fermions at this stage of the calculation are just
Wilson loops, again underscoring our previous interpretation of Wilson loops as
the world lines of quarks. The simple quark model of the meson is described by
the sum over all time histories of the loop (U U ...U)gq x, representing a quark
and antiquark propagating from (0,0) to (x,t) and the excitation of quark-
antiquark pairs out of the vacuum is described by the additional quark loops
(UU...U). The integral over the gauge fields in (101) now proceeds precisely
as in the case of the Wilson loop discussed in the pure gauge sector. Each of the
closed loops in (101) must be tiled with plaquettes, with the lowest-order con-
tribution corresponding to the minimum tiling required to eliminate all exposed
links and higher-order contributions corresponding to more elaborate surfaces.
The general structure which emerges is thus a sum over Fermion loops covered or
connected with gluon membranes, with the partition function dictating the opti-
mal compromise between short Fermion paths and minimal membranes favored
by small 8 and small kU and the higher entropy of longer Fermion paths and
complicated surfaces. The physical picture of a meson state which emerges when
one observes the configuration on a single time slice between (0, 0) and (x,t) is a
quark-antiquark pair connected by a flux tube. When one works out the explicit
factors for SU(N), one can also see the 1/N expansion emerge naturally, with
the dominant contributions arising from planar diagrams with no additional Fer-
mion loops. Propagators for baryons are similar to those for mesons, with three
chains of U’s starting at the point (0,0), corresponding to three quarks of the
appropriate flavors, and terminating at (x,t). The surface between these chains
must again be tiled with plaquettes, and the leading membrane contribution in
this case, when cut on a single time slice, corresponds to a Y configuration of
flux connecting the three quarks.

Instead of expanding the Fermionic action ¥ M(U)¥ = ¥ (1 + xkU)¥ in
powers of k, one can alternatively write the result of integrating out the Fermions
directly in terms of M(U)

(PP.. 900, . F)= )
=Z‘1/d(U)dLT7dW eV MUY - S5(U) <wimww>
=z-1/d(U) onDet M(U) = SU) S~ M w)yM~'(U)... M7 (U).

contractions

(102)
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If one now expands M~! = (1 + xU)~! and InDet M(U) = tr In(1 + &U) in &,
one observes that one obtains the previous hopping parameter expansion with
all the quark propagators joining the ¥’s and ¥’s in (¥ ¥ ... WP ¥ ... &) arising
from the M ~!’s and all the additional closed quark loops arising from expansion
of InDet M. As before, the quark lines thus obtained are tiled with plaquettes
of the proper orientation from S(U).

This knowledge of the role of the various terms in (102) allows us to under-
stand the physics of the so-called quenched approzimation, which might more
properly be called the valence quark approximation. The quenched approxima-
tion corresponds to omitting the term InDet M(U) in the exponent of (102)
when performing the integral over gauge fields [ D(U). From the preceding ar-
gument, this approximation omits all time histories in which dynamical quark
loops are excited out of the Fermi sea. Hence, only valence quarks connecting the
field operators in (¥ ¥ ... ¥ W ¥ ... ¥) are included, and the integral over gluon
fields incorporates the QCD interactions of these valence quarks to all orders.
Technically, the motivation for making the quenched approximation is the fact
that the stochastic evaluation of the path integral is immensely more difficult
when the non-local term In Det M(U) is included in the action than when one
must only treat the local term S(U).

Note that the quarks can still travel back and forth in time on the spacetime
lattice so, for example, chiral logs are still taken into account and hadrons are
still dressed at large distances by meson clouds [20]. The renormalization group
calculations for the continuum limit have to be performed with the number of
flavors ny = 0 yielding stronger asymptotic freedom. So for example, the &
potential at short distance is slightly too weak and hence meson wave functions
at short distance are too small and the resulting decay constants are too weak.

4.5 Hadronic Observables

To discuss hadronic observables, it is convenient to consider idealized calculations
in which one filters in the pure gauge sector for a long enough time to filter out
the QCD vacuum state |0). (In practice, calculations usually do not completely
filter out the ground state in the pure gauge sector, so the expressions here
must have |0) replaced by sums over a sequence of states having the quantum
numbers of the vacuum. The basic idea, however, is correct and the resulting
formulae are more transparent.) One then creates a state J'|0) of the desired
quantum numbers by acting on the vacuum with an appropriate source J, filters
the lowest eigenstate with these quantum numbers by evolution in Euclidean
time, and projects onto specified momentum states as required. A local field
operator we may use for a #* at space-time point x = (x,t), for example, is
given by

Jx(x) = d(x)ysu(x) (103)
where u and d denote up and down quark fields, respectively, and the 75 makes
the operator pseudoscalar. As an alternative to this local point source, it may be
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preferable in some applications susceptible to large stochastic errors to use non-
local extended sources, especially if the physical particle is considerably larger
than the lattice spacing. One will save computer time and improve accuracy of
the calculation, if the overlap of the state created by the source and the physical
hadron state is as large as possible.

For the proton, a local field with the correct transformation properties is

TE @) = eul (x) [uh(x) (Cs) i ()] (104)

where C' = 7274 is the charge conjugation matrix and i, j, k denote color
labels, and a, B, v denote Dirac indices. Several comments concerning this
operator may be helpful [21]. Since quark and antiquark have opposite parity,
the combination uCvsd transforms as a Lorentz scalar so that Jf transforms
like u, and thus as a spin 1/2 Dirac spinor. The color variables are expli-
citly antisymmetrized and the antisymmetry of the Grassmann variables com-
bined with the fact that the local operator carries no orbital angular momen-
tum assures the symmetry of the spin-flavor wave function. The non-relativistic
limit also agrees with the non-relativistic quark model, since for the upper
components uCysd = u(—io*)d = —uqsdy + u,dy and the symmetrized state
S {ur (urd, — uydy)} is the SU(6) proton wave function.

Expectation values of operators are calculated by using two widely separated
sources J,J! to create a state of the desired quantum numbers, placing the
operator to be measured in between where the lowest state has been filtered out,
and projecting the momentum.

An important quantity derived from these hadronic sources is the vacuum
vacuum correlation function of hadronic currents (Fig. 9(a))

© ‘TJh(x, £)J1(0,0)| 0) (105)
which is calculated for the #* by evaluating
(0T s (x,8)71.,.(0,0)| 0) =
= / DY) D(U)e~PMWW-5W) g(x t)ysu(x, t)a(0,0)v5d(0,0) = (106)

_ /D(U)elnDet(U)—S(U)M—l(U)XtYOO,YSMO—OTXt,yS

on a mesh of temporal extent from —T to T + ¢ with hard wall boundary con-
ditions at the time boundaries.

Its spatial integral is the two point function Cj, j, (t), whose physical content
becomes clear by transforming J,(x, t) with translation operators in x and ¢ and
inserting a complete set of hadronic states |np), where n denotes the n*" intrinsic
excited state of the hadron and p denotes its momentum. Thus,

Cy, 1. (1) —/d?’:v(OletH 1pr (0,0) —tH+1po/d3 [np (nPIJ'r 0,0) |0>
(107)
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Fig. 9. Sketches of two hadronic observables. (a): Vacuum correlation function for the
nt (105). (b): Quark density density correlation function for the % (110). The dashed
lines denote the propagators connecting quark creation and annihilation operators.

The integral over x projects onto zero momentum and for large times ¢ only the
lowest hadron survives, 3" e~t%=.0|n0)(n0] — e~*M»|h)(h|. Hence,
n

—Mit

Conan(t) = S [(R || O)]® VE = 00 (108)

2M),
which enables us to read off the hadron mass from the large ¢ decay and pro-
vides the factor |(h|Jxn|0)| required to normalize other quantities. In practice,
since the two-point correlation function coincides with the Bethe-Salpeter wave
function at zero separation discussed subsequently, it is not necessary to calcu-
late it as a separate entity. Operationally, as seen in (106), the calculation is
straightforward. Having generated a set of gauge field configurations sampling
e~5(U) in the quenched case or e'®Pet M(U)=SW} in the case of full dynamical
quarks, the combination of propagators M~ (U)x:.007s M ~1(U)oo,x17vs is simply
averaged over these gauge fields.

Results of hadron masses (Table 1) in the quenched approximation agree
very well with experiment in all channels except for the 7', where closed loops
which are not contained in the quenched approximation are known to give the
main contribution to the mass.

Table 1. Calculated hadron mass ratios on lattices up to 32* x 30 x 40 in the quenched
approximation using Wilson Fermions with inverse coupling up to ;6; = 6.17. Results
are extrapolated in quark mass, lattice spacing, and volume and are compared with
the experimental values. [22]

ratio | my/m, ma/m, mk-/m, ms/m, mz-/m, mg/m,
Tattice|1.216(104) 1.565(122) 1.166(16) 1.333(32) 2.055(65) 2.296(89)
expt. 1.222 1.604 1.164 1.327 1.996 2.177
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Vacuum correlation functions have a number of other appealing features [23].
In many channels, they have been determined phenomenologically by using di-
spersion analysis of et e~ hadron production [24] and 7-decay experimental data.
When they are defined at equal time, they may be calculated on the lattice and in
the interacting instanton approximation [25][26] as well as by using sum rules [27]
(cf. the next chapter). They complement bound state hadron properties in the
same way scattering phase shifts provide information about the nucleon-nucleon
force complementary to that provided by the properties of the deuteron. Just
as nucleon-nucleon scattering allows one to explore the spin-spin, spin-orbit and
tensor components of the nuclear force at different spatial separation in much
more detail than deuteron observables which reflect the composite effect of all
channels and ranges, so also the interaction or “scattering” of virtual quarks
and antiquarks from meson sources at different spatial separations allows one
to obtain much more detailed information about quark interactions for different
channels and spatial separations than the composite effects reflected in hadron
bound states.

Much of the richness of the study of these correlation functions derives from
the different physics involved at different spatial separations. By asymptotic free-
dom, at extremely short distances the interactions between quarks must become
negligible, and for dimensional reasons must fall as z~®. For slightly larger di-
stances, where interactions are small but non-negligible, one should be able to
use the leading terms in the Wilson operator product expansion to describe the
deviation. At still larger distances, the full complexity of non-perturbative QCD
comes into play, and one may use this region to test and refine QCD motivated
models such as the interacting instanton approximation (cf. below). Finally, at
very large separation, the decay of the correlation functions is governed by the
lightest hadron mass in the relevant channel as seen above.

As a result of this diverse range of physics at different spatial separations,
it is clear that definitive lattice calculations of correlation functions provide an
exceedingly useful supplement to accessible experimental data in allowing one
to quantitatively explore and improve approximations based on the operator
product expansion, sum rules, and interacting instantons.

The lattice calculations discussed subsequently [23] were performed on a
16% x 24 lattice in the quenched approximation with Wilson Fermions at an
inverse coupling 6/g® = 5.7, corresponding to a physical lattice spacing defined
by the proton mass of approximately a = 0.17 fm. The spectral density function
is parameterized phenomenologically as:

f(s) = A8(s — M) + fe(s)0(s — 50) (109)

where ) is the strength of the coupling of the current to the lowest bound state or
resonance with mass M, f. is the lowest order perturbative result for the spectral
function, and sg is the continuum threshold. This spectral function been fitted to
the lattice correlation functions and yields good agreement with phenomenology
and provides another way to calculate hadron masses. The values for parameters
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of the spectral function are shown in Table 3 and vacuum correlation functions
for the 7 , p and nucleon are shown in Fig. 10.

o

R(x)/Ro(x)
'/
f
R(x)/Rq(x)
'S

Fig.10. Vacuum correlation functions for the vector channel (denoted by V), the
pseudoscalar channel (denoted by P), and the nucleon channel (denoted by N). Ex-
trapolated lattice data are denoted by the solid points with error bars. Fits to the
lattice data using the phenomenological form (109) are given by the solid curves, with
the continuum and resonance components denoted by short dashed and dotted curves
respectively. The empirical results determined by dispersion analysis of experimental
data in ref. [24] are shown by the long dashed curves. The open circles denote the
results of the random instanton vacuum model of ref. [26]. The results from the QCD
sum rule calculation of ref. [27] in (N) are indicated by the dot-dot-dashed lines. [23]

The lattice result for the p correlation function (Fig. 10(V)) is reasonably
close to the phenomenological result obtained by Shuryak {24] from a dispersion
analysis of ete~ — even number of n’s. The fact that the phenomenological
result lies below the lattice result follows from the fact that resonance peak
scales as A2 /M;' and the lattice mass lies below experiment while the coupling
constant agrees with the phenomenological value. The result of the instanton
model [26] is qualitatively similar, although lower than phenomenology. The most
salient physics result in the p channel is the fact that although the free correlator
falls by four orders of magnitude, the ratio of the interacting to non-interacting
correlators remains close to one. Although the ratio must approach unity very
close to z = 0 by asymptotic freedom and there is no leading order 't Hooft
instanton induced interaction in this channel, the ratio remains close to unity
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for much larger distances than any simple arguments suggest. This feature, which
has been called superduality, indicates that the net QCD interaction is extremely
weak in this channel, presumably because of a high degree of cancellation.

The pseudoscalar () channel (Fig. 10(P)) exhibits the strongest attraction
and the most dramatic dependence on the quark mass, reflecting the special role
of the pion as a Goldstone boson. Note that because of the light pion mass,
the peak of the resonance occurs far outside of the range in which the data is
fit. Nevertheless, the extracted mass and coupling constant agree well with the
empirical results.

For the nucleon channel, one observes that the lattice results are quite con-
sistent with the sum rule result of ref. {27], shown by the dot-dot-dash curve in
Fig. 10(N). In addition, although there are substantial statistical errors at large
distance, the random instanton vacuum model is also close to the lattice results
[26].

A more detailed analysis, including the discussion of lattice errors and arti-
facts, can be found in [23]. In addition, other observables that have been cal-
culated on the lattice include form factors (recent results in [22]) and magnetic
moments [28] [29], and all show reasonable agreement with experiment.

To characterize the quark distribution inside hadrons, one may calculate the
quark density density correlation function (Fig. 9(b)) [30][31](32]

(h|p™ (x,t)p?2(0, t)|h), (110)

where p? = §v°q, gy°q. Physically, this correlator specifies the probability to
find two quarks g1, g2 at a spatial separation x inside a hadron h. As emphasi-
zed in [33], the correlation function in a hadron measures contributions from all
the multiquark-antiquark components of the Fock space, and thus, in principle,
provides valuable complementary information to that of the wave function con-
sidered in the next section. There, plots of correlations function in hadrons on
the lattice will also be discussed (Fig. 17).

5 Insight into Hadron Structure

Thus far, we have considered the calculation of physical observables and their
agreement with experiment to show that lattice QCD provides a valid non-
perturbative solution of continuum QCD. However, if lattice QCD only serves
as a black box to provide numbers which agree with experiment, we will still
be far from understanding QCD. Hence, one of the major thrusts of my recent
research has been to use lattice QCD as a tool to gain insight into hadron
structure.

5.1 Wave Functions

Wave functions play a central réle in our understanding of many-body systems
in non-relativistic Quantum Mechanics. Examples include band theory, Hartree
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Fock, BCS, and Laughlin wave functions for condensed matter systems, and
Jastrow, independent pair, Faddeev, and shell model wave functions for nuclei.
It is thus natural to seek analogous understanding of hadronic structure in terms
of quark and gluon wave functions.

Specifying the wave functions of bound states is complicated. One cannot
just focus attention on some Fock space component of the wave function and
ask, for example, what the probability is of finding a quark-antiquark pair in a
meson separated by some distance x. Rather one must also specify the gluonic
component of the wave function either implicitly or explicitly.

Consider, for example, the g wave function ¥(x), that is, the probability
amplitude to find a gq pair separated by a distance z = |x| inside a meson.
To measure it on the lattice [34], one creates a state with the correct mesonic
quantum numbers and evolves it in Euclidean time as described above in order
to filter out the mesonic ground state |h). One then may calculate (Fig. 11(a))

¥ (x) := (0|g(x,0)I'q(0, 0)|h) (111)

where I" depends on the Dirac structure of the ground state hadron |h) and |0)
is the QCD vacuum in the absence of Fermions.

As it stands, this expression is gauge dependent: it is not physically weil
defined and numerical evaluation on the lattice would yield zero because of the
integration over all group elements without gauge fixing. If one chooses a specific
gauge, this quantity becomes well defined, but it is essential to appreciate the
extent to which the gauge choice specifies the gluon configuration and thus affects
the physical result.

For example, if we select the Coulomb gauge, we actually specify that each
quark is surrounded by the gluons corresponding to the static Coulomb field
between the antiquark at x and the quark at the origin (Fig. 11(d)). Although
it is hard to write the gluon configuration in nonabelian QCD, it is instructive
to note that in the Abelian case, one can write down the following explicit
expression for the photon field when we specify Ao = 0 and Coulomb gauge:

Z.(x) := (Olg(x)Tef ©¥ B AW go)i1) (112)

where Egiatic is the static Coulomb field of a pair of opposite charges separated
by a distance z. The implied photonic component of ¥.(x) is thus

(0| exp / Py Egtaric(y) - A(y) »

which is sketched in Fig. 11(d). The lattice wave function would then specify the
probability that an electron-positron pair were separated by a given distance and
that the photons were in the configuration given by the static Coulomb field.
Clearly this wave function could be small because the leptons are unlikely to
be found at that separation, because the photons are not in the configuration
specified by the Coulomb field, or some combination of the two.
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Fig.11. Alternative definitions of mesonic wave functions (top row) and the corre-
sponding gluonic configuratons (bottom row). The meson source is denoted by S,
products of link variables U are indicated by solid lines, and quark propagators are
denoted by dashed lines. (a), (d) Coulomb gauge wave function (111/112); (b), (e)
axial gauge wave function (113); (c), (f) adiabatic wave function (114).

Another alternative is to choose an axial gauge with A, = 0 along the line
joining the quark and antiquark. This choice corresponds to the gauge invariant
wave function: .

i f dz' A.(z')
¥, (x) := (0]g(x)I"Pe ° q(0){h). (113)
As shown in (Fig. 11(b)), the quark and antiquark are connected by a product of
link variables U along the path connecting them. Physically, the gluonic compo-
z

nent (O|P expi [ dz’' A, (z') is that of an infinitely thin string of glue (Fig. 11(e}).
0

The wave function is now to be interpreted as the probability amplitude to find
a quark and antiquark separated by distance z times its overlap with a string of
gluons in a hadron, and this latter will cause a considerably stronger fall-off of
the wave function ¥, with increasing distance than that of ¥, (Fig. 12).

Physically, there is no reason to expect the Coulomb gauge wave function to
be an accurate approximation, and clearly a string wave function is too localized
to give a large overlap with the true wave function. The most realistic definition
of the gluon wave function that we have been able to calculate is the adiabatic
wave function, corresponding to the ground state configuration of gluons in the
presence of a static ¢g pair at separation = (Fig. 11(c),(f)):

W, o« (2(x)|q(x)'q(0)[R) (114)
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T 0 y
192(x)) := ,,li,n;o UOt,0t+nUOz+n,yt+nUyt yt+ﬂ|0)
When the temporal links are extended sufficiently far, the ground state flux tube

is projected out, and in practice, it is sufficient to use 2 to 4 time steps [34].
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Fig. 12. Comparison of density-density correlation functions and |¥|® for = (left) and
p (right) mesons as a function of q§ separation in units of 0.2 fm in the quenched
approximation with the Wilson action on a 16* lattice at 6/g° = 5.7. [34]

A comparison of the squares of each of the wave functions discussed above
with each other and with density-density correlation functions is shown in Fig.
12. The first point to note is the fact that the overlap between the true wave
function at any spatial separation and the gluon wave function specified by the
gauge choice or adiabatic condition increases slightly as one goes from ¥, to ¥,
and substantially when one goes to ¥,, showing that the adiabatic wavefunction
is much more physical than either of the fixed gauge choices. Ideally, one would
like to compare the overlap of the adiabatic wave function with the square of
the full quark-antiquark component of the exact wave function. A first step in
this direction is comparison of |¥,|? with the density-density correlation function
(pp). However, the density-density correlation function contains the contributi-
ons of all Fock-space components, so a more relevant comparison is with the
density-density correlation function {pp)qq, which has been projected onto the
quark-antiquark subspace. On the lattice, this projection is accomplished by
calculating propagators from the left and right sources with hard-wall boundary
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conditions on the time slice containing the density operators, so that the quark
and antiquark world lines can only cross the central time slice once. Comparison
of (pp) with (pp),; (normalized to one at the origin) in Fig. 12 shows that ¢q
pairs indeed play a large role in dressing the hadron at large distances. Fur-
thermore, comparison of the adiabatic wave function |¥,|* with the projected
density-density correlation function (pp),s indicates that the adiabatic approxi-
mation is reasonably accurate.

To summarize, these results show a large and significant effect of the intrinsic
gluon component in the definition of a hadron wave function and that the overlap
with the gluons in the hadron increases substantially when going from ¥, or ¥,
to ¥,. Furthermore, a ¢g pair in the adiabatic gluon ground state is quite close
to the projected density-density correlation function, (pp)es-

5.2 Instantons on the Lattice

Another way in which we seek to use the lattice as a tool to understand hadron
structure is to use it to explore the role of instantons. In principle, since we are
numerically evaluating a path integral, it should be possible to use the numerical
results to identify those configurations which are most important in the sense
that they dominate the path integral. In cases that can be solved analytically, we
know that the dominant configurations are those corresponding to fluctuations
around the paths which make the action stationary. In QCD, although one can
treat instantons analytically in the dilute gas approximation, there is no known
way to study their role analytically in the true QCD ground state. Hence, we will
use the lattice to find the stationary configurations closest to the configurations
determined numerically which sample the gluon ground state, and thereby reveal
the instanton content of these vacuum configurations.

Having extracted the instanton content of the gluon configurations, it is then
possible to study the role of instantons in hadron structure by comparing ob-
servables calculated with all gluonic excitations and those calculated with the
instantons alone. There is a large body of theoretical and phenomenological evi-
dence from the work of Shuryak et al. [25][26] and Diakonov and Petrov [35]
suggesting that for light quarks, propagation of quarks between the zero-modes
associated with each instanton in the vacuum dominates the physics. The lattice
provides an ideal laboratory to quantitatively test this picture and compare the
phenomenological parameters of instanton models with those of QCD.

In this section, all calculations are again performed in the quenched appro-
ximation, in which the gluon configurations are not influenced by quarks and
may therefore be fully described independent of the specific hadronic observable
being investigated.

Before studying instantons on the lattice and comparing observables in an
instanton background with the exact lattice results [36], it is useful to review
briefly the basic features of instantons and the instanton gas model. More tho-
rough introductions to instantons in continuum QCD may be found in recent
lecture notes [37] and [38] and references therein.
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Consider, as a pedagogical example, paths a particle can take in a periodic
potential (Fig. 13(a)) with minima at points z; = iL, 1 € Z equivalent to the
problem of a particle in a continuous potential on a circle with circumference L.
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Fig. 13. Particle in a periodic potential (a) and representatives of two classes of con-
tributions to the path integral: (b): Path about one well, indicating also the local
minimization procedure (cooling) for a point z. on the path; (c): Path connecting two
wells. (The large fluctuation into the well about 2 may be interpreted as a close kink-
anti-kink pair.}; (d),(e): The result of several cooling steps on the paths (b) and (c).

Classically, a particle with energy E < Vijhax cannot leave its well about
the “classical ground state” z;, but already the semiclassical WKB (stationary
phase) approximation gives a nonzero probability for the particle to tunnel from
the well about x; to the one about z;,, (z;—;)(Fig. 13(c)). In the picture of a
particle on a circle, this corresponds to a path winding once around the torus in
the positive (negative) orientation, and so the path between z; and ;41 (zi-1)
is said to have winding number +1 (—1). Such a path is topologically stable
because of its invariance under any continuous perturbation of the paths. The
path of winding number +1 (—1) which has the highest probability weight in
the path integral, i.e. the least action, is the kink (anti-kink). The analog of the
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kink in QCD in four dimensions is the instanton.

One may then characterize two classes of configurations which contribute to
the path integral. Paths within a well, i.e. which are contractible on the circle,
describe the perturbative regime. Paths which connect different wells, winding
at least once about the circle, and which can be decomposed into a number of
kink and anti-kink paths plus fluctuations describe intrinsically non-perturbative
effects (Fig. 13(c)). This characterization becomes increasingly accurate as the
energy difference between V., and the particle energy increases.

The Yang Mills equations of motion allow for infinitely many topologically
distinct classical ground states besides A, = 0, i.e. pure gauge configurations
which carry different topological winding number n € Z. QCD-instantons (anti-
instantons) are the classical self-dual (anti-self-dual) solutions to the Euclidean
Yang Mills equations, localized both in space and time and having radial extent
p- They have winding number +1 (—1) and interpolate between two topologically
distinct but neighboring vacua. They have the minimum Euclidean action Sy =
8—9"; and topological winding number

Qo =

1
~ 332 /d% dt €#"*° F,, Fpy = %1 . (115)
A configuration of N instantons and N anti-instantons has winding number Q@
and action S

Q=N-N, Sx=(N+N)S, . (116)

In the instanton gas model of Shuryak et al. [25][26] and Diakonov and Petrov
[35], the QCD vacuum is characterized by a dense, stable distribution of instan-
tons. In the simplest version [26], the instantons and anti-instantons are distri-
buted randomly in space and have uniform size p and density n. The instanton
size and density are determined phenomenologically. "

In order to isolate the contribution of instantons to a given gluonic configu-
ration, one must remove the short-range perturbative fluctuations and extract
the underlying semiclassical stationary solution. This may be achieved by locally
relaxing or cooling the configuration, a method which is most easily described in
the context of the periodic potential.

Each point on the given path is varied such that the action along the path
is minimized, keeping all other points fixed. Proceeding this way from point to
point along the path, one minimizes the action locally (Fig. 13(b)). When this
procedure is performed several times, the short wavelength, local fluctuations
associated with perturbative gluons in QCD are removed most rapidly, while
topologically stabilized instanton excitations are removed much more slowly.
Thus, as the number of cooling steps increases, the configuration becomes more
and more dominated by its instanton content (Fig. 13(d)/(e)).

To monitor the instanton content in QCD (and decide how much cooling is
necessary), one measures the topological charge density. The simplest discrete
approximation to (115), which is adequate for a sufficiently smooth configuration,
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at lattice point n given by [36]

1 vV,
Q(n) = ——32?6“ P?Retr Uy, (n)Uye (n)] . (117)
Its integral will be the number of instantons minus anti-instantons. In the dilute

limit the topological susceptibility

2
X = (Z Q(n)) S N+N (118)

gives the number of instantons plus anti-instantons in a given configuration and
may be compared with the minimum the action of an instanton configuration
can reach (116), Smin = (N + N)So, in order to determine when the cooling
procedure has reached the dilute limit.

To provide a picture of how cooling extracts the instanton content of a ther-
malized gluonic configuration, Fig. 14 shows the action density S(1,1,2,t) and
topological charge density Q(1, 1, z,t) for a typical slice of a gluon configuration
before cooling and after 25 and 50 cooling steps. As one can see, there is no
recognizable structure before cooling. Large, short wavelength fluctuations of
the order of the lattice spacing dominate both the action and topological charge
density. After 25 cooling steps, three instantons and two anti-instantons can be
identified clearly. The action density peaks are completely correlated in position
and shape with the topological charge density peaks for instantons and with the
topological charge density valleys for anti-instantons. Note that both the action
and topological charge densities are reduced by more than two orders of magni-
tude, so that the fluctuations removed by cooling are several orders of magnitude
larger than the topological excitations that are retained. From Fig. 14(e,f) we
see that further cooling to 50 steps results in the annihilation of the nearby
instanton - anti-instanton pair but retains the well separated instantons and
anti-instanton.

One should note that as useful as cooling is, it does have limitations. Whereas
instantons on a manifold are stable, they are not necessarily stable on a discrete
lattice. For the Wilson action, the action of an isolated instanton decreases as a
function of p (instead of being independent of p as in the continuum) with the
result that eventually, an isolated instanton will “fall through the lattice” after
extended cooling. Also, prolonged cooling results in the annihilation of overlap-
ping instanton - anti-instanton pairs, leaving only well separated instantons and
anti-instantons. Thus, both large instantons, which are likely to overlap other
anti-instantons, and small instantons, which quickly fall through the lattice, are
preferentially removed from the ensemble. This effect is seen in Fig. 15, which
shows the distribution of instanton sizes on a 16* lattice. Fortunately, for a sub-
stantial range of p a window exists in which instantons are reasonably impervious
to cooling.

With this orientation, consider the ensemble averages of observables as a func-
tion of the number of cooling steps shown in Fig. 16. As expected, the action is
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Fig. 14. Cooling history for a typical slice of a gluon configuration at fixed z and y as
a function of z and t. The left column shows the action density 928(1, 1,z,t)/6 before
cooling (a), after cooling for 25 steps (c) and after 50 steps (e). The right column shows

the topological charge density Q(1,1, z,t) before cooling (b), after cooling for 25 steps
(d) and after 50 steps (f). [36]
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Fig. 15. Distribution of instantons as a function of size p, using 19 configurations. The
number of cooling steps is shown at each figure together with the value of the threshold
t determining whether two adjacent lattice points belong to the same instanton cluster.

[36]

dominated by the short range fluctuations which are very strongly damped by
cooling. Thus, the action decreases by several orders of magnitude in the first
few steps. In contrast, the topological charge and susceptibility are much less
affected by cooling. At cooling step 25, the averaged total action in units of a
single instanton action is ~ 65 whereas (Q?) is ~ 25+ 10 throughout the cooling
process. This difference indicates that there are sufficient nearby instanton - anti-
instanton pairs in each configuration that the dilute regime where (Q?) ~ N +N
has not yet been reached. Since the nearby pairs continue to annihilate under
further cooling, we only expect a clear plateau for the topological charge but not
for the action in this region of cooling. It is only when the configurations are
composed of well isolated instantons that plateaus for both action and topolo-
gical charge would start to emerge. Here, this is expected to happen beyond 50
cooling steps, where (S)/Sy and (Q?) are nearly equal.

The combined information from Figs. 14, 15 and 16 suggests the following
qualitative description of the cooled configurations. The configurations cooled
with 25 steps are comprised of smooth, clearly recognizable instantons and anti-
instantons and still retain many nearby pairs. The configurations cooled with
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Fig. 16. Mean values of three observables as a function of number of cooling steps for
19 configurations. (a) Total action in units of a single instanton action So = 8m%/g>.
The uncooled value (S}/So = 20211 is far off scale and is not plotted. (b) Topological
charge squared (118). (c) Topological charge (117). [36]

50 steps consist of more dilute instantons with their total action starting to be
dominated by the well isolated peaks. The small instanton contribution is also
suppressed, giving rise to potential systematic error. One may regard the confi-
gurations cooled with 25 steps as providing a more complete description of the
instanton content of the original configurations, and I will therefore emphasize
them in our subsequent calculation of hadronic properties.

By cooling, the instanton content of 19 gluon configurations was extracted
from a 16% x 24 lattice at & = 5.7 [36]. The string tension ca* monitoring
confinement was measured on a 4 x 7 Wilson loop. The size of the Wilson loop is
relevant, since the local minimization of the action corresponds to replacing each
link by the sum of staples made up of the other three links of each plaquette to
which the original link contributes. Thus, each cooling step replaces a Wilson
loop by a bundle of loops smeared by at most one lattice site. So, as long as the
number of cooling steps is much smaller than the size of the loop, one must still
see confinement. However, once the number of steps is larger than the loop size,
there is nothing to prohibit the string tension from going to zero and it appears
to do so.

A significant conceptual issue in comparing observables calculated using coo-
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led configurations with uncooled results is how to change the renormalization
of the bare mass and coupling constant as the gluon configurations are cooled.
Clearly, as the fluctuations corresponding to gluon exchange are filtered out, the
gluonic contribution to the physical mass and coupling constant change signi-
ficantly. One may use the physical pion and nucleon masses to determine the
hopping parameter x and lattice size a for the cooled configurations. As will be
seen below, a changes by ~ 16% after 25 cooling steps when the nucleon mass is
used to set the scale, and within errors, the rho mass remains unchanged after
cooling with this value of a. The other extreme would be to keep a fixed at the
uncooled value and thus display what remains in the original path integral when
only instantons are retained. This constant @ would also be consistent with the
constant topological susceptibility. It is a remarkable result that these two extre-
mes differ by only 16%, so that even if one took the most conservative possible
view of not changing the scale, the qualitative results would still not be changed
significantly.

Table 2. Summary of properties of cooled configurations. The symbols S, o,a, p,n, and
x denote the action, string tension, lattice spacing, instanton size, instanton density,
and topological susceptibility.

Cooling steps (S)/So 0a? a (fm) p (fm) n (fm™*) x (MeV*)
0 20 211 0.18 0.168
25 64 0.05 0.142 0.36 1.64 )t
% of uncooled value| 0.3 27 84
50 31 0.03 0.124 035 1.33 (200)*
Instanton Model [26] 0.33 1.0 (180)*

Table 2 shows the result of cooling and a comparison with the phenomenolo-
gical values used in the instanton gas model [26]. It shows the dramatic decrease
in the action and the string tension, indicating a very strong reduction in the
perturbative and confinement effects. Although instantons do not contribute si-
gnificantly to confinement, quarks will still be bound through the attractive in-
teractions arising from the 't Hooft interaction, or equivalently, through the zero
modes for massless quarks associated with each instanton and anti-instanton.
The close agreement between the parameters of the instanton gas model [26] and
our results clearly suggests that we should obtain results similar to this model
when we calculate hadron properties in the instanton configurations determined
on the lattice.

One extremely important result is the fact that vacuum correlation functions
of hadron currents calculated with all gluon excitations and only instantons agree
very closely. This is demonstrated by the close agreement of the hadron spectral
function parameters determined from two point vacuum correlation functions
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for uncooled and cooled configurations shown Table 3. Note also the good agree-
ment between cooled and uncooled lattice results with phenomenology and the
instanton gas model.

Table 3. Hadron Parameters determined from vacuum correlation functions for un-
cooled and cooled configurations. A denotes the coupling of the current to the ground
state, cf. [23] and \/Sp denotes the continuum threshold (109). (36]

Channel |Source M (GeV) A V30 (GeV)
Vector lattice (cool=00) 0.72 £ 0.06  (0.41 £0.02GeV)” 1.62+0.23
(p) lattice (cool=25) 0.65 : 0.03  (0.385 % 0.004 GeV)* 1.38 + 0.05
lattice (cool=50) 0.70 +: 0.05 (0.410 £ 0.005 GeV)? 1.42 + 0.04
instanton® 0.95+0.10  (0.39+0.02GeV)? 1.50+0.10
phenomenology® 0.78 (0.409 + 0.005GeV)? 1.59 + 0.02
Pseudoscalar lattice (cool=00) 0.156 £ 0.01  (0.44 + 0.01 GeV)* <1.0
() lattice (cool=25) 0.140¢ (0.341 £ 0.010 GeV)? 1.05 + 0.15
lattice (cool=50) 0.140¢ (0.475 £ 0.015 GeV)? 1.80 + 0.18
instanton® 0.142 £0.014 (0.51 £0.02GeV)? 1.36 £0.10
phenomenology® 0.138 (0.480GeV)? 1.30 +£0.10
Nucleon lattice (cool=00) 0.95 £ 0.05 (0.293 £0.015GeV)> <14
lattice (cool=25) 0.938° (0.281 £ 0.004 GeV)* 1.47 £0.13
lattice (cool=50) 0.938° (0.297 £ 0.004 GeV)® 1.54 £ 0.11
instanton® 0.960 % 0.030 (0.317 % 0.004 GeV)® 1.92 £ 0.05
Sum Rule® 1.02+0.12 (0.324 £0.016GeV)®* 1.5
phenomenology® 0.939 — 1.44 +0.04
Delta lattice (cool=00) 1.43 £0.08 (0.326 % 0.020 GeV)" 3.21 + 0.34
lattice (cool=25) 1.06 +£0.04 (0.285 £ 0.002 GeV)* 1.91 + 0.08
lattice (cool=50) 1.05 +0.09  (0.298 % 0.003 GeV)* 2.22 £+ 0.06
instanton® 1.440 £ 0.070 (0.321 £ 0.016 GeV)® 1.96 +0.10
Sum Rule® 1.37+£0.12 (0.337 £ 0.014GeV)? 2.1
phenomenology® 1.232 _ 1.96 +£0.10

¢ Instanton Liquid Model by Shuryak et al. * Phenomenology estimated by Shuryak
and from the particle data book. © QCD sum rule by Belyaev and Ioffe [27]. 4 Used to
fix the quark mass. ¢ Used to fix the lattice constant.

A second extremely important result is the close agreement of cooled and
uncooled hadron density-density correlation functions (110) in the ground state
of the pion, p, and nucleon as shown in Fig. 17. The striking result for both the
p and the nucleon is the fact that the spatial distribution of quarks is essentially
unaffected by cooling — instantons alone govern the gross structure of these
hadrons, as indeed they also governed vacuum correlation functions of hadron
currents in these same channels.

The only case in which a noticeable change is brought about by cooling is
in the short distance behavior of the ground state of the pion. This difference
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Fig.17. Comparison of uncooled and cooled hadron density-density correlation func-
tions for the pion (P) , p (V), and nucleon (N). The solid circles denote the correlation
functions calculated with uncooled QCD [23], the open circles with error bars show the
results for 25 cooling steps, and the crosses denote the results for 50 cooling steps. The
rho and pion results are compared for M, = 0.16 GeV?, and the nucleon results are
compared for M,> = 0.36 GeV?. The separation is shown in physical units using values
of a from Table 2. All correlation functions are normalized to 1 at the origin, except for
the cooled pion correlation functions, which are normalized to have the same volume
integral as the uncooled pion result. Errors for the uncooled results and for 50 steps,
which have been suppressed for clarity, are comparable to those shown for 25 steps.

[36]
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is understandable since in the physical pion, in addition to instanton-induced
interactions, there is also a strong attractive hyperfine interaction arising from
perturbative QCD which, combined with the attractive 1/r interaction, gives
rise to the Coulomb cusp in the uncooled density. Despite this difference at the
origin, which receives small phase space weighting, when the correlation functions
are normalized to the same volume integral as in Fig. 17, one observes that the
overall size and long distance behavior do not change appreciably with cooling.
In contrast, in the p the combined effect of the hyperfine interaction and the 1/r
interaction is much weaker, both because the hyperfine interaction is repulsive
and because it is three times weaker. It is noteworthy that the cooled density-
density correlation functions shown in Fig. 17 for the 7, p, and nucleon are
comparable within error bars. This uniformity strongly suggests that instantons
set the overall spatial scale for these hadrons.

The conclusion from these results is that instantons do indeed play a do-
minant role in light quark propagation in the vacuum and in the low energy
structure of hadrons. The picture which emerges, consistent with the instan-
ton gas approximation, is that a light quark propagating in the QCD vacuum
doesn’t really respond to the details of the huge, short-wavelength fluctuations
seen in the top of Fig. 14, but rather hops between the localized quark states
corresponding to the zero modes associated with the instantons which become
visible in the lower panels of Fig. 14.

Although I believe these results provide substantial evidence for the role of
instantons, there are several open questions which are the subject of current
investigation. As discussed, the cooling we used is an imprecise filter, and we
are currently refining it to avoid the problem of small instantons falling through
the mesh and to decrease the amount of instanton anti-instanton annihilation.
In addition, the quenched approximation is being eliminated by repeating the
calculation with dynamical quarks. If the same qualitative behavior remains
with these two improvements, the dominant role of instantons will be clearly
established by lattice QCD.

6 Summary

As indicated at the outset, these lectures could only provide an elementary in-
troduction to lattice QCD and an extremely limited survey of results. With this
introduction you are now prepared to undertake the much more detailed treat-
ments in the books by Creutz [2], Rothe [4], and Montvay and Miinster {3}. I
hope these lectures will enable all of you to appreciate the usefulness of lattice
calculations, follow the major research developments in this area and perhaps
even motivate some of you to contribute to them.
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Topological Effects on the Physics
of the Standard Model*

R. Jackiw!;
Notes by H.W. GrieBhammer?, O. Schnetz?, G. Fischer?, and S. Simbiirger?

! Center for Theoretical Physics, Laboratory for Nuclear Science and Department of
Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

? Institut fiir Theoretische Physik III, Universitat Erlangen-Niirnberg, Staudtstr.7,
91058 Erlangen, Germany (Section 1)

% Institute for Theoretical Physics, University of Regensburg, Universititsstrae 31,
93040 Regensburg, Germany (Section 2)

1 Four Dimensional Gauge Theories and Instantons

1.1 Notation

Nonabelian gauge theories deal with matrix-valued vector potentials which can
be decomposed with respect to a basis of the Lie algebra of a gauge group G:!

Au() = A%(z)T* . (1)

The group generators are in my notation [1] the (for SU(N) N? — 1) antihermi-
tean, traceless matrices T® obeying the normalisation condition and algebra

Tl = —To | rToT? = ~1geb (2)
[Ta.,Tb] = fabcTc (3)
with fo%¢ the totally antisymmetric, real structure constants.

The covariant derivative, field strength tensor and Lagrangean of the Yang-
Mills field are given by

V. = 0, + A, acting on a representation of G, (4)

D, =8, +[Ay, .] = T*(8°°8, + f°*A}) acting on a rep. of the Lie alg., (5)
F, = F3T*:=[V,, V.| =0,4, -0, A, + A, A (6)

F;:y = a,uAg - 61/‘42 + fabcAZAzc/ ’ (7)

Lym = —;FeFS, = Lir F*F,, . (8)

* Lectures presented at the workshop “TOPICS in Field Theory” organised by the
Graduiertenkolleg Erlangen-Regensburg, held on October 12th-14th, 1993 in Kloster
Banz, Germany

! Summation over repeated indices is understood, as is the use of the natural system
of units A =c=1.
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Note that we have scaled the potentials so that the coupling constant is absorbed
into A,. To make contact with the conventions used in perturbation theory (eg.
[2]), one should substitute —i’—\zi for T, —-igA;“i;— for A,, where \* are the
(hermitean) Gell-Mann matrices, and in addition replace F#¥* by —igF#"®.
The Lagrangean density (8) remains unchanged.

Under a gauge transformation g(z) € G at a point z in spacetime, the fields
transform as

Au - gAu = 9—1 (Au + 6#)9 (9)
Fu = 9F,, =g 'FLg , (10)

which shows that the Lagrangean (8) remains unchanged.
The equations of motion (transforming covariantly under gauge transforma-
tions)

D,F* =0=98,F*°* + f"”CAZF‘“’c (11)
show that, due to the self-coupling in the second term, the theory is not free
even in the absence of matter. Indeed, in most what follows we will not bother
with matter fields.

From the definition (6) of the field strength tensor one finally obtains the
Bianchi identity:
eMP D Fpe =0 . (12)

1.2 Canonical Quantisation

As in Maxwell theory, a straightforward quantisation of nonabelian gauge theo-
ries is impossible due to the absence of a momentum conjugate to Ag§:

OLym
0Ag

There is a variety of ways to handle this problem. In QED, one introduces a
“transversal” Dirac function in order to obtain canonical commutation relations
which are consistent with GauB’ law 8 - E = 0 [3], but this procedure obscures
the physics in Yang—Mills theory since from Gauf’ law the transversality of the
gauge bosons does not follow (see Section 1.3). Technically even more involved
is a constraint quantisation following Dirac [4].

If we do not want to use the path integral formalism, the simplest way of
quantisation is to perform a classical gauge transformation yielding the Weyl
gauge Ag = 0 before quantising [1]. One finds for the momentum conjugate to
A(x) the chromoelectric field

(13)

me=25M _ _pe— _je-_Ep (14
OAia
and therefore postulates the canonical equal time commutation relations
[42(x), I} (v)] = i6:;6°°6%) (x — y) = [E} (y), 42 (x)] (15)

(A3 (x), A5(y)] = 0 = [T¢(x), I} (y)] - (16)
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The Hamiltonian equations of motion obtained from the Hamilton operator
1 1.,
H=] / & [E“(x)E“(x) + S FS(0FS (x)] (17)

reproduce the generalised Ampere’s law as the spatial components of (11)

i[H, A2(x)] = A2(x) = E2(x) , i[H,E3(x)] = E2(x) = (D;F7)" (x) (18)
= D, F*(x) =0 ,

but the time component of (11), the generalised Gau’ law G(x) := D-E(x) = 0,
is absent, as it is an equation at fixed time.

Note that the resulting theory (without Gauf’ law) has its own right, but it
is not clear whether it is renormalisable, and Lorentz invariance is surely lost.
Rather than imposing it, one regains Gaufi’ law by the following considerations:

Going to the Weyl gauge before quantisation does not fix the gauge comple-
tely. One can still perform residual, time independent gauge transformations, in
particular infinitesimal ones,

5A(x) = DB(x) + O(F%) (19)

which are symmetries of H. Since

i [ dy ﬂ“(y)c°<y),Ai(x)] —5Ax) (20)

i [H, / Pz ﬂ“(x)G“(x)} —0, (21)

Gauf}’ law is the generator of the infinitesimal gauge transformations and com-
mutes with the Hamilton operator. It also obeys the commutation relations of
group generators,

i [G*(x), Gb(y)] = G (x)6®) (x - y) , (22)

which means that there exist in general only as many independent constants of
motion associated with the G®’s as there are linearly independent matrices T¢
which can be diagonalised simultaneously, namely N — 1 in SU(N).

One can think of the G*’s as generators of a symmetry of H we just disco-
vered, without any reference to the Lagrangean (8) we started with. Imposing
as a constraint on physical states

G%(x) | phys) =0 , (23)

one regains GauB’ law and therefore the complete quantum theory of the La-
grangean (8). Note that since [H,G®(x)] = 0, the sector of physical states is
invariant under time development.

All topological effects of the quantum theory can be uncovered by looking at
the GauB’ law operator in a theory which is carefully quantised in this way, as
can be seen from experience [1].
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An analogy of the above situation is known from rotation invariant Hamilton
operators in quantum mechanics. In the s-wave sector, the angular momentum
operators J as generators of this symmetry have to annihilate the states one
allowes for:

J | s-wave) =0 . (24)

Setting J = 0 is inconsistent since its components do not commute with each
other. In contradistinction to this example, the Gaufi’ law operators have a
continuous spectrum and hence in looking at their zero eigenvalues one obtains
non-normalisable states.

A note on the procedure: We first quantised the theory and then imposed
the constraint on physical states. In general, reversing this order will yield a
different result to order h, none of the two ways being a priori right or wrong.

Furthermore it is not trivial that choosing the Weyl gauge and quantising
commute with each other. Again, one example for that is the rotation invariant
Hamilton operator in quantum mechanics [4]: Quantising first yields a centrifugal
barrier proportional to j(j + 1)/r2, while first going to polar coordinates one
misses the barrier. It is only reintroduced if one observes that the momentum
conjugate to r, —i9/0r is not hermitean, and the true canonical momentum is
—i (£ + 1).If both procedures do not commute, the transformation eliminating
Ao would induce a curvature, and the momentum —E? would not be self-adjoint
as is the case for the central force potential. Instead, one would have to hermitise
it, II} = ~E? + f#(A), so that the components of the chromoelectric field do
not commute with each other, thus revealing the curvature in the “Christoffel
symbols” f2(A).

In both cases, one prefers to take the procedure for which one regains the
classical theory for i — 0. The problem is that one doesn’t know whether — due
to confinement - a classical limit to the quantum Yang-Mills theory exists at all.
However, in QED the classical limit exists and — what is more — one can show
that all quantisation methods yield the same result. One therefore can expect
this to hold in Yang-Mills theory, too. At least the induction of a curvature
by the Weyl gauge can be ruled out, since ghosts decouple in the path integral
version when choosing an axial gauge.

1.3 The Schrodinger Representation

In the Schrédinger representation,

~ B2 (x) = M2(x) = ~irs

A (%)

one obtains as fixed time Schrédinger equation for energy eigenstates

2
/d3 [ 25A“( ‘;514“( )+ Fa(x) ( )] WE[A]ZEWE[A] , (26)
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and Gaufl’ law constraint (23) on physical states reads

6 abe J =
sz + A0 ) Pl =0 1)

In the abelian theory (f°* = 0) one considers ¥{A] to be a functional of the
Fourier transform of A(x) = Ar(x) + 8AL(x) decomposed into its transverse
(8- Ar(x) = 0) and longitudinal part?. Gau$’ law reads after applying the chain
rule

kik;AL(k) =0 , (28)

and hence physical states can be an arbitrary functional of the transverse com-
ponents of A only, independent of its longitudinal degrees of freedom. This
can also be seen from the fact that an abelian gauge transformation A4;(x) —
Ai(x) + 0;8(x) leaves the transverse components untouched and changes only
the longitudinal ones. Therefore the choice of the Coulomb gauge for free QED
is unavoidable in the Hamiltonian formulation. In Yang—Mills theories, the Cou-
lomb gauge is no natural choice since from Gau88’ law (27) one cannot conclude
that the wave functional depends on A only.

Free QED can even be solved this way [1]: Looking at the Schrédinger equa-
tion

1 §? _
3 /dsx [—m—) + Ai(x)hiin(x)] ¥g[A] = E¥g(A] (29)
h,‘j = —325,']' + a,‘aj , (30)

one constructs the gauge invariant ground state in analogy to the harmonic
oscillator as

Po[A] x exp—% / dPad®y Ai(x)wij(x,y)A;(y) (31)
L P Fii( ! Fi(y) (32)
o exp—Z zd’y x) 5 y),
vy b [ Pre-kxyy L 2 (5~ _ zﬂ£> 33
wi(x,¥) : h,J/d ke K] =y % " 2yl (33)

with the infinite vacuum energy Eo = ftrw.

Since Wo[A] depends on transverse fields only, Gauf}’ law is automatically sa-
tisfied, and the vacuum state of the free theory is unique. One can now construct
excited states like the one photon state

(A= AT(p)0o[A] , AT(p) = (a.j—”;?) [@eeP a0 . 0

? We neglect the zero mode of A.
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The Schrodinger representation offers an alternative way to derive Gauf’ law.
As remarked above, states should be invariant against infinitesimal spatial gauge

transformations: ¥ [A + D) = ¥[A], so that expanding around ¥[A] yields

[ @2 Al =0 , (35)

and one recovers (27) after partial integration.

1.4 Large Gauge Transformations and the 8 Angle

Gaufy’ law (23) as generator of infinitesimal gauge transformations annihilates
physical states, and therefore physical states are invariant under infinitesimal
gauge transformations and all gauge transformations that can be built up by
iterating infinitesimal ones, called small gauge transformations. The question
arises whether all gauge transformations are small or whether there exist large
gauge transformations, i.e. if there are solutions to eqs.(26,27) which obey Gauf’
law but are not gauge invariant:

[PA) # V[A] . (36)

Let’s turn to the question of boundary conditions for the fields. Assuming the
absence of monopoles, all position dependent observables should vanish faster
than ﬁg for |x| = oo. This means that going to spatial infinity one finds a
unique physical vacuum. Strictly speaking, the vector potentials have only to
approach a pure gauge configuration at spatial infinity, but one can show that
there exists always a regular gauge transformation after which

lim |[x[A(x)=0, (37)
| X|—00
simultaneously reducing the set of possible gauge transformations to those that
do not violate this condition:

lim g(x) = const. (38)
| X]—o00
These boundary conditions have been used to derive egs.(20,21).

The last requirement identifies all points at spatial infinity so that g is uni-
quely defined there, and one compactifies the Euclidean space R® to the sphere
5% when considering g.

One may investigate whether the maps g(x) : $* — G can be decomposed
into different classes. All maps in a given class can be deformed into each other
and differ only by small gauge transformations. The classes are separated by
topologically nontrivial, large gauge transformations. The set of all classes clearly
forms a group, called the third homotopy group of G, II3(G) [5). If II3(G) =1,
as is the case in QED, only small gauge transformations exist, and all of these can
be continuously deformed to the map S® — 1. For any semisimple Lie group G,
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particularly for SU(N), it has been shown that II3(G) = Z, the additive group
of integers, and hence large gauge transformations do exist. One can indeed
show the existence of large gauge transformations without bothering with such
topological considerations [6], [7], as we will explain now.

There exists a functional of A which satisfies Gaufi’ law but is not gauge
invariant, known as the integral over the Chern-Simons three form:

WIA]= - 161772 /dax g% ¢r [A,- (ij - %AjAk):l = (39)
1 3. _ijk 2
= —W d’z '7%tr | A 3jAk + §AjAk
Since
oW [A] — 1 ijk pa 1 3, ~ijk (3) a
5Ai(x) ~ Tom2t (¥ ¥ g / Py 4, (19 -y A)] 0

and the surface term vanishes due to (38), W[A] fulfills GauB’ law (27) because
of the Bianchi identity (12):

oW [A]

. -0 . 41
00 = (41)
On the other hand,

W[?A] - W [A] = n(g) — 81? / Lo o [(B9)g7 Ax) » (42)

n(9) = 53 [ 2 e (9709670007 0k0)]

where with the boundary conditions eqs.(37,38) the surface term vanishes again.
n(g) is in general a nonzero integer and corresponds to the winding number of
the map g : $% — G, as can be seen most easily for G =SU(2)= S3. As one can
imagine, there are infinitely many ways to map spheres on spheres which are not
continuously deformable into each other and can be labeled by the number of
times one sphere is wrapped around the other. This winding number is additive:

n(9192) = n(91) + n(g2) + a vanishing surface term . (43)

As an example, one representative of each class can be obtained by consi-
dering the following gauge transformations obeying the boundary conditions
eqs.(37,38), where o' are the Pauli matrices which for SU(V) only have to be
embedded into the higher groups:

R .
9(x) =expio- —f(Ix|) : f(0)=0, lim f(jx|)=nr . (44)
jx| X]— 00
Assuming physical states to be eigenstates of all unitary operators 2,[8] im-
plementing gauge transformations g, (x) = e*X) of winding number n, we see
that

[BIP[A] = ¥ [ A] = e~ g(A] (45)
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because (2[3] describes a gauge transformation generated by (a succession of)
infinitesimal ones, and hence ¥[A] is invariant under it by virtue of Gauf’ law
(23). 8 is the Yang-Mills vacuum angle [6], (7], a new, hidden parameter in the
quantum theory, which has been derived without any approximations here. Its
effects will be examined in greater detail later.

It is tantalising to observe that exp(+872W [A]) solves the non-abelian func-
tional Schrodinger equation (26) with zero eigenvalue (even in QED). Unfortu-
nately, this solution is divergent for large A and hence not normalisable3. On
top of that, it lacks any physical meaning; yet one can use it to show that the
gauge invariant state

8[A] := ?W[AlP[A] : 0,[85[A] = F[A] (46)

is an eigenstate to the same energy eigenvalue as the original state and obeys a
Schrédinger equation which reads:

0 a
[ [( T k(")) * 350083
(47

By that, one moved the # angle from the state to a Hamilton operator which
can be obtained from the Lagrangean

)| $[A] = ES[A] .

4 v o
/ Bz Ly = / d3z Lym — o / 3z €y potr [FHF*7) = (48)
- /d% Lym +0%W[A] :

where in order to derive the last line one used that the Chern-Simons term is
related to the Chern—Pontryagin density [5] via

1 v g 1 vpo 2
167 26“,,po»tr [F“ Fr ] = 878 e#vPtr [Av (apAo + ’3'APAU>] (49)
and that the surface terms at spatial infinity do not contribute due to egs.(37,38).
Therefore one can make three observations:

(i) The 0 angle can be removed from the gauge variant states ¥[A] making them

gauge invariant (46), but only on the expense of breaking the invariance of
the Lagrangean under large gauge transformations, changing Ly » to Ly by
adding a Lorentz invariant, but P and T violating term.
The additional term in (48) is independent of the choice Ag = 0, and the-
refore the occurence of the angle § does not depend on choosing the Weyl
gauge before quantisation. It is a new, unremovable hidden parameter in the
theory, and no principle is known which requires it to be zero. The unique
classical Yang-Mills theory gives rise to a 6-family of quantum theories.

% Compare to all E # (n + 1)w - solutions of the quantum mechanical harmonic
oscillator: They also diverge for large x.
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(ii) There is no remnance of the Yang—Mills angle in the equations of motion,
nor in the Hamilton operator obtained from Ly via the procedure described
above, as long as one writes it in terms of the vector potential and chromo-
electric field. Yet since under a large, time dependent gauge transformation
J d*z Ly changes by a total time derivative G%n(g), gauge invariant quan-
tum states acquire a phase in the temporal developement between two states
that are connected by g,,, as is familiar from quantum mechanics.

(iii) The previous point is connected with the fact that the momentum conjugate
to A2(x) in Ly is no longer —E2(x) (14), but (cf. (47))

é
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Therefore the components of the electric field do not commute with each
other, and a connection is introduced in the physical Hilbert space thus
revealing its nonzero curvature.

I} (x) = —EBf (x) — 7—57* Fi(x) - (50)

1.5 QED in Two-Dimensional Spacetime

There is an intriguing example of the occurence of a new hidden parameter
(8], [9], [1], {10] in two dimensions. The Hamilton operator and Gauf’ law of
QED are in the Schrédinger representation given by (cf. eqs.(26,27)):

1 1 82
H=§/d$E2($):—§/d$m, (51)

d §

——V[A] =0 .

dr §A(z) 4] =0
Therefore, ¥[4] is a function of the zero mode of A only:

viAl=f (:/ dz A(z) | . (53)

The wave functional solving both the Schrédiner equation and Gauf}’ law is

(52)

V[A] = exp ~iE0]dx A(z) (54)

where applying E(z) = iﬁ; (25) shows that Eg, due to Gauf’ law the only
observable, is the zero mode of the electric field. The energy density is finite and
given by 1 E3.

In analogy to the discussion above, compactifying the space R' to S! by
requiring all field fluctuations to vanish at spatial infinity? amounts to the fol-
lowing boundary condition on the gauge transformations allowed:

e‘iA(OO) —_ e—iA(—-OO) . (55)

* Note that one may not demand physical observables to vanish at infinity since then
Ep = 0 and the wave functional (54) is 1.
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Again, e~*4(#) has a well defined value at spatial infinity.

We again ask whether there exist large gauge transformations, i.e. transfor-
mations which are not generated by Gauf’ law. The mappings g(z) : S' —
U(1) = 8! decompose obviously into different classes, labeled by the number of
times one circle winds around the other. Hence, under a gauge transformation

in QED
Az) - Alz) — ;;A(z) , (56)

the zero mode
/da: Alz) - /da: A@)=AA , AA:= A(o0)—A(—00) = 21 , ne Z (57)

changes by 27 times the winding number n (55). If n # 0, the unitary operator
implementing the gauge transformation is not

expi/dx (%E(z))A(m) , but  2[A] = exp —i/dzE(a:)d—i-A(z) , (58)

because the surface term in which the two expressions differ cannot be dropped.
The effect of such gauge transformations on ¥[A] can easily be calculated:

2, [A|P[A] = e M0W[A] , 0:=27E, . (59)

So the 6 angle emerges as a constant electric background field which cannot be
changed within the theory since [H, E;] = 0, and whose different values therefore
separate different worlds.

The operator which is invariant under small gauge transformations, but chan-
ges under large ones is the zero mode of the vector potential (57), cf. (39):

WAl = % / dz A(z) : D [AW[AIRLA] = W[AA] = W([A]+n . (60)

In order to construct the Schrodinger equation for gauge invariant states, cf.

(46),

B[A] = e37 [ 42 Ag 4] | (61)
one has to move the 8 angle to the Hamiltonian and Lagrangean (cf. (48)):
1 ., ]
= - . 62
Ly 2E (z) 2WE($) (62)
The momentum conjugate to A(z) is given by
9Ly ) 0
(z) 9A() (z) 5

Since £ changes by a total time derivative under these operations, there is again
no remnance of 8 in the equations of motion, yet physical states acquire a phase
under time developement.
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If one incorporates fermions into the theory,

L=Lo+9(V'V-m)y , (64)
one notes that in the Schwinger model (m = 0) £ changes under a chiral redefini-
tion of the fermionic fields due to the axial anomaly (see Section 1.8) (y° = —5ty
[11], [10], [1]: .

¢+$¢¢:ca£+;mn. (65)

Since it can be eliminated by re-defining the fermionic fields 2a = 6, the Yang-
Mills vacuum angle is physically irrelevant in that case.

Yet as soon as m # 0, this chiral redefinition is impossible and the 8 angle is
physical (8], (9], giving the value of the background electric field, on which e.g.
the number of stable particles and the spacing between successive isosingulet
states crucially depend.

If one would embed two dimensional QED into a larger theory, the back-
ground field might be determined by the new theory, dynamically fixing 8; but
no such mechanism has been found so far.

1.6 A Physical Picture of 8 Vacua and Instantons

Before deriving the axial anomaly in four dimensions and showing that the value
of @ is unobservable in QCD in the presence of massless fermions by the same
mechanism as in twodimensional QED, we compare the situation in QCD with
a well-known quantum mechanical example.

A physical picture of the vacuum 8 angle [12], [13], [6], [7] emerges when one
looks at a particle in a periodic potential (Figure 1):

L=1i*-V(z) , H=3ip*+V(x) (66)
Viz+a)=V(z) , p=¢ . (67)

V(z)
-1 o 1 T

Fig. 1. Particle in a Periodic Potential
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The discrete displacement as implemented by the translation operator
0, : 22 =z+na ,nezZ (68)

is a symmetry of the system. §2,, should be compared to the operator 12,[0]
implementing large gauge transformations in the physical Hilbert space of QCD.
The infinite degeneracy of the classically stable “ground state” solutions at
zn : V(z,) = 0 corresponds to an infinite number of classical gauge field con-
figurations A(x) = g, '8¢, which are “pure gauge” and therefore have zero
kinetic and potential energy but are topologically distinct from the trivial va-
cuum A = 0 because of their nonzero winding numbers n.

In the interpretation of Floquet’s (Bloch’s) Theorem via the tight binding
approximation of solid state physics, this degeneracy is removed in Quantum
Mechanics by a nonzero tunneling probability from one z,-“vacuum” to another.
If the wave function ¥, (z) is an approximate solution of least energy to one well
of the potential, localised around the n-th minimum z,, the superposition

Ty(z) = »_ e 00, (z) (69)

is an eigenfunction to 2, (cf. 45)
-Qn%(z) = e_inOWB(x) ) (70)

and the ground state energy now depends on the Bloch momentum 6.

How can one describe the tunneling process just sketched in classical mecha-
nics? Of course, there exists no classical zero energy solution which interpolates
between different classical minima. Yet going to imaginary time t — —t7, one
interchanges the rdle of Hamiltonian and Lagrangean

o= v (71)
I=3\6r
1 (8z\?
===} - 72
H—)HI 2(87‘) V(.’B) ( )
and thus obtains a classical solution in imaginary time
Oz
- \4

that maintains zero energy throughout the interpolation between two different
classical vacua z,, , Zm. Such a solution is called “instanton”. The instanton
action is given by

Sr= / drL; = 7dx V2V(z) (74)
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which is closely connected to the tunneling amplitude through the potential
barrier in real time as given by the WKB approximation

Tm

P,Y_\':EB X exp — / dz /2V (z) . (75)

Tn

In Yang Mills theory, instantons are classical solutions of least energy interpola-
ting between two classical vacua of different winding number, localised both in
space and time, as explicit construction shows. They can be constructed [12] in
the same way as above by going to imaginary time and solving

Hr = 1 [ &2 [B* (0B (x) ~ L F (x)Fi (0] 7o
=> Fj, = i%guvnanoa . )

So instantons are classical (anti)selfdual solutions to the Euclidean Yang Mills
equations with zero energy.

The tunneling amplitude between two vacua which can only be connected by
a large gauge transformation of winding number n is (eqs.(74,75))

8 2
exp — /d‘rLl('r) = exp — /d“az%s,,,,,,,trF“"Fﬂd = exp——;TInl ,  (78)

where we reintroduced the coupling constant g as described in Section 1.1. Note
the interplay between the instanton action, the Chern-Pontryagin density (49)
and the winding number of the gauge transformation gy.

A word of caution is in order here: The analogy between the tunneling pro-
cess in solid state physics and the connection of different classical QCD vacua by
instantons should not be pushed too far. After all, the occurence of a physically
measurable Bloch momentum is connected to 2, being a “physical” transfor-
mation, namely implementing spatial displacement. The gauge transformation
12,[0] is unobservable. The Bloch momentum can also be changed, while there is
— as indicated — no way to change the vacuum 6 angle, which moreover becomes
physically irrelevant in certain situations, e.g. the chiral limit, as has been hinted
on in the previous section and we shall see now.

1.7 The Axial Anomaly

In the two dimensional example we gave in Section 1.5 it was shown that there
exists a connection between the chiral symmetry of massless fermions and the
#-angle.

In this section we continue to discuss topological aspects of the standard
model with a more detailed analysis of the chiral symmetry [1]. Therefore we
consider the quark sector of a four-dimensional gauge theory. The Lagrangean
density is

Equark = ‘&7' (a + A) "»b ’ (79)
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where Af describes a nonabelian background gauge field.
On the classical level this Lagrangean has the global chiral symmetry

gy, gogen  (d=-x) . (80)

Since {¥s,7,.} = 0 we get for the classical theory Lquark = Lquark under this
transformation.
The Noether current connected to the chiral symmetry is

i = Wy sy (81)
which is classically conserved
0,78 =0. (82)
This can easily be verified to be a consequence of the equation of motion
i@+A)p=0. (83)

For a quantum theory the situation is different. Expressions like Lqyark in (79)
or j& in (81) are not well defined. The product of two field operators at the same
space-time point is singular and requires regularisation. This is most easily seen
from the quantisation relation

(¥ (2), 9! ®)}ao=yo = 6° (x~y) (84)

The regularisation may be carried out using point splitting. However it has to
be done carefully since the introduction of a further parameter may spoil the
symmetries of the theory. Nevertheless it is possible to regularise the theory in
a way that the local gauge invariance is maintained. This is necessary since the
gauge symmetry is a fundamental intrinsic property of the theory and it should
not be spoiled.

The requirement of keeping the gauge symmetry restricts the freedom how
to regularise. Therefore one has to take into account that other, less important
symmetries may be violated within the regularisation procedure. For such a
symmetry the corresponding currents are not conserved. The symmetry is said
to be broken by an anomaly. One example is the axial symmetry which is spoiled
by quantisation according to the axial anomaly.

Since j£ has no gauge group label it is a gauge singlet current. In this sense
we call the axial anomaly also ”abelian anomaly”.

We will proceed with a discussion of this anomaly. We take the expectation value
of j& with respect to the perturbative fermionic vacuum.

(Orl58 (2) 10F) = (5 (2)) = (& (2) "5 (2)) = (P (@) 3¢ (2)) (85)

This can be done without loosing information since we expect the result for
9,35 to have no fermion operator component®. The result may be regarded as

% This is confirmed by the path integral approach, which gives the same result as our
calculations (see eg. [14], p. 100).
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the amplitude for a quark to interact at the space-time point z with I'f, to
propagate in the gauge background field and to return to z°. The background
field coupling can be treated as two point interaction. So the propagation in the
background field may be calculated perturbatively to get a power series in the
backgroud field A, shown in figure 2.

(38 (2)) = (¥ (2) [T (2)) (86)

s re rs s
- @ + @ + @ + @ + T
AP A’ AP A° AP A

Fig. 2. Power series expansion for (j§ (z))

When calculating 0, (j£') we recognise that the first term on the right hand side
does not contribute since it is z-independent”. The second term does not contri-
bute since it is linear in A and we expect the background field to be invariant
under charge conjugation. If the background field stems from the Feynman inte-
gral of a physical theory this property is guaranteed®. With the same reasoning
the third order term in A vanishes, as does every odd order in A.

With each interaction of the background field one gets an extra fermion
propagator S = 1/(p + ic) and the amplitude becomes more convergent. So,
by power counting, terms of fourth and higher order are finite. Their amplitudes
can not contribute to 9, (j£') since j¥ is classically conserved order by order, and
for finite amplitudes we can apply the classical result.

Therefore the only diagram that can give rise to a non-vanishing 9, (j{) is
the second order contribution in A,. We will focus on it in the following. Its
contribution to (j%) is given by (the trace goes over color as well as spinor
indices)

(78 (@) az =i / d*zd*z; tr [[PSF (z — 21)
A(21) Sk (21 — 22) A (22) SF (22 — 7)) (87)

® Or close to it, when we are applying point splitting to regularise the theory.

" To be precise each of the lower order contributions of (j%) is singular. Therefore it
gets a more complicated z- and A,-dependence as a consequence of a gauge invariant
regularisation prescription. For details see [16], [15].

8 From experiments we know that, in contrary to the two dimensional theory (s. below),
the charge conjugation symmetry is not dynamically broken.
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= [ Eadtenn () 45 (o) [ dpdqe e T (pyg)

where T4° (p,q) is given by the triangle graph shown in figure 3

ypT, yoTb
+ crossed graph

p q

Fig. 3. The triangle graph

TEPT = —ieZ/ dir tr y*y ! YT, ! YTy !

ab ) 5;‘+;S+z‘e f+ice f—¢+ie
(pero, peyg

1 1

o

1 p
;‘+15+i67 7‘+i57 f—d+ie

1
+ (pro, peg = ‘§5abT“"" (p,q) - (88)

+
1. . dir
= 5 ,,51,62 Z;;)T tr ’)‘”‘)‘5

The integral is linearly divergent which reflects the fact that ji'(z) was not
properly regularised. This has the consequence that a shift in the integration
variable  — 7 + a changes the value of the (finite part of the) integral by a
surface term?. This can easily be seen in a one dimensional analogon: Consider
the integral

o0
A@= [ (ara-1@)d (89)
-0
where fis an analytic function.

We expand f(z +a) in a Taylor series at the point z and perform the integral
with the result

2

A(a) = a(f () — f(=00)) + %-(f’ (00) = f' (—00)) + ... (90)

® The Feynman rules do not describe how to introduce the loop integration variable.
Each of the choices r + a are a priory possible.
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If the integral would be convergent or at most logarithmically divergent then, of

course, 0 = f(xo0) = f'(+o0) = ... and the integral vanishes.
However if the integral is linearly divergent we only have 0 = f'(+o0) =
f"(£00) = ... and we get for A(a) the surface contribution
A(a) = a(f (00) — f (-00)) (91)

which is in general non zero.
The same applies to the four-dimensional integral T##°. The surface term
can be calculated quite easily. We start with the first part of 7##? and get

dir i} 1
A = —je? M — ] - AP
1 (a) e / (2m)* br [y (exp (aa 61'0,) 1) F+p+ e
1 1

7‘—}—1'5’y f—d-He]
dir 9 1
— _je2 —_r -1 oo AP
ie aa/(27r)4 e 1+0( 1)) trly 757‘+;$+i57
1 1

. (e
7‘+z’5’¥ 7‘—¢+i£]

Now we Wick-rotate to Euclidean space-time (¢t — iz4) and use "one quarter”

of the four-dimensional Gauf§ theorem

/ d4r8ra = /{;M do® f (r) (92)

where M is the boundary of M (which is the sphere S3(R) in our case) and
J do® is the a-component of the surface integral. We get (R — 00)

e?a, 1

11
A (a) = / do® tr Y*y5 ——" =" ——
Y= 507 Jsm Y P 4
2
= 2% [ 40" tr [Y* 57" v*1*1°°|R, Rs R/ R®
(27)
2
== / dgegeror
(2m) R

Now we introduce polar coordinates and let the north pole point into the a-
direction. Since [df2*R, /R is zero if a # v we get

2

2 K e‘a
. v
e‘“”"’/ dfsin® 0 cosf - cosd = —3—2—5”””" .
0 Ya

_€ay

4 (a) =
The crossed term gives the same result so that the total surface term is

2
Aa) = _fimi;e”"w . (93)
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The vector Ward identities which enssure gauge invariance have the form

P T* (p,q) =0, 9, T (p,q) =0 . (94)
The chiral Ward identity which is connected to the chiral symmetry is
(p+q),T" (p,g) =0. (95)

Gauge invariance is one of the most fundamental principles of QCD and in fact
there exists a choice of the integration variable r + a that enssures (94) (namely
a = —2p [16], p. 122), but for any other a the gauge symmetry is spoiled by the
surface term (93).

Unfortunately we need different a’s to assure (94) and (95). So it is impossible
to have both gauge symmetry and chiral symmetry. We choose (94) to hold and
get a correction on the right hand side of (95) [17], [15]:

2

€ TRy
(p+9), T (p,q) = = 5" Puts - (96)

If this is plugged into (88) we get

" ghveo
(Oujs) = 82

The right hand side equals 1/872 - (tr F*,, F**) for the following reason: The
third order term in A, vanishes since we have invariance under charge conju-
gation. The fourth order term is proportional to e#V*?tr ([A,, Av}[4,, As]) =
—%5“”””A;A?,A§A§ fabe foede Where f are the structure constants of the SU(3)
group. One can now use the total antisymmetry of f and the Jacobi identity to
show that the last expression is zero.

Thus we have motivated the final result

(tr (Ouds — 8, Au) (BpAs — 0, 4,)) -

Ouit = g zte F*u F™ . (97)
It can be shown that there are no other contributions to the anomaly as for
example virtual gluon effects!® [15], [18]. The expression on the right hand side
of (97) has a topological interpretation: It is just twice the four-dimensional
Pontryagin density.
Although the axial current is not conserved we can carry on by constructing
a conserved current. Due to (49) we have

1 1
tr F*,, F* = 40,e""° tr (EAUB,,A, + §A,,A,,Aa> (98)

and therefore
8,05 =0 (99)

!9 The fermion loop becomes more convergent with every internal gluon line and the
intergrations over the gluon lines do not contribute to the anomaly.
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with 1
. 1 ., 1
JE = b~ 57?56” L (EAuapAa + §A,,A,,A(,> . (100)

The conserved charge Q5 of JZ' is
= [a3r (39— 2oe* e (240,40 + 24454
Qs = 7‘]5—-2—1'36 tr §¢Jk+§13k
= / d®r (5§ +2W (4)) (101)

where W (A) is the Chern Simons three-form which was already defined in (39).

Qs consists of two pieces, a gauge invariant fermion contribution coming
from j¥ and an anomalous term constructed from the gauge potentials. This
term has the immediate consequence that neither JX nor Qs are invariant under
topological non-trivial (large) gauge transformations f2,, (under (small) gauge
transformations that are smoothly connected to unity they are still invariant).
Qs changes by two times the winding number.

Qan.Q;l = {25 —2n (102)

The commutator algebra of the Hamilton operator H, Qs and {2, is

[H,Q)=0, [H,2,]=0, (2., Q5] = 2n02, . (103)
Since the #-angle is defined by (45)
2,10) = e7*")9) (104)

we conclude that Q5 acts as a shift operator for 6
SFBY (@) = (8 +6) . (105)

Since H and @5 can be diagonalised simultaneously, applying e"%Qs can not
change the energy eigenvalue of an energy eigenstate 1. Therefore the energy
spectrum does not depend on 8. The value of the 8-angle is physically irrelevant.
If on the other hand fermions are massive, Equation (97) and all successive
equations acquire a mass correction and we can not argue that the 8-angle has
no physical consequences.

The same result may be obtained in a functional integral formulation. If one
decides to have massless fermions and to translate the 8-dependence from the
wavefunctions to the Lagrangean one gets the action (48)

Zg = / Dd}Dx/;DA;‘: exp (z / dzLy (x)) , (106)

where

1
Lo = 53 tr [F“VF“V] -

% tr [Fru P+ i P+ A) Y - (107)

1672
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Redefining the fermionic integration variables according to the chiral transfor-
mation law (80) Ly remains unaffected, but we get a contribution from the
integration measure. This contribution corresponds to the anomaly, and we get

Zg = Zgr2a - (108)

Since we just substituted our integration variables, Z4 does not change. Therefore
Zg = Zg124 has to be independent of §. So we can conclude that in the presence
of massless fermions the §-angle is no physical parameter.

1.8 The Two-Dimensional Analogon {Schwinger Model)

Let us come back to the two dimensional example QED;;, that was already
discussed in Sec. 1.5.

In a two dimensional space-time, the Dirac spinors become two-component
objects. The Dirac matrices may be chosen to be the Pauli matrices

¥ =ot, vl =io? y5 = —io> . (109)
It is a particular property of two dimensions that axial vectors are dual to vectors
T¥ =iybys = ek y" ' =1=—¢n (110)

and therefore the axial vector current is dual to the vector current
=i (111)

Let us consider the fermionic sector of two dimensional QED. We start to
calculate the divergence of the chiral current in the same way as in the four-
dimensional case.(j{'(z)) can be expanded in a power series of the background
A, field shown in figure 2. In two dimensional QED we can not use charge con-

r+p
I p

r

Fig. 4. Graphical representation for T*" (p)

jugation to simplify the result since the symmetry under charge conjugation is
dynamically broken. This can be concluded most easily from the existence of a
constant electric field Ey (54), which is incompatible with the symmetry under
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charge conjugation. However, the Aﬁ—order is already convergent enough not to
produce an anomaly. Instead of the triangle graph we get the relevant contri-
bution from T*” (p) shown in figure 4. We are using the duality between axial
vectors and vectors to obtain

T*" (p) = e*,11*" (p) (112)

where IT#¥(p) is the vacuum polarisation tensor. Its space-time structure is de-
termined by the requirement of gauge invariance

pII*” (p) = p, II* (p) =0 (113)
to be of the form .
11" (p) o g** — .4 (114)
P’
Therefore we have
T (p) =0, (115)
but the Ward identity related to the chiral symmetry,
puT" (p) ox pue™” (116)

does not vanish.

So we regain the result that gauge symmetry can be maintained, while the
axial symmetry is broken on the quantum level.

The result of a detailed calculation is [10], [19]

: L . L.

Ot = _2—7;5“ F,, = —;F , (117)
where we have once more absorbed the electromagnetic charge e in the A, field.
The anomaly is now given by twice the two dimensional Pontryagin density.

Therefore it is again possible to define a conserved current JY and its time
independent charge Qs

Jg =5 + %s"”Au , (118)
Qs = /da; <j2 (z) + %Al (z))
- /dzjg () + 2W (4) . (119)

In the Feynman path integral approach a chiral re-definition (80) of the fermio-

nic integration variables amounts, due to the measure, to a new term in the
Lagrangean

DyDDA e £ o [ DyDeDA S (E+EF) (120)
“
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which coincides with (65). Thus QED with massless fermions in 141 dimensions
(the Schwinger model) has no physically relevant 6-angle [19], [20].

Let us close this section with a remark that is specific to a two dimensional
theory. If we contract the gauge field equation

0, F* = e*j* (121)
with €,, and use the antisymmetry of F,, we get
HF* =gt . (122)

The divergence of this equation yields
o2
OF* = 0,5 = -—F". (123)

Thus the gauge field acquires the topological mass m? = e?/7.

Whereas in three-dimensional space-time there exists another topological me-
chanism for vector meson mass generation (see below), no similarly elegant result
has yet been established in four dimensions.

1.9 Conclusions of the First Part

(i) For a long time it appeared that QCD possesses too much symmetry. An
additional chiral U (1) symmetry would predict that there would be a particle
degenerate with the pion, but no such particle exists [21]. Now we have
recognised that the chiral symmetry is broken by an anomaly and the U(1)
problem has dissolved [13].

(ii) If the theory includes massless fermions the f-angle is unphysical.

But physical fermions are not massless and the §-angle is supposed to remain
observable. For § # 0 CP-invariance is violated, but in QCD the experiments
require that = 0 and CP is not violated (measurements of the electric dipole
moment of the neutron give § < 1079 [22]).

No principle is known that insures the vanishing of 6. In fact the situa-
tion is even more complicated: If we suppose that the fermion masses arise
from spontaneous symmetry breaking then we would expect that the fer-
mion mass matrix in the QCD Lagrangean would point in an arbitrary CP
direction ¥ M1 + 75 Ma1). One can remove the Ma-term by a chiral trans-
formation. But this induces, due to the anomaly, a tr[F*,, F#*]-term giving
rise to a f-angle. This angle has to be canceled by the "initial” 6-angle in
the Lagrangean in order not to yield CP-violating effects'!.

This problem is not unlike that of the cosmological constant which is a
parameter that in principle is present, but experiments force it to be zero.

1 Or there exists a reason why even in the presence of massive fermions the 6-angle is
unphysical and not CP-violating.
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(i)

(iv)

R. Jackiw

In the electroweak sector of the standard model couplings to v#{1 —ivs) are
present due to the coupling of only left-handed fermions to the weak charged
currents. The requirement of renormalisability forces the theory to avoid the
anomalies in the gauge current (anomalies may not occour in subdiagrams
where the axial current couples to internal lines). This is only possible if
the quarks and leptons balance in number. In particular the existence of a
top-quark is demanded.

In the standard model the baryon number current acquires an anomaly [24].
The decay rate is controled by tr[F*,, F#¥]. There are two mechanisms for
baryon decay known:

The first involves tunnelling. The tunnelling rate is given by the exponential
of the instanton action (in a semiclassical description). But exp(— instanton
action)=exp(—872/g?) is a negligible small number (= 10~??year™!) [13].
The second mechanism is connected to 't Hooft-Polyakov monopoles [25].
The magnitude of this effect is still controversial (but it seems to suffice)
and moreover an experimental evidence for monopoles is still missing.

The hypothesis of partial conservation of flavour SU(2) axial vector currents
(PCACQ) implies, in the absence of anomalies, that a massless neutral pion
can not decay into two photons [23]. But the physical pion does decay with
a width of about 7.9 eV. This large number can only be understood with
the axial anomaly [17], [15], [18]. Moreover one gets the result that the

Fig. 5. Flavour neutral axial current

width depends on the number of quark colors. The best agreement with the
experiment is achieved for N = 3 colors. The remaining discrepancy of about
10% can be understood as an effect due to the non-zero pion mass.
Therefore the anomaly allows an experimental determination of the number
of colors.
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2 High-Temperature Quantum Chromodynamics

In Section 1 we were discussing more or less settled physics, i.e. work that has
been done during the eighties. Now we would like to come to talk about some
current research in QCD. In this section, we are going to show you the connec-
tions between QCD at high temperature (QCD well in the deconfined, chirally
symmetric region) and a three-dimensional topolgical field theory: the nonabe-
lian Chern-Simons (CS) theory. More explicitly, we want to show you that the
generating functional of the so-called hard thermal loops in QCD is the eikonal
of the nonabelian CS theory. These connections have been established recently
by several people [26], [27], [28]. They are relevant for the nonabelian generaliza-
tion of the Kubo formula as well as for a gauge-invariant description of Landau
damping in the quark-gluon plasma at high temperature.

First of all, we would like to give you a short introduction to thermal field
theory. For details, see, for example, [29], [30].

2.1 Temperature Green Functions

The objects of study in a field theory at finite temperature are the temperature
n-point correlation (or Green) functions

Gal@1,- ., 2n) = ($(21) ... $(2n)) (124)

where the z; are elements of Minkowski space, and the ¢(z;) are the generic
fields of the theory in the Heisenberg picture. The angle brackets denote thermal
average within the canonical ensemble

_ i (e PH . .)

125
tre—AH (125)

Here, H is the Hamiltonian of the theory, and 37! represents the inverse tem-
perature in natural units that we are going to use for the rest of the talk.

Depending on the boundary conditions chosen to solve the equations of mo-
tion, one defines various Green functions. For example, (T¢(z)o{y)) gives the
time-ordered two-point function, whereas 6(z° — y%)([¢(z), #(y)]) defines the re-
tarded commutator two-point function.

The set of all these n-point Green functions, e.g. in momentum space repre-
sentation,

Gﬂ(plv cee vpn) = /d4I1 oo d41.nei(p1z1+...p,.zn)Gn(xl’ ey -’L'n) (126)

with real p; and real z;, contains all the physical information about the system
at finite temperature. But, as a matter of fact, perturbation theory within this
description is rather difficult. A simpler perturbation theory can, however, be
established on accomplishing the following unphysical continuation: one allows
the time arguments z? to be complex valued. For Bose fields, it can be shown that
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— for analyticity reasons of the n-point functions — they have to be periodic in
the imaginary time direction

$(z°,x) = ¢(z° — if,x) . (127)

Similarly, fermionic fields 4 (z°,x) have to obey antiperiodic boundary conditi-
ons:

¥(2% %) = —9(® — i6,%) . (128)

Note that these boundary conditions are the essential differences between field
theory at zero and field theory at finite temperature; the equations of moti-
ons do not differ except for a thermal average, of course, in the latter case.
This extension to complex values of z° is certainly not unique. In the so-called

Imz

Rez’

—ig Y

Fig. 6. Time contour in the ITF

imaginary-time formalism (ITF) one restricts z° to the imaginary axis in the
complex z-plane, i.e. z° € [0, —if] (cf. Fig.2.1).

me |
—to mz to

Rez®

—iof

l ]

Fig. 7. Time contour in the RTF with 0 = 1/2

This can — for Bose fields — be interpreted as a transition from the Min-
kowski space-time manifold IR® x IR to the new space-time manifold R® x S*.
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Besides the ITF scheme, another popular choice for the complex time-path
contour is shown in Fig. 2.1. This is just one of infinitely many possibilities (the
choice depends on the parameter o) of setting up the real time formalism (RTF)
using the time-path contour method. Choosing 0 = 1/2 provides equivalence
with yet another formulation of field theory at finite temperature, called thermo
field dynamics [31], [32]. In actual calculations, one always considers the limit
to — o00. The advantage of the RTF over the ITF is that perturbation theory
can be defined with Green functions depending solely on real time arguments.
Thus one does not have the problem of a backward continuation from purely
imaginary times to purely real, hence physical, time arguments.

In turn, perturbation theory is a bit more cumbersome as, for example, the
RTF two-point function is a 2 x 2 matrix.

2.2 Imaginary-Time Formalism

In the imaginary-time formalism, perturbation theory corresponds to the well-
kwown Dyson-Feynman series with the integration over py replaced by an infinite

sum 4
Po .
/-2—”— =T . (129)
neZ

The usual time-ordering along the real z%-axis is converted into an imaginary-
time-ordering down the imaginary z%-axis. That is, later times are positioned
below earlier times (cf. Fig. 2.1). Furthermore, all the Green functions are unique,
because the inverse d’Alembertian 3! is unique on IR® x S*.

(Anti-)periodicity in position space on the interval [0, —i3] provides for dis-
crete imaginary energies py = 2minT (for bosons) and po = 2miT(n + —;—) for
fermions, n € Z, in momentum space. These discrete energies are (proportional
to) the so-called Matsubara frequencies.

At this point, it is interesting to take a look at the high-temperature limit. In
position space, the time interval [0, —i3] shrinks down to a point when T' — oo,
since then 8 = 1/T — 0. Hence we lose the time dimension and end up with a
three-dimenional field theory:

R® x S T2° R, (130)

In momentum space, the same result can be deduced by looking at some generic
perturbation theoretic diagram. Let the boson propagator have the form

i .
D(p) = ————, where = 2minT, (131)
(p) p(z) -p 2 m2 Do
while a fermion propagator be
_ i
YoPo =77 -P—m

S(p) where po = 2m(n+ 3)iT. (132)

’
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So our diagram might be something like

d®p i
] 133
lT;/ (2m)3 ¢ Z4n?n?T? _pZ —m? € (133)

where e denotes the coupling constant. In the limit T — oo, all modes with
n # 0 decouple — they behave like very heavy particles. Only the zero mode
survives, and so we are left with

/(d3p evT ! evT ... . (134)

2mr)3 p %+ m?

This is exactly what one would find in a field theory on a Eulidean space of one
dimension less. Moreover, fermion contributions are obviously subdominant since
the energy modes in the fermion propagator never vanish. Taking the infinite
temperature limit in this way means, in the end, setting external py = 27niT n=0
0. A more detailed treatment must, however, allow for a high-temperature limit
with fixed, nonvanishing external py in order to be able to continue back to real
energies. But, even in the case p is kept finite one has a problem. Namely, does
one try to continue backward

2mnT — —ipg, (135)

one immediately notices that this continuation is not unique. I.e., from a single
Euclidean Green function one can obtain severasl Minkowski Green functions.
Which one to take depends on the physical setting.

As a rule, the ITF represents the natural scheme for calculating static quan-
tities like the effective potential.

2.3 Hard Thermal Loops

By transferring the QCD Feynman rules for T = 0 to finite temperature in
a naive way one gets a confusing infra-red limit: on mass-shell both the sign
and the magnitude of the gluon damping rate appear to be gauge dependent.
Braaten and Pisarski {33] have argued that whenever a quantity is calculated
perturbatively in a hot nonabelian gauge theory, sooner or later an infinite subset
of diagrams nominally of higher order in the loop expansion contribute to the
same order in the coupling constant g. These higher-loop diagrams have to be
isolated and resummed into an effective expansion which includes all effects to
leading order in g. This resummation technique is necessary to get, even at one
loop, gauge invariant results.
More explicitly, hard thermal loops are the ones with exceptional (soft) ex-
ternal momenta
both py and |p| of order gT (136)

and large (hard) internal momenta

ko and/or k| of order T. (137)
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Fig. 9. The two-loop self energy contribution IT4(p)

The need for resummation can be seen from a simple example. Look at the one-
and two-loop contributions to the gluonic self energy depicted in Figs. 8 and 9.
Let us write them as

M) = [dkm(k,p (138)
4(p) = / d*kIl4(k,p). (139)

One can then easily derive for the following quotient (D(k) symbolizes the free
gluon propagator)
II 4(k7p)
II. 2 (k ’ p)

For small k, IT5(k) is known to behave like g?T2. Hence

= I, (k)D(k)'. (140)

I4(k,p) smank g°T?

(k. p) @ (141)

Hence, for soft internal momentum k ~ g7, the two contributions are of the
same order in g. Stated in a slightly different way, the fourth order diagram
contains second order contributions.
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2.4 The Kubo Formula

A recent application of hard thermal loops is the generalization of Kubo’s formula
of linear response theory to nonabelian gauge theories. In this subsection, we
shall follow mainly reference [34].

Before tackling the nonabelian case, let me first remind you of Kubo’s formula
within quantum electrodynamics.

The behavior of electromagnetic fields in a plasma of charged particles is
described by the polarization tensor IT**(z,y) which is the two-point current
correlation function

4
1" (z,y) = / Tk

(2m)*

Perturbatively, this is a one-charged-particle-loop diagram with two external
photon lines.

The real part of this tensor describes phenomena such as Debyescreening and
propagation of plasma waves; the imaginary part describes the damping of fields
in the plasma (Landau damping). If one integrates out the charged fields in a
functional integral for the theory, the polarization tensor naturally emerges as
the thermal average of the time-ordered product of two currents. However, there
are situations where the response of the plasma to the electromagnetic field is
described as the average of the retarded commutator of currents. To see this
in the case of QED with fermion current J#(z) = e¥(z)y*v(z) and interaction
Lagrangean Liny = —J*A,, one calculates J* in an expansion in small gauge
fields A,. The equation of motion for this theory is

e—ik(z—y)]]ﬁw(k) = —i(j*(2)7"(¥)) - (142)

8, F"H(z) = JH(z). (143)

J#(z) is related to the scattering operator S[A] = T exp[—i [ d*z A, (z)j*(z))
(here j*(x) = eyr(x)y*41(x) and the subscript I denotes the interaction picture)
in the following way:

85[4]
6A,(z)

The rhs of (144) is ready for an epansion in A. The result up to linear order is

JH(z) = iS~? (144)

JH(x) = ¥ (z) —i /d“?ﬂ(zo - y)j*(2), " (@) Au(y) + O(4%).  (145)

Using this in (143) and taking the thermal average with the unperturbed density
matrix e"Ho/T one arrives at the Kubo formula

0.5 (a) = [ ay I (2,0)A. ) (146)
where II§" (z,y) = —i0(z® — y°)([7#(z), 7" (z)]). Hence, the average of the retar-

ded commutator is the appropriate function for the situation where we perturb
the plasma by the field and ask how the field evolves.
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Now, we discuss the relationship between the time-ordered and the retarded
response functions, ITf” and IT§". The real part is the same for both of them

ReI14" = Re IT4” . (147)

This has long been familiar, see e.g. [35]. Here we shall concentrate on their ima-
ginary parts. A large-T calculation to one-loop order yields for their imaginary
parts

koT?
Im IT2Y ~ (;2 prv (148)
as well as
T3
Im [T = Im IT§" + = P*, (149)
where
6r (1 1
W= _gk20(—k2)—2 [ ZprY 4 —pav 150
P k26( k)‘k2| (3P1 + 5P ) (150)
[Ty N7
P{JV — g;‘y _ kk’: , (151)
G s kKT
PO =P =0, P =67 - —. (152)

This relationship between IT1” and II5” can be understood in the following way.
ITE”, being retarded, obeys a spectral representation of the form (36

p* (ko k)

v !
e = I + /dico P — (153)
for some spectral function p#¥ (k). ITh)} is a ‘subtraction term’ that can arise in

the real part of IIg”. For IT}”, we then have [36]

Jv kl k
= i+ [k 2R L onif) hok), (150)
k{ — ko — i€
where 1
flko) = or 1 (155)

The bosonic distribution function f(ko) appears because ITf” is ultimatively
part of the bosonic (i.e. photon) propagator, and also because it is given by the
thermal average of the T-product of two bosonic operators, viz. the two currents
Ju and j,,. The essence of our results (148) and (149) is that the high-temperature
spectral function is

y koT?
(k) = 25—

and the difference in the high-temperature behavior between Im IT5” and Im IT%"
(O(T?) vs. O(T?)) is attributed to the presence in the latter of 2w f(ko)p*",
which according to (155) and (156) tends to T3P+,

pHv (156)
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Our result for the retarded function II;" agrees with various previous calcu-
lations [35). It is noteworthy, that these early calculations in the Soviet literature,
based on the Boltzmann and Vlasov transport equations of kinetic theory, are
here regained in quantum field theory at one-loop order.

Another correlation function that is frequently considered is the imaginary-
time one. It too is given by a dispersive integral

v '

oy, = I + / iy 2 o) G0l ', = 2minT. (157)
k — wn

Because the external energy w,, is temperature dependent in imaginary time, it

makes sense to speak of high-temperature behavior only for the n = 0 mode,

effectively reducing dimensionality to three, where the spectral function enforces

an O(T?) large-T behavior.

In QED, the one-loop calculations at finite temperature are useful since
higher-order contributions are down by the coupling e. This is related to the
following consideration of the effective action I'high-7{A] that produces the Kubo
formula as the corresponding equation of motion

Fign-T[A] = —%/d“mF“"(z)FM(z) — %[d“z d“yA,‘(z)Hr’{"(z,y)A,,(y).

(158)
The important fact is that the expression above is gauge invariant. The pola-
rization tensor of QCD (= SU(N) gauge theory with Ny flavors of fermions in
the fundamental representation) at finite temperature is related to the one of
QED simply by factors

H:: =(N+ %Np)éab H(S:)D . (159)
But, in the nonabelian case, (158) is no longer gauge invariant. The reason is, as
one might already expect from the foregoing discussion of hard thermal loops,
that higher-order contributions in the coupling must be taken into account.
Hence, the task is to find the correct effective action Iigh-7{A] of QCD giving
us the generalized Kubo formula.

2.5 Analysis of Hard Thermal Loops in QCD

One way of analyzing hard thermal loop contributions is the calculation of
the corresponding Feynman diagrams (e.g. [37]). Another one is to use a high-
temperature action and to require gauge invariance for it. The gauge invariance
condition relates the high-T' QCD to a three-dimensional Yang-Mills theory with
topological mass term, a theory worked out about ten years ago [38]. The high-
temperature action is deduced in different publications (e.g. [33], [37]):

1 1 T?
Thigh-T{A] = E/d‘i:ctrF“”F,,,, + (N + '2-Np) mF[A]. (160)
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In the following, light-like vectors are used

1 . .
o= 7 (L,+9), ¢ =1 (161)
Ay = Q4 A, = (A £4'A) (162)

and an angular integration [ df2; over the directions of the unit vector §. The
temperature-independent term I'{A] has the form:

[[A] = 2n / i ASAS + / 2, W(A4). (163)
Gauge invariance for the action requires gauge invariance for I'[A]:

ST[A] =5 [27r / dic AgAg] +6 [ / dny W(A+)] =0 (164)

SW (A) » SW
— =0 165
5A2 *t5As (165)

— (B4 +0_) A% + 0, + fabeq

1 1 ?
= 3+% [W(A+)+ §/d41A1A1] +
+

p O

1 C ol .
+febe gl i [W(A+) + §/d4zA1 A:] — (=)3_A% =0. (166)

Calling the term in the square bracket S, the gauge invariance condition gets
the form 5

)
_ a abc 4b =0. 167
al_&A‘{S azAl +f Al—_——(SA'iS 0 ( )

S is an integrated functional of the fields, so we set by analogy with Hamilton-
Jacobi theory

6
e ___
Az"éAg

what gives for gauge invariance condition

S, (168)

81 A — B, A + for AL AS = 0. (169)

With this constraint for the A-fields we can relate the high-temperature QCD
to a topic of topological field theory the Chern Simons theory. In the eighties
[38] the CS-Lagrangean

1 . 2
-Q(A) = ——g;r—z-ei.}ktr (a,‘AJ'Ak + §AiAjAk) (170)
was used as topological mass term for three-dimensional Yang-Mills theories

C= %tr F*F,, + 8°mQ(A) (171)
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with equations of motion
DuF* + e Fag =0 (172)

where m is a gauge invariant mass which, in nonabelian theories, is quantized
so that
e®'Mm — | = m = nf4r. (173)

So we have a topological massive gauge theory with multi-valued action. But
with the quantization condition the phase exponential of the action remains
gauge invariant.

In order to see that this theory resembles much of the hard thermal loop
analysis in QCD, we must relate I'[4] to the CS functional £2[A]. This can be
done by the constraint {(169), which arises also in CS theory.

2.6 Pure Chern-Simons Theory
Lcs = 8n2kN[A] (174)

because £ is a volume form, the corresponding action (here integration in 2+1
dimensions) is independent of a metric. So we are dealing with a topological field
theory, a framework which is used in mathematics to investigate the topology
of low-dimensional manifolds [39].

The equations of motion are

¥ F,, = 0. (175)

For doing canonical quantization we choose the condition Ay = 0, then we have
k ...
Lcs = ECUA?A?' (176)

Now we can choose phase space variables by a method for first order Lagran-
geans of the form £ = w'§;p;, so we have A} = ¢°, A3 = p®. By Legendre
transformation we get a vanishing Hamiltonian

H =90, 177)
which causes trivial equations of motion

A = 0. (178)

The 0-component equation of motion does not involve a time derivative. It is
merely the Gaufl’ law constraint

€'F; =0 (179)

giving the generator for gauge transformations

G°(x) = _ga'ipg (x). (180)
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We now implement the constraint as a relation for the quantum states, what
means quantization before solving of constraints [40].
The antisymmetric matrix in the Lagrangean determines the symplectic
structure of our theory and establishes the phase space commutation relations
i

[4200), 45()] =
Since H = 0 all the dynamics is in the constraint

Ge(x)|¥) =0, (182)

€i;0°%8(x - y). (181)

where |¥) are the physical states and
i[G*(x), G*(y)] = f*°G°(x)é(x ~ ¥) (183)

the algebra of the constraints, which follows the Lie algebra of the gauge trans-
fomation group.

For the realization of the quantum theory we have to get an irreducible
representation of an algebra of observables, which consists of functions on the
phase space. The irreducibility is obtained by choosing a polarization, what
means stating what is p and what is ¢ and what is the argument of the wave
functions (there is not a single unique polarization, but quantization should be
independent of which one is taken). Here we choose Cartesian polarization

Al =¢", A3 = %&%& (184)
I¥) & ¥(8) (185)
the phase space variables are represented as
A} (x)|¥) & ¢°(x)¥(0) (186)
a 1 46
A3 (x)|¥) « {Egd,a—(x)g’(cﬁ)- (187)

The constraint implies an equation for the physical states ¥(¢)
G*(x)|¥) =0 <=

] ]
o + abe b x
(ra + P W
For finding a solution of this equation we use the WKB-method. Our Lagrangean
has the form

_ ik32¢°(x)) P($)=0.  (188)

Los = ge‘jA?A;' - Hes
k

—2
= kA3AS = pq. (190)

. k .
Agdg - SAzag (189)
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The WKB-eikonal of ordinary quantum mechanics is defined as
Y(g) = ¢ J PO, (191)
Analogously, we state for the CS-WKB-eikonal
o(g) = o J DAkAT (A1) (192)
To get A3(A;), we use the zero curvature condition for the A-fields
O Ag + oA AG = 8,45, (193)
Now we take a solution for the Gau’ law constraint (188) of the form
¥(¢) = W), (194)

In the polarization chosen above we get

( o1 pueg(x) ik32¢a(x)> F($)=0  (19)

) 5¢c( )
SW(d) | ,abe W(¢) o
= Oy + 0 Sy = ko ) (196)
Comparing this with (193) gives
SW(3) _  4a
5o (x) kAS(x) . (197)

By identifying S from (167) with W and ¢ with A; and comparing the constraints
(169) of the hard thermal loop analysis and of the CS-theory (193) we make the
conclusion that the hard thermal loop generating function is given by the WKB-
eikonal of CS-theory [41].

What still remains to do, is to construct the phase W that means solving the
‘quantum’ constraint. Questions of representation theory of symmetries on quan-
tum states arise here. These are nontrivial and represent a source of anomalies.
For the solution of the constraint we use a two-step strategy

(i) determine e’ Fx ’\“(X)GG(X)W@S) _
(ii) demand &' x> ®C g (4) = ¥(4) «— Gaub’ law.
Whereas the Gauf’ law represents the infinitesimal action of the Lie algebra on

the states, (i) and (ii) is the action of the Lie group (\° are the gauge parameters).
For the exponent we get

/ G _z‘/ b (al?SF +f“""¢"6¢c> —k/;(¢°62)\“, (198)

We define
G=G,+2k / tr $da, (199)
X
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where G4 should only transform the argument

with g = e* an element of the gauge group and
¢ =g g9+ g Oug. (201)

Under gauge transformation the wave functional picks up a phase

= eiGW(QS) — eiGe~iG¢W(¢q)
iGo—iGs _ g=2micn(dig) (202)

for a; one gets [40]

k
a1(¢;9) = “or / tr (20029971 + g~ 199 Oag) + 4’”"’/){‘”0(9)- (203)
x

The w arising in a; is a total derivative and has the form

1 _ _ _
w, = w(g) = me"ﬁ’tr (97 0ag9 0399 " 8y9) (204)

the w-term in oy represents the winding number of the gauge transformation g, so
Jx @°(g) is multi-valued, but this is innocuous when CS-quantization condition

4wk = integer (205)
is fulfilled.
Conclusion

From the quantum mechanical transformation law

&P (¢) = e~ 2mion(9i9) g (49)

= P(¢) <= GauB’ law (206)
¥(¢7) = ST DY (g) (207)
[2(6%)|* = |2 (9)° (208)
follows that o fulfills the cocycle condition
a1(¢;9) = a1 (45 93) — a1 (67 9) (209)

and so is a 1-cocycle [42]. Such objects arise in quantum mechanics, if a symmetry
transformation is represented not only by shifting the argument of the wave
functions, but also giving them a phase (e.g. quantum mechanical representation
of Galileo boosts). The response of the action to this implementation of gauge
symmetry is a change by a total derivative

L(A?) - L(A) = %2#(11, (210)

what indicates a residual symmetry of the theory.
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Solution

This is the explicit construction of states obeying (207). To this end, we write

¥(g) = ey (g) (211)
and seek a quantity ag(¢) called a 0-cochain that satisfies
ap(¢°) — ao(8) = a1 (3 9)- (212)
Then (211) solves (207) with gauge invariant ¥(¢)
¥(¢°) = ¥(9). (213)

If (212) holds then the 1-cocycle a; is trivial — it is a coboundary. It is possible
[40], to construct such an o which trivializes oy

ao(9) = 4nk /x WO (h) — ;7; /x tr (ph~13,h), (214)

where h is defined by
¢ =h710,h. (215)

The wave functional is single-valued provided 47k = integer.

The Hilbert space is one-dimensional when no gauge invariant functionals of
¢ can be constructed (e.g. physical plane). For that the explicit physical states
are given by

¥(p) = Ne?rico(d) (216)
with A;¥(¢) = h8;h¥(9) . (217).

References

{1] R. Jackiw, Rev. Mod. Phys. 52 (1980), 661;
extended version in Relativity, Groups and Topology, Les Houches Session XL (1983),
Vol. 11, eds. B.S. DeWitt, R. Stora, Elsevier Science Publ. (1984)

{2} T. Muta, Foundations of quantum chromodynamics, World Scientific 1987

[3] J.D. Bjorken, S.D. Drell, Relativistic quantum fields, McGraw-Hill 1965

(4] P.A.M. Dirac, The principles of quantum mechanics, Claredon Press 1930

(5] M. Nakahara, Geometry, topology, and physics, Adam Hilger 1990

[6] R. Jackiw, C. Rebbi, Phys. Rev. Lett. 37 (1976) 172

(7] C.G. Callan, R.F. Dashen, D.J. Gross, Phys. Lett. 63B (1976) 334

[8] S. Coleman, R. Jackiw, L. Susskind, Ann. Phys. (NY) 93 (1975) 267

(9] S. Coleman, Ann. Phys. (NY) 101 (1976) 239

(10] N.S. Manton, Ann. Phys. (NY) 159 (1985) 220

[11] K. Johnson, Phys. Lett. 5 (1963) 253

(12] A.A. Belavin, A.M. Polyakov, A.S.Schwartz, Y.S. Tyupkin, Phys. Lett. 59B
(1975) 85

{13] G.’t Hooft, Phys. Rev. Lett. 37 (1976) 8;
Phys. Rev. D12 (1978) 3432



Topological Effects on the Physics of the Standard Model 127

[14] A. M. Polyakov, Gauge Fields and Strings, Harwood Academic Publishers GmbH,
Chur, 1987

[15] S. Adler, Phys. Rev. 177 (1969) 2426

[16] R. Jackiw, "Field Theoretic Investigations in Current Algebra”, in Current Alge-
bra and Anomalies, editors: S. B. Treiman, R. Jackiw, B. Zumino, E. Witten, World
Scientific, 1985

[17] J. Bell and R. Jackiw, Nuovo Cim. 60A (1969), 47

{18] W. Bardeen, S. Elitzur, Y. Frishman and E. Rabinovici, Nucl. Phys. B218 (1983)
445

[19] J. Schwinger, Phys. Rev. 128 (1962) 2425

[20] R. Jackiw, in Laws of Hadronic Matter, ed. A. Zichichi (Academic New York)
(1975)

{21] S. Glashow, R. Jackiw and S. S. Shei, Phys. Rev. 187 (1969) 1916; S. Weinberg,
Phys. Rev. D11 (1975) 3583

[22] R. Crewther, P. DiVecchia, G. Veneziano and E. Witten, Phys. Lett. 88B (1979)
123

[23] D. Sutherland, Nucl. Phys. B2 (1967) 433;
M. Veltman, Proc. Roy. Soc. A301 (1967) 107

[24] L. H. Ryder, Quantum Field Theory, Cambridge University

[25] N. Christ and R. Jackiw, Phys. Lett. 91B (1980) 228

[26] R. Efraty, V.P. Nair, Phys. Rev. Lett. 68 (1992) 2891

[27] V.P. Nair, Phys. Rev. D48 (1993) 3432

[28] J.-P. Blaizot, E. Iancu, Nucl. Phys. B390 (1993), 589; Phys. Rev. Lett. 70
(1993) 3376

{29] J. Kapusta, Finite temperature field theory, Cambridge University Press (1989)

[30] N.P. Landsman, C.G. van Weert, Phys. Rep. 145 (1987) 141

{31] H. Umezawa, H. Matsumoto, M. Tachiki, Thermo field dynamics and condensed
states, North Holland, Amsterdam (1982)

[32] 1. Ojima, Ann. Phys. (NY) 137 (1981) 1

[33] E. Braaten, R.D. Pisarski, Nucl. Phys. B337 (1990) 569;
Nucl. Phys. B339 (1990) 310;
Phys. Rev. D45 1827

[34] R. Jackiw, V.P. Nair, Phys. Rev. D48 (1993), 4991

[35] E.M. Lifshitz, L.P. Pitaevski, Physical kinetics, Pergamon Press, Oxford (1980)
V.P. Silin, Sov. Phys. JETP 11 (1960) 1136

(36] L. Dolan, R. Jackiw, Phys. Rev. D@ (1974) 3320

[37] J.C. Taylor, S.M.H. Wong, Nucl. Phys. B346 (1990) 115

[38] R. Jackiw, in Gauge Theories of the Eighties, Proc. Arctic School of Physics 1982,
eds. R. Raitio and J. Lindfors, Lecture Notes in Physics 181, Springer, Berlin (1983)
S. Templeton, R. Jackiw, Phys. Rev. D23 (1981) 2291
J. Schonfeld, Nucl. Phys. B185 (1981) 157
S. Deser, S. Templeton, R. Jackiw, Phys. Rev. Lett. 48 (1982), 975; Ann. Phys.
140 (1982) 372

[39] E. Witten, Commun. Math. Phys. 117 (1989) 353

[40] G.V. Dunne, R. Jackiw, C.A. Trugenberger, Ann. Phys. (NY) 194 (1989) 197

[41) R. Jackiw, Physics, Geometry and Topology, Plenum Press (1990), H. Lee ed.

[42] R. Jackiw, in: Conformal field theory, anomalies and superstrings, Proc. of the
first Asia Pacific workshop on high energy physics, Singapore 1987, eds. C.K. Chew
et. al., World Scientific, Singapore (1988)



Semiclassical Aspects
of Quantum Field Theories*

L. O’Raifeartaigh!;
Notes by M. Engelhardt? and S. Lenz?

! Dublin Institute for Advanced Studies, School of Theoretical Physics, 10 Burlington
Road, Dublin 4, Ireland

? Institute for Theoretical Physics 111, University of Erlangen—Niirnberg, Staudtstr. 7,
91058 Erlangen, Germany

1 Introduction

A quantum field theory is said to have an anomaly if a symmetry of the classical
system is lost by quantization. A well known example is the axial anomaly in
QED, where both the vector current and the axial vector current are conserved
in the classical theory with massless fermions. After quantization, one of these
symmetries is lost, which is generally attributed to the necessity of regularizing
ultraviolet infinities. However, the concept of anomalies is more general and
fundamental, as will be shown in the second part of this lecture.

Semiclassical methods are ideally suited for studying anomalies, as all known
anomalies already occur on one loop level, i.e. to order k, and in most cases higher
order corrections do not modify the result. An example for this is again the axial
anomaly in QED, where the leading graph to the neutral pion decay is anoma-
lous. From this one loop graph the anomalous contribution to the axial current
can be derived. Another advantage of the semiclassical approach to quantum
field theories is that it is nonperturbative, as it is an expansion in the number of
loops and not in powers of the coupling constant. Since non trivial classical so-
lutions of field theories such as solitons and instantons are known, semiclassical
expansion around these solutions can be used in order to gain nonperturba-
tive results for quantum field theories. Important examples are 't Hoofts baryon
decay via instantons and the formation of § vacua by tunneling between classical
vacua in Yang Mills theories. Another application of semiclassical methods is to
check whether spontaneous symmetry breakdown, which is in general derived on
a classical level, is stable under quantum corrections.

In the first section of this report, semiclassical methods will be reviewed.
The starting point is standard time dependent WKB, where all the concepts can
be developed without the technical complications of quantum field theories. It
will be shown that the semiclassical term (WKB wave function in QM and the

* Lectures presented at the workshop “TOPICS in Field Theory” organised by the
Graduiertenkolleg Erlangen-Regensburg, held on October 10th-12th, 1993 in Kloster
Banz, Germany
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1-loop contribution in field theory) is rather peculiar in the sense that it is the
first quantum correction, but nevertheless can be expressed in terms of classical
objects. In the following two sections the semiclassical treatment of anomalies
and their physical consequences are discussed.

2 The Semi-Classical Approach

2.1 Introduction

Besides variational calculations and perturbation theory, the semiclassical ap-
proach is a standard approximation scheme in quantum mechanics. Semiclassi-
cal methods have been succesfully applied to numerous problems like e.g. high
energy scattering (Glauber theory), tunneling problems (a-decay) and WKB cal-
culations of bound state wave functions. For quantum field theories, semiclassical
expansion is particularly useful, as it is a nonperturbative method.

The formulation of semiclassical approximations for quantum field theories
and time dependent WKB in quantum mechanics is very similar. Therefore the
next two sections review time dependent WKB to show the basic concepts. The
results are then generalized to field theory and some applications are given.

2.2 The WKB Approximation
Starting from the Schrodinger equation

h2
1/1 = ——Vzd) +V(z)y (1)

and using the polar form of the wave function
¥ = p/? exp %S (2)

one can show [1] that p and S obey the following (real) equations:

as 1 5 h? w2p/2)
=y S 3
gt T am (VS V) = o ()
and 5 )
2 L vj) = j= — 4
h{ Y + Vj) =0, wherej mp(V). (4)

Equation (3) is the classical Hamilton Jacobi equation with a quantum correction
term of the order A%. Equation (4) is the continuity equation and is independent
of k.

In semiclassical approximation (i.e. to order %) the two equations decouple.
S is obtained by solving the classical Hamilton Jacobi equation. The continuity
equation can be solved for p once S is known. From the fact that quantum



130 L. O’Raifeartaigh

corrections in (3) are of the order h%, one sees that also the h term in the
semiclassical wavefunction is essentially classical. One finds

228

p= det(_axﬂa'
i0a;

) (5)

if one imposes the boundary condition that the particle is located at position
a at time ¢ = 0. This equation is particularly easy to prove in one dimension.
If one differentiates (3) once with respect to the initial point a and once with
respect to z one finds

#S 1, #S05
9zda’  m *'0zda Oz’

which is just the continuity equation with p 8,8, S. The normalization is fixed
by the requirement that

0y (

¥(2,,t)|—o = 8(z — a) (6)

A proof of (5) for more than one dimension is given in appendix A.
The WKB wavefunction is exact, if the action S is a quadratic functional.
Three examples for this are:

— the free particle of mass m in d dimensions:

1l)free(m’a’t) - ( m )(4/2) [2 m

2miht exp |75 (@~ a)z] (M

— a particle of mass m bound in a harmonic oscillator potential of frequency
w?

o mw d/2) T W
Yho(z,a,t) = (m) exp [ﬁﬁ—;ﬁm((z2 + a®) cos(wt) — 2zca]
(8)

— a particle in three dimensions in a constant magnetic field B = Bej

) 2
B m 1/2 o m g
— s hot —a)i
V@0t = (5m)  rmamnor [m ot @he ;(z Y
+(z x a)zsinhat) + (z — a)§l] (9)
eB
_*B 10
&5 (10)

The classical meaning of (5) can be understood if one remembers that the deri-
vative of the classical action with respect to the initial point of the trajectory

as
pi = ~ Ba; (11)
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is the initial momentum of the particle [2]. Therefore the inverse determinant

p~t = det( 9

5;!’1’)_1 = det(

d ;)
Op; !

converts any small distribution in initial momentum A3p(0) into a final distri-
bution in position A%z according to

A%z(t) = p~1(t) A%p(0). (12)

In other words: p~! measures the spread of the endpoints of a trajectory, if the
initial momentum is varied.

2.3 Functional Integrals

The form of the WKB wavefunction can also be derived from a functional in-
tegral approach. Starting from the path integral for the quantum mechanical
wavefunction

dl@a,) =N [ dy)exp(£S) (13)
t am
s= [ a3 .9 - Vo) (19
0
one expands the integration paths around the classical solution y.

y(1) = ye(r) + R Pn(7)

keeping only second order terms in 7. The wavefunction is
1 -1 .m =
¥(z,0,t) = exp( 5N [ dln] exp(i-S(m) (15)

where S is a quadratic functional

S(ht) = f dr((5, 1) — (0 U(r)n) (16)
2
Uy = 50V (). (17

N is a potential independent normalization factor.

Note that only periodic orbits which start and end at z = 0 contribute to
(15). The integral term measures the quantum mechanical fluctuations around
the classical path. For quadratic actions, the expansion in 7 terminates and ¥ is
the exact wave function. It will shown in the following, that

N-! /d[n] expiS[n] = p*/? (18)
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which means that the WKB approximation and stationary path approximation
in the path integral are equivalent. This result implies that the quantum fluc-
tuations in (15) can be expressed through purely classical objects. The factor p
in the WKB wavefunction is connected with the quantum fluctuations around
the classical path. Nevertheless it is a purely classical object, as we saw in the
last section. From equation (18) one gets:

p/?  [d(n)exp(—i% [dr(n, (8] + U(r))n))

o2 - fd(n) exp( 2 [dr(n,d;n)) (19)
_ det(6? + U(‘r))‘l/2
= T qen(@) 17 (20)
- W o

ROTIRE

where the generalization of the finite dimensional formula
/d":c exp(—(z, Az)) = 7™/2(det A)~1/2

has been used. The spectrum of the operator 87 + U(t) is discrete if one imposes
the boundary conditions n(0) = n(t) = 0 on a finite interval [0,¢]. We now have
to prove that

det(d2 + U(r))~ _ 025,
Gt - detl3 )/d U= 5200

(22)

One method to show this is the following: Consider the related differential equa-
tion

107 + U(®))i; £5(8, 2) = zfilt, 2) (23)
with the boundary conditions
fi(ovz) =0 atfi(t9z)lt=0 = (24)

where z is any complex number and ¢; any real nonzero vector. Obviously the
fi are entire functions of z. Furthermore the f; are eigenvectors of 82 + U(t)
whenever 2z is such that f;(¢,z) = 0. These eigenvectors satisfy the boundary
condition f;(0,z) = fi(t,z) = 0 of (21). Since the converse is also true, the
determinant of the linearly independent solutions of (23) must be of the form

det (1, 2) = g(t, 2) [J (e- - 2)

where g(t, z) is an entire function without zeros. This is also true for U = 0
therefore

_ golt, z) detf ; €& — 2
Glt,2) ="y =~ tf‘gk) HCO — (25)
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is an entire function. If the potential U is smooth on the interval [0,t], (23)
and its solutions become independent of U at large |z|. If the same bondary
conditions (24) are used for free and interacting solution, these functions must
approach each other at |z| — oo and the determinant factor must tend to unity.
Similarly, if one assumes that the spectrum ¢, is such that one can interchange
the limits of forming the [] and |z| — o0, also the [] term tends to untity. Under
these cirumstances, one sees that G(z) — 1 as |z| = oo and hence by Liouville’s
theorem G(z) = 1 for all z. Setting z = 0 one finds that the ratio of determinants
(21) is related to the zero mode eigenvectors of 82 + U(t):

det f,-(k) _ e

= . (26)
det ;39 1€

To complete the proof of (22), one has to relate this eigenvectors to the classical
solutions of the problem. Consider two solutions of the classical equation of
motion

¢ oV (=€)
z¢ and z° + §z¢ which differ by a variation 6z°. Then
c azv(zc) c C
ma;ézs(t) = _Wéxj(t) = —U(z%);25(t)-

Since the two paths satisfy the classical equation of motion, they can only differ
in their initial conditions:

Azs(t) Ozs(t) ..
0zi(t) = ——=0r;(0) + 2027 .
0z5(0) 10 9i5(0) 7
As we are looking for a solution with the boundary condition f;(0) = 0, one has

to set 6z;(0) = 0, thus the solutions with the required boundary conditions are

2 95w _ 9510 v

(k)
10 = G204 = s (27)

which, together with (26), proves (22). Obviously the semiclassical contribution
to the WKB wave function can be written in terms of classical quantities.

From the wave function with the boundary condition (6) the quantum me-
chanical partition function Z(3) can be calculated:

Z(B) := Tre PH (28)
= /dx(a:|e'BH|x) (29)

- / dz(z, 2, —iB) . (30)
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If e.g. the WKB result for the harmonic oscillator is inserted in this formula, one
finds

e (@/2) _
Zno(B) = (m) /d:c exp (—m(cosh(wﬁ) - 1)29:2() )
31

The term in front of the integral is the O(A) contribution, the integral is the
classical action. If the integral in (31) is evaluated one finds that

27h sinh(wt mw coshwf — 1

i.e., the result is % independent and classical and semiclassical contributions
cancel. This again demonstrates the classical nature of the O(k) term.

2.4 Field Theory

The generalization of the discussion of the previous section to field theory is
straightforward. The interesting object here is the generating functional

i

20)i= N [ gt exp 1 (5(6(0),0:000) + [ dei@leta)) . (69)
For illustration an action of the form
S(6,04) = / &z((0,8)° + V (8(2))] (34)

is used, ¢ represents many fields. As for quantum mechanics, the generating
functional is expanded around the classical solution of

O¢c(z) + V'(¢c(2)) = j(a)

with appropriate boundary conditions. The crucial role of the boundary condi-
tions will be illustrated in the applications. One introduces new fields n

#(z) = ¢c(z) + 1/ *n(z)

and keeps only second order terms in the exponential to derive the WKB form
of the generating functional

i 2
Zwis(j) = et SO N1 / dln(z)] exp(i f dmdm'n(z')%ﬁmn(z) (35)

828 )“/2

YRV (36)
dp(z)od(<')

= eSO (de
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For an action of the form (34), this can be rewritten:

Zwks(j) =e':;5‘(j)N‘1/d[n(z)] exp(%[dzn(—tl + V" (¢.(x)))n (37)

_ is.g {det(=0+V"(¢c(2))) -1/2
=e Sc(4) ( det(_D n V”(O)) ) . (38)

If the normalization N is properly defined. Note that ¢, is a functional of the
source j, therefore the determinant term of the generating functional is also j de-
pendent. Note also the similarity of this expression with the quantum mechanical
form egs.(2), (15) and (19).

In order to calculate the fraction in Zw kg, a regularization procedure has
to be given for the determinants. The determinant of an arbitrary operator D
can be written as

det D = expIlndet D = exp Trin D.

The problem is that In D is not trace class in general, which makes the above
formula meaningless. A solution of this problem is to define the {-function of the
operator D

{{(D,s):=TxD~?

which exists for large enough values of s (for the operators we are interested in).
If In D is trace class, one finds that

d
TrinD = — —((D

s=0

For all other operators the above equation can be used to define the lefthand
side by analytic continuation of the ¢ function from values of s where it exists to
s = 0. Using the ( function definition of the determinants, equation (38) reads

InZwia() = 35.0) + 5:[¢/(-0+ V"(g) ~ -0+ V'O)] (69

From (36) the effective action in one loop approximation can be derived. The
connected generating functional W(3) is defined as

2(j) ="V

and is related to the generating functional of the proper vertices. The effective
action is defined as the Legendre transform of W(j) i.e.

ow

Sers(d) = W(j5) - /d"wj ,where ¢ = 5

It follows from (36) that the effective action to order A, i.e. to one loop order, is

h S
&nm=sw+%m®%¢

@36@) (40)
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A pedagogical discussion of this can be found in [3], [4], [5]. Equation (40) is the
central result of this section. From S,y the proper vertices to one loop order can
be calculated, if the determinant is regularized properly. The anomalies, which
will be discussed in the next section, emerge from the O(h) term in the effective
action.

2.5 Expansions About Non-trivial Configurations

Solitons: For systems with degenerate classical vacua there are topologically
nontrivial classical solutions which can be interpreted in terms of a tunneling
amplitude. A simple quantum mechanics example is described by the Langrange

function
1,. 2

L=360)" - (¢ - o).

Classically there are two states of lowest energy ¢(t) = c and ¢(t) = —c. Classical
solutions with a finite action have to approach one of these solutions as t — +o00.
The choice ¢(—o0) = —c and @(o0) = c is called an instanton solution. It has a
nonzero but finite classical action. This can be seen by rewriting the Langrangean

L=3(6- 8+ + 96— ) ay
1 dls o
= 3@ F+ P+ LG8 -9 (42)

as the sum of a square, which vanishes for the classical solution, as can be seen
from the equation of motion, and a total derivative, which gives a nonvanishing
classical action for the soliton solution

[ d 1 _ 45
Sc—/ooaz(§¢3—cz¢) = 30 =: Q

Note that the explicit form of the classical solution has not been used so far.
The WKB generating functional for j = 0 is then

ZwkB = exp %QN—I /d[n] expi/dtn(t)(—@f +2¢% — 66 (t))n(t).

In Euclidean spacetime the soliton can be interpreted as a tunneling amplitude
between states with ¢ = *c.

Instantons: An analogous situation is found in 4-dimensional Yang-Mills theo-
ries. The Yang-Mills-Fermion Lagrangian is

Ly = 3(E ~ B%) + §(D + m)y (43)

= %(E—B)z +EB + ¢ +m)y . (44)
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The second term is the derivative of a current S#
EB = 9,5* (45)

Thus, as in (44), the pure Yang-Mills Lagrangian is the sum of a divergence
(which is topological and does not contribute to to the equations of motion)
and a quadratic term. It follows that one class of classical solutions is when the
quadratic term is zero or E. = B.. The important point is that this class of
solutions is non-trivial because non-abelian groups can be mapped non-trivially
onto the sphere at infinity and hence the integral

vi= / &8, 5"

does not necessarily vanish, indeed can be an arbitrary integer, and it is clear
that for v # 0 the solution is necessarily non-trivial. From the point of view of
the fermions the WKB expansion about such a non-trivial solution is

Zwin =exp zoN~ [divlewy [deb@+meds. (0

The additional term A, in the fermion action couples the fermions to the in-
stanton. It is responsible for t’'Hoofts baryon decay via electroweak instantons

[6], [7].

For future reference it may be worth noting that if we define the charge

Q) = / 25, (47)

we have
v = Q(00) — Q(—0) . (48)

Thus, as in the 1-dimensional case, the instanton solutions can be interpreted as
an indication that in the quantum theory there is tunnelling. Here the tunnelling
takes place between different vacua |n > characterized by Q|n >= n|n >. Fur-
thermore if we define global gauge transformations as those that are generated
by group elements G that map non-trivially onto the sphere at infinity, we have

GRG'=Q+v. (49)

This shows that Q and hence the |n >-vacua are not gauge-invariant with respect
to the global gauge-transformations, and that to obtain truly gauge-invariant
vacua one must choose combinations of the form

0>=Y e|n> . (50)

The @-vacua obtained in this way are the physical vacua.
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Spontaneous Symmetry Breakdown Another application of (36) with j =0
can be given for systems with spontaneous symmetry breakdown. If V'(¢) has a
minimum ¢o # 0, the classical ground state is ¢(z) = ¢o = const. If one expands
the field configurations around these solutions one finds

S, = V(¢0)/d4x =V (go)2
and
z=et™ N [ dirlexp / dzn(-0 + V" (go)n + O(F)).  (51)

V" is the true mass matrix. It can have vanishing eigenvalues which corre-
spond to massless Goldstone modes. Higher derivatives of V' can be interpreted
as couplings between the fields 7. If all higher derivatives are kept in (51), Z
is the exact generating functional of the problem. It describes a system of in-
teracting fields 7. The Feynman diagrams of this theory can be calculated by
introducing a new source term [ dznj, which couples to the new field.

Effective Potentials As a last application the Coleman-Weinberg formula is
derived with the help of the ( function regularization. This time we take j =
const and ¢, = const. The classical equation of motion becomes

V(o) =7 (52)
and the classical action is
S. = /d“zV(q&c) = AV (P.)- (53)
With the help of (39) one finds
§=

2 toop = £AV($:) + o[-0+ V"(8)) - -0+ VI(O)] - (54)

The ¢ function term for a constant ¢. can be evaluated explicitely [3}:

((-a+ V" s):=Tr(-O0+V")"* (55)
1
= /d‘tkm (56)
_ (Vn)z—s
pRTEE &7

Differentiating this with respect to s and setting s = 0 yields:

3

det(—D + Vu) = ﬂz((%vu)z InV" — Z(VI/)Z) .
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The effective potential becomes (up to an infinite, but field independent con-
stant):
ith 1

Vors(@e) = V(80 + 35 (5 (V" (6 InV"(60) - 3(V)P)

This is the Coleman—Weinberg potential. Its relevance in the framework of spon-
taneous symmetry breaking is discussed in {6] (Chap. 6.4).

3 Anomalies [8]

An anomaly is said to occur in a quantum theory when a formal symmetry of
the corresponding classical theory is not realized in the quantized version. Often
one thinks of anomalies in terms of specific examples such as the axial anomaly
in QED. This anomaly is usually attributed to the fact that regularizing the
ultraviolet infinities in a gauge-invariant manner introduces a modified definition
of the axial current which is gauge invariant but no longer commutes with the
Hamiltonian (this will be elaborated upon in greater detail below). In other
words, the conservation of the axial current, valid on the classical level, is broken
in the quantum theory. This and other examples of anomalies may lead one to
think that they are specific to field theories and somehow connected with the
infinities that arise in such theories.

A closer look reveals, however, that anomalies have a much more fundamental
nature; they can occur quite generally as a consequence of the quantization
procedure itself, i.e. the representation of the Poisson bracket algebra in terms
of self-adjoint operators on a Hilbert space. Particularly the need to specify the
latter may in general introduce the breaking of a symmetry, as will be shown in
the next section.

All known examples of anomalies already occur in the semiclassical appro-
ximation, i.e. at the one-loop level, and most anomalies are not modified by
higher-loop effects (cf. in the case of the axial anomaly the Adler-Bardeen theo-
rem, [9]}. They are therefore essentially semiclassical phenomena and thus ideally
suited for treatment by the semiclassical methods described in the previous sec-
tions. Typically, anomalous contributions will be contained in analogues of (40)
which gives the effective action induced by quantum fluctuations, and can be
evaluated e.g. by (-function methods, as will be elaborated upon further below.

3.1 Quantum Mechanical Examples

The simplest, trivial, example of breakdown of a symmetry because of quanti-
zation is the free particle, i.e. the Hamiltonian

2

H:Ez—. (58)

Classically, this Hamiltonian is invariant under translations in the coordinate
. Quantization occurs formally by substituting p* — —h?02, and specifying



140 L. O’Raifeartaigh

the Hilbert space on which this operator is to act. If one chooses Ly(—00, 00),
translational symmetry is preserved, i.e.

ei®Pge P =z 4+ ha foralla . (59)

If one, however, chooses the Hilbert space to be the space of functions with a
finite period, e.g. Ly(—m, ), then the full translational symmetry is lost. Only
a lattice symmetry remains, i.e. the parameter a above is constrained to be an
integer multiple of 2x/h.

A not quite so trivial example is the supersymmetric harmonic oscillator:

_ 0 p — thwe
Q= (p+z’ﬁwx 0 ) (60)
2+ (hw)?z? + hw 0
H=QZ=(” e p2+(ﬁw)2z2—hw)' (61)

Formally, there is a parity symmetry:

o= (15) e (3,) - (62)

However, Q is selfadjoined and thus H > 0. Furthermore there is a unique ground
state with zero energy and it takes the form

0
¢0 = (e—hw12/2> . (63)

This breaks parity symmetry, since it is not invariant under

Yo — (‘j;) Yo . (64)

All excited states can be shown to occur in parity doublets. In the limit A — 0
the asymmetry vanishes. This demonstrates its quantum mechanical nature.
A very similar behaviour is exhibited by the Dirac operator

pz(—D,Ea-D_D't;U.D) pi=-p (®)

(here, the chiral representation for the y-matrices was used), which can serve to
define the Hamiltonian

-D? -0 -(B+E) 0 ) . (66)

Hz‘lpzz( 0 -D*—o-(B-E)

Classically, and formally, one has time reversal symmetry:

. 01
D, 40) = 0D(-6~Aog?  with 2= () - (67)



Semiclassical Aspects of Quantum Field Theories 141

However, since P! = —]0 we have H > 0. Furthermore the ground states take

the form 0
Yo = ( ) ) (68)
0

and therefore break the symmetry. This is in fact the origin of the axial anomaly,
since the multiplicity of ground states, i.e. of zero modes of P, is given by the
Atiyah-Singer index

Ny, / “FWE,, (69)

which is precisely the additional anomalous term entering the axial charge of
QED!. Thus it becomes clear that also the axial anomaly is a general consequence
of the structure of the Dirac operator in conjunction with the requirement of
anti-hermiticity of JD, or equivalently the positivity of the Hamiltonian. It occurs
independently of second quantization, which ultimately leads to the construction
of the Dirac sea, the need to regularize ultraviolet divergences, etc., i.e. the path
by which the anomaly is usually derived.

3.2 Anomalies in Quantum Field Theory

Despite this fundamental origin of anomalies, in physical applications they oc-
cur indeed most prominently in the framework of quantum field theory. There,
one may in particular ask how they arise systematically in the path integral
formalism, where the fundamental object is the generating functional

20 = [lagiesiorore. (70)

Since the action in the exponent is classical, it respects all symmetries present at
the classical level. Quantization is introduced in this framework by the sum over
histories. Therefore, the breaking of symmetries can only occur in the integration
measure [d¢], as was first realized by Fujikawa [10]. Usually, one would choose
[dd] to respect the symmetries of the classical action S; however, under certain
circumstances, this may not be possible, in particular when there is more than
one symmetry. Examples of this are massless QED, which contains Poincaré,
gauge, and chiral symmetry, and also general relativistic theories which contain
general coordinate and Weyl invariance. These examples will be treated in detail
below. Anomalies occur when there is no measure which respects all the classical
symmetries. In this case one must decide which of the competing symmetries is
to be regarded as more fundamental and determine the measure such that it
respects those. If any of the remaining symmetries are broken by the measure
there is an anomaly.

! Note that analogous considerations enter e.g. Levinson’s theorem, in which one
counts the number of bound states to obtain the difference in scattering phase shifts
at zero energy and infinite energy, respectively; also, in the Aharonov-Bohm effect,
the winding number of an electron path around the solenoid enters the phase acqui-
red by the electron wave function in the detection plane.
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Poincaré vs. Chiral Symmetry The action

s=/¢w+wm¢ (71)

is Poincaré invariant and chirally invariant. If one, however, wanted to introduce
a mass term, it would break one of these symmetries: The combination my4 is
only chirally invariant, whereas mi) is only Poincaré invariant. Since Poincaré
invariance is regarded as the more fundamental symmetry, one usually introduces
the former. In precisely the same spirit one chooses [di][dy] as the path integral
measure, and not [dy][dy] and thus violates chiral invariance.

General Relativity The presence of a gravitational field can, according to
General Relativity, be expressed as a curvature in the space-time [3]. Thus the
actions of the scalar, the gauge, and the Dirac field in four dimensions, and the
string action in two dimensions are generalized, respectively, to

Ss = / do \—15 (gaﬂaa¢aﬁ¢ + %&) (72)
s oo -
&:/mpi%mwm (74)
Sx = / d’z °ﬁa X4 x° (75)

where the transformation matrix between flat and curved coordinates (the local
vierbein)
9

ha(e) = oz,
I

(76)
the corresponding metric tensor

g"(z) = n** R (2)hy (2) , (77)

and its determinant g = det g** have been introduced, and 7°® is the metric
tensor of Special Relativity (i.e. flat space-time). These actions are constructed
so as to be general coordinate invariant, i.e. invariant under an arbitrary repara-
metrization of space-time. They however all have an additional invariance, the
Weyl invariance, given by the combined transformations

9" (z) = 2@ g**(z) (78)
and, respectively,
$(z) - e*g(z) (79)
Au(z) > Aulz) (80)
¥(z) = () (81)
X4z) > X%4z) . (82)
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Since general coordinate invariance is regarded as the more fundamental sym-
metry, the path integral measure is fixed {(uniquely) to respect this symmetry;
this leads to the choice

[agt-#1.] = Hd(g« #1,(c)) (83)

for any tensor field T, of rank s in n space-time dimensions. The case of the
scalar field (s = 0) will be treated explicitely below. The measure (83) in general
breaks Weyl invariance, leading to the Weyl anomaly (also called the conformal
anomaly). The Weyl anomaly is an example of an anomaly which is not already
completely given by one-loop effects (however, in all known cases, anomalies
already show up at the one-loop level).

To see why the factor g'/4/2" is needed in (83) let us consider for example
the case of a scalar field, with a path integral measure of the form

[T d(¢* @)é(=)) - (84)

Under an arbitrary infinitesimal reparametrization of space-time, ' = = +¢, the
measure changes as

112k
= H (1 + 2k(B,e*))d(g* (') $(=")) (86)

where the factor 2 in the exponent stems from the fact that g#” is a second-rank
tensor (cf. (77)). On the other hand,

d(g*(2")p(z")) = (1 + €#8,)d(g" (z)¢(z)) (87)

so that, to first order in ¢, the Jacobian of the transformation is
J = det(l + 2k(8, ") + €#8,) (88)
= exp(Tr(2k(0,€") + €#0,)) - (89)

The trace can be evaluated as
Tr(2k(0u€”) + €#9,) =
- Z/qu& Bue®) + 0,)n () (90)

=2 [ [~ (8D a(2) + (20~ ) hale Jona)(@uet)| - (1)

The first term, being a total divergence, vanishes. However, for the second one
to vanish (and thus for general coordinate invariance to be preserved), one must
choose k = 1/4.
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3.3 Quantitative Computations

Baving established the source of the anomalous contributions in the path in-
tegral representation of the generating functional, the task of computing them
in practice remains nevertheless formidable. In general, there are two ways to
proceed, the systematics of which one can illustrate in the example of the integral

I= /‘da:e“"zzz =+/r/a. (92)

Assume one is interested in the behaviour of I under a rescaling a = Aa. One
can either evaluate the integral, observe I o« 1/a, and conclude I — I/A. On the
other hand, one can rescale = such that the exponent is invariant, i.e. z = z/},
which leads to dz — dz/\, and thus to the same conclusion without having to
evaluate the integral. In the context of the path integral, the first method would
typically correspond to an evaluation via {-function regularization,

N /[d¢]e‘¢D¢ = (det D)? = e—P¢'(0.D) (93)

where ((s, D) = Tr(D~*), p depends on the type of fields considered and N is a
field independent normalization constant. Then one can investigate the response
of the calculated object under the relevant transformations, i.e. obtain 6¢’(0, D)
as the limit lim,_,0 8¢’ (s, D).

The second method, on the other hand, corresponds to the approach taken
by Fujikawa: Transform the field ¢ as

$(z) = ¢'(z) = (D (x) (94)

where €(z) is an element of the Lie algebra generating the symmetry transforma-
tions. The action remains invariant; however, the measure acquires a Jacobian

6

[dg] — [dé'] = 5

| 18] = expTe (o) (95)
The Jacobian needs to be regularized; this is done by the Fujikawa prescription:
Trpe(z) = lim Tr(e(z)eP/M°) (96)

M-
where D is precisely the operator appearing in the path integral. This is an ad

hoc prescription. Its arbitrariness can be reduced somewhat by checking whether
the same result is obtained using

Trpe(z) = lim Tr(e(2) f(D/M?)) (97)
with any f(z) such that

f0) =1 f(eo) = f'(00) = f"(00) = ... =0 . (98)
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This can be verified for most of the interesting theories. Note that (96) is nothing
but a e(z)-weighted partition function in the limit of infinite temperature MZ:

Jim Tr(e(a)e /M) = lim Tr(e(z)e™™) (99)
~lin Y [ o @e@eoue) (100
= lig Y [ de 63(2)e(@)G @1, it)6n(w) (101

= }ix%/dze(x)GD(x,x,z't) . (102)

Thus the task of computing the 1—loop contribution to a quantum field theo-
retical anomaly can be reduced to the task of computing a quantum mechanical
partition function.

3.4 The Axial (U(1)) Anomaly

This section is devoted to an evaluation of the axial anomaly of QED. This
is the application initially considered by Fujikawa; here, his calculation will be
discussed, and it will also become clear that the {-function method [8] precisely
reproduces the Fujikawa prescription.

The fermionic part of the QED path integral is

z = [(adllay)exp(Fipy) (103)
One now considers local chiral rotations,
Yy = ey (104)
or, for infinitesimal transformations,
&Y = alz)rs¥ (105)

and evaluates the change in the path integral measure; this gives the gluonic
contribution which violates axial current conservation. According to Fujikawa,
the Jacobian of the transformation,

[d9)[dw] = exp(2Tx(a(z)7s))[d][dy] (106)
must be regularized as
2Tr{a(z)ys) == 2 lim Tr(alz)ys exp(~P*/M?)) . (107)

Before proceeding with the evaluation, consider first the anomalous contribution
as it would result from (-function regularization. There, the path integral (103)
evaluates to

det(i)) = exp(TrIniP) = exp(TrIn(-P?)/2) . (108)
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Note the analogy with the WKB formula (40) for the effective action induced by
quantum fluctuations at the semiclassical level; this illustrates the semiclassical
character of the anomaly. The object above is easier to evaluate if one more
generally considers an arbitrary fermion mass, i.e.

exp(TrIn(—P?)/2) - exp(TrIn(-P* + m?)/2) . (109)
The trace is regularized by writing it in terms of a ¢-function:
lTrln(—@"’ +m?) = - i((s) (110)
2 ds s=0
with .
((s) = §TY(-102 +m?)7" . (111)

For sufficiently large s, this trace converges. Consider now the change of the
Dirac operator in the Lagrangian under an infinitesimal chiral rotation:

P Q+ayP(+ay)=>8={P,ays} (112)
m = (1 + avys)m(l + ays) = dm = 2mays (113)

and therefore,
§(—=P* + m?) = —P2ays — WaysP — aysP? + 4mPays . (114)

Under the (for sufficiently large s) convergent trace, however, one can cyclically
permute the operators and thus, the variation of the {-function can be given as

8¢(s) = 2(=s) Tr[(=P* + m?*) " a(z)ys] - (115)
Consequently, the derivative of the (-function in the vicinity of s = 0 varies as
8¢ () ~ —2Tx[(—P2 + m*) "*a(z)7s] (116)

since the other term is suppressed quadratically in s. This can be written in
integral form:

5¢'(s) = = / dt *~Le= ™ Ty (exp(~tD?)a(z)s) - (117)

I'(s)

However, because of

lim —— /dt t#-le=m ™ = lim Fin +) T T (m?)~ () =4 (118)

50 F(s 550 ( )

the integral (117) is dominated by the value of the trace at t = 0, provided that
the trace is a regular function in ¢ (this will be verified below). Thus,

~6¢!(5)] 4= = 2 lim Tr(exp(~tP?)a(z)1) (119)

which is exactly the Fujikawa prescription (107) for the anomalous contribution.
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The anomaly can finally be computed explicitly in the following way, where
the trace runs over Dirac indices and space-time:

2Tx(a(z)ys) =2 }1_}!1(1) Tr(a(z)ys exp(—tlDZ)) (120)
= 2lim Tr{(exp(~tP2) - exp(~tP2))a(a)]  (121)

where
Pi=0*+(D*-8*)+0-(BEE) (122)

and the Dirac trace has been partly taken. To leading order in t, the exponentials
can be separated,

o1 —t8? (,—t(D*~8%+0-(B+E)) _ ,~t{(D*~8°+0-(B-E))
2Tx(a(2)7s) = 2lim Tr[a(z)e ™ (e e )]

= 2lim Tra(z)e ™ (42E - B + O(3))] (123)

where the Dirac trace has now been completely taken, eliminating all terms
proportional to g-matrices. The trace over space-time indices can be performed
e.g. in a basis of eigenfunctions of the (four-dimensional) position operator (Fuji-
kawa orginally used a plane wave basis). Consider a diagonal matrix element
corresponding to the position vector zo. The electric and magnetic fields are
simply evaluated at zo; the operator exp(—t8?) corresponds to the (Euclidean)
“time”-evolution operator for a free particle on four-dimensional space. The wave
function for this particle given that, initially, it is taken to be localized, is

(zle™*|zo) = exp(—(z — £0)?/4t) (124)

1
(47t)?

(cf. (7), where the mass has been set to m = 1/2, and the direction of propagation
has been taken to be the (negative) imaginary time axis). Thus, taking the
diagonal matrix element yields

(204820 - Be—t%"|zg) = 412a(z0) E(zo) - B(:co)@?lt? (125)

to leading order in ¢. Taking the whole trace now corresponds to summing over
all Zg, ie.

1 1 * v
2Tr(a(z)ys) = 72 /d“zo aF-B= ~57 /d4z0a Fu, F* . (126)

Note that this derivation also explicitly shows that the limit ¢ — 0 in the defi-
nition (120) is indeed regular, as claimed above.
Furthermore, note that in QED, ,,, the same treatment yields, using

Pl =08+ (D*-3*+E, (127)
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for the anomaly:

2Tr(a(z)1s) = 2lim Trla(z)e 2" (-=2tE + O(t?))] (128)
= / dzxga(xo)(—4tE(xo))$ (129)
_ _% / P20 oE (130)
_ _% / g ae,, F . (131)

In order to study the physical consequences of the anomaly (cf. Sect. 4), it is
important to clarify how it enters physical quantities, such as currents. The
divergence of the Noether current associated with a symmetry transformation is

6L
da(z)
where a(z) parametrizes the symmetry transformation. Thus, if L is invariant
under the transformation, the current is conserved, such as the axial current

J 3(2:) = 1/;(1;)7,‘75¢(z) in the classical theory for zero fermion mass. Including a
mass term explicitly breaks chiral symmetry and one obtains

0" J5(z) = 2imi(=)19(z) - (133)

In the quantum theory, the additional effective term (126) is subtracted from
the action and (133) is modified to?

O J,(z) = (132)

" J}(z) = 2imy(z)vs¢(z) +3 *F“"F,,,, . (134)

This relation will e.g. allow directly a computation of the 7% — 27y decay width.
Historically the axial anomaly was first discovered computing the triangle
diagram (Fig. 2). The relationship between the anomaly defined in terms of the
Fujikawa prescription and the diagram can be established in the following way.
First the fermion mass is neglected, as we already know that it does not appear
in the final result. From the original expression for the quantum corrections to
the Dirac or Yang-Mills Lagrangian, i.e. TrinJ), one sees that its change under
chiral rotations is
8TrInp = 2Tx[ysvue(z)(P) "] (135)
where (112) has been used. Now (0)~! in (135) is expanded in the form

D) =@+ @ eA@) T+ @) eAQ) @
The Dirac trace cancels the two leading terms, and so
STxInp = 2Tr(@) " eA@) 'eA@) s 1u0 a + .. ] - (136)
This shows that the leading term in the anomaly is just the triangle graph.

? Here, the electrical charge has been pulled out of the field strength to explicitly
display the dependence.
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3.5 The Weyl Anomaly

In this section, the Weyl anomaly is considered in the case of a two-dimensional
string theory in a gravitational field. The corresponding path integral is

Z = / [dg/*X]exp (- / d’z %g”"@uXda,,Xd) (137)

(cf. Sect. 3.2), which is constructed to be invariant under general coordinate
transformations but has an anomaly with respect to Weyl invariance. General
coordinate invariance in particular permits the choice

9 (z) = p(z)n*” = e**=ppv (138)

for the metric; in this frame, a Weyl transformation corresponds to a(z) —
a(z) + w(z). The path integral now reads

Z = / [dp'/%X]exp ( / d’z X“BzX“) (139)
= / [dY]exp (— / d%:Y"DY") (140)

where
D= __1\/%32% X (141)

Under a Weyl transformation,
Y 5V =e®Y (142)
the change in the path integral measure is (cf. Sect. 3.3)
J = exp(Trw(z)) (143)
= exp (}i_r}l(l)Z/dZ:v w(z)GD(z,x,it)) (144)

where the overall factor 2 comes from the trace over string components. The
kernel evaluates as

Gp(z,z,it) =

=" ¢n(z)e ' ¢n(z) (145)
1 2f o= ik gy 1o 1N ke

oo (73
__1 2 _1_ i 2_1_

oy [ e (507 731 o

1 1 . 1
= W/de exp (7‘5—(119 +V19)? —\/_—;) (148)



/kdkdcpe"‘ /e

7)

(2m)2t

( ‘f(ka ) + t782—\/: - -2—:4—(1(3,;)2 +0(t3/2)> (150)
Ll (p plpl 1
=5 (2 +t5 p<92\//3 t8p2 (ap)z) (151)
_ % Ly ;7(—02 In p)) (152)
= —‘%320 + 4—1te2°’ . (153)

Note that, in contrast to the axial anomaly, the singular piece in ¢ does not
cancel. Physically, this can be interpreted as an (infinite) renormalization of the
cosmological constant; the motivation for this will become clearer further below.
Denoting the renormalized cosmological constant as /27, the anomaly finally
becomes

InJ = /dzmw (-8%a(z) + ke?*)y (154)

Having calculated the Weyl anomaly, one can show that it is equivalent to the
presence of a dynamical gravitational field, described by the so-called Liouville
Lagrangian. To see this, transform the metric g**(z) by a sequence of infinitesi-
mal Weyl transformations to the flat metric n#¥, i.e. transform away a(z):

a—-a(l-As) > a(l-24s) > ...>0. (155)
At the n-th step, where nAs = s, one has

as(z) = afz)(1 - s) (156)
w(z) = wa,(z) = a(z)ds (157)

and the resulting anomalous contribution from this step is
1 -
InJ, = /dzx a(z)As | ——8%a(z)(1 - 5) + E gra(z)1-a) ) (158)
4T 4T
The accumulated contributions when s = 1, i.e. a; = 0, amount to

/: dsInJ, = Slﬂ_/dzz (a(x)(-az)a(:z:) + ke?(@) n) . (159)

The last term can be dropped, since it merely constitutes a renormalization of
the energy, and thus one obtains the Liouville action

Sy = /dza: 8l7r((aa)2 + ke?®) = /dzxﬁL . (160)
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In covariant notation,
Sy o /dzz V9(RO™IR + k) (161)

where R is the Riemann scalar, R ~ 8%a. This is Polyakov’s two-dimensional
version of gravity; note that Einstein’s gravity becomes trivial in two dimensions
because it reduces to a total divergence. Note also that the factor ,/g multiplying
k in (161) is simply the covariant measure for the space-time integral. Thus the
interpretation of x as a cosmological constant (which can be arbitrarily chosen)
is justified.

Summing up, the Weyl anomaly has been substituted by dynamical terms
for the gravitational field:

f [dg'/*X]exp (— / d’z -\—/1——§g“"6,,Xda,,Xd)
- / [dX] exp (- / &z %gwa,,xda,xd - z:L) . (162)

4 Physical Consequences of Anomalies

4.1 Fermion Generations and the Number of Quark Colours

In the Standard Model, the requirement of renormalizability, which can be spoi-
led by anomalies, places restrictions on the number and types of fundamental
fields. More specifically, the electroweak Lagrangian density

L= EGauge + ACHiggs +LF (163)

in particular contains the fermionic part

Lr = Pr71* (10, + g2(0°/2)W, — 1 (Y/2) By)yL (164)
+ary"(i0, + g1(a/2)B,)ar (165)
+br7*(i8, + 91(8/2)B,)br (166)
where
a=1+Y B =-1+4Y (167)
¥ = (a,b) = (Ve,e7), (u,d), ... . (168)

Since the projection operators onto the chiral components 1; and 1¥r contain
%5, the theory allows for anomalous triangle graphs. These have potentially di-
sastrous consequences for the renormalizability of the theory. For instance, the
gauge field propagator contains graphs of the form shown in Fig. 4.1, the an-
omalous contributions of which give the propagator a longitudinal part. When
renormalizing this part, the necessary counterterms would be of a form which
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Fig. 1. Contribution to the gluon propagator

does not appear in the original Lagrangian [3], thus spoiling renormalizability.
For a further discussion, see also [11].

The only known way out of this problem is the following: In internal tri-
angle graphs, as above, all possible fermionic particles participate; therefore, a
judicious choice of the fundamental fermion fields allows for a cancellation of
the anomalous contributions. In the electroweak Lagrangian, the coupling at the
vertices is proportional to the hypercharge Y or the weak isospin 0 /2; when cal-
culating the triangle graph, the trace with respect to the corresponding internal
indices must be performed, i.e. one has contributions proportional to

tr(Yo%0®) and Y3 (169)

(contributions containing an odd number of isospin couplings already vanish
when taking the trace). Thus, to guarantee an anomaly-free theory, the sums
over all particles must vanish:

Y tr(Yo%o?) = ¥i=0. (170)

Since the vertices do not change the helicity, right- and left-handed particles give
the same contribution; it therefore suffices to consider left-handed particles, the
hypercharge assignments of which are

(vi,eL) &L (ur,di) @ d
R (1/3.1/3) —4/3 2/3 (171)

(the brackets denote weak isospin doublets). Note also that the higher generati-
ons of fermions merely replicate this scheme. Thus one obtains

Y Y =6-2Nc (172)
> tr(Yo®0®) = 3(~2 + 2N¢/3) (173)

where it has been taken into account that quarks come in N¢ colours, and that
tr(c®0®) = 0 for isospin singlets, and tr(c®0®) = 3 for doublets. One must
now conclude that the Standard Model is only anomaly-free if the number of
quark colours is N¢ = 3, and if leptons and quarks always come grouped into
generations like the first generation treated explicitly above. In particular, the
existence of the top quark is necessary to complete the third generation.
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4.2 #n°Decay

An important consequence of the anomaly is the fact that the neutral pion can
decay into two photons. The pion is interpreted to be the Goldstone boson of
the spontaneously broken approximate SU(2)sg x SU(2)¢L chiral symmetry of
QCD. Only the vector part of this symmetry survives; the axial current by
contrast does not annihilate the vacuum, but its divergence at zero momentum
creates the Goldstone boson. The assumption of PCAC is that this relation can
be extrapolated to finite momentum:

0 J5%(g) = famin(q) (174)

A more thorough discussion of this can be found e.g. in [6].
From this, one can evaluate the decay of the neutral pion

(m°12) = (m? f=)~ (010" T 127) (175)

(the third component of the SU(2) current corresponds to the neutral pion).
One can show that, for low momenta, the contribution to 9# Jﬁ from the quark
mass term (cf. (133)) vanishes in the matrix element (175); neutral pion decay
is due to the additional anomalous term (cf. (134)) which 9*J; acquires when
coupled to the electromagnetic interaction:

1
(°)27) = (mifx)“(OI‘F“”F,WI27>8—7r;tr(Q203/2) (176)
1
= —————tr(Q%*0 e an ki ke e (177)
167r2m3rf1r uvanhy 2

where k;, k; are the momenta and e, e’ the polarization vectors of the photons.
It was already pointed out in Sect. 3.4 that this result can also be obtained by
evaluating the corresponding triangle graph (Fig. 2). It is in good agreement with

Fig. 2. The triangle graph
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experiment if one notes that, for this low-energy effect, the only participating
fermions are the proton and the neutron, and thus

tr(Q%*) = Q2 -Q%=1. (178)
On the other hand, if one describes the decay on the quark level, one has
tr(Q*0®) = Ne(Q% - Q3) = Nc¢/3 (179)

which is further evidence that the number of quark colours is indeed N¢ = 3.

4.3 Baryon-Lepton Decay

Additional consequences of the anomalous gluonic contribution to the axial cur-
rent (cf. (180)) result from the fact that this contribution induces an instanton-
fermion interaction in analogy to the electromagnetic coupling responsible for
the decay 7° — 2y discussed in the preceding section. One can derive an ef-
fective fermion-fermion interaction Lagrangian in the presence of an instanton
background [7]. This leads to baryon decay in the case of an electroweak in-
stanton background (see Sect. 2.5). The amplitude for such a decay is, however,
proportional to the tunneling amplitude between two distinct |n)-vacua, i.e. the
exponential of the instanton action. This gives a typical half-life of 10'°°a, which
is negligible compared to the proton half-life derived from GUT theories, 103%a.
However, at temperatures above 200 GeV, which prevailed in the early universe,
direct transitions between different |n)-vacua become possible, and thus baryon
number-changing processes by this mechanism may not be negligible anymore.

4.4 The U(1)-Problem

The axial anomaly also plays an important role in the resolution of the so-called
U(1) problem. The QCD Lagrangian has a U(1) s, X U(1),r symmetry, of which
only the vector part manifests itself, namely in the conservation of baryon num-
ber. Explicit realization of the axial part would mean the seperate conservation
of left- and right-handed fermion doublets, e.g. negative parity partners of nu-
cleons. Such particles are not found experimentally. Thus one would conclude
that the U(1),, symmetry is spontaneously broken. In that case, however, one
should observe a corresponding (isoscalar) Goldstone boson. Such a particle is
also not found in the physical spectrum. This puzzle is known as the U(1) pro-
blem.

The puzzle is solved by the fact that, due to the axial anomaly, the U(1)a
symmetry is broken explicitly since

2
B“Jﬁ = 2i(myiysu + medysd) + 4_€r_2tr(‘GwG#v) (180)

and the right-hand side is not zero even in the zero quark mass limit. Thus the
symmetry is broken explicitly and there is no Goldstone boson.
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At first sight this explanation may seem too simplistic, because the anomaly
term on the right-hand side of (180) is itself a divergence, namely 0#S,, where S,
is defined in (45) and thus (in the zero quark-mass limit) the total current J3+S,
is conserved. However, as we have already seen, the charge @ associated with
S, is gauge-variant. Hence the total current is gauge-variant and non-physical.
What this means is that in the non-physical space of gauge-variant quantities
the symmetry breakdown may be regarded as spontaneous (with the massless
field S,-field as the gauge-variant Goldstone field). But in the physical space of
gauge-invariant quantities the breakdown is explicit and there are no Goldstone
fields.

One of the most interesting features of this resolution of the U(1) problem is
that it not only explains why the n’ particle is not a Goldstone particle but, when
combined with the existence of the §-vacua of Sect. 2.5, it provides an estimate
for the n' mass and for its decay into three pions. The point is that if one adds
to the Lagrangian a term of the form 8 [ F % F to take care of the 8-vacua,
expands the Fermion Lagrangian about the instanton solutions and sums over
all instantons, the term 9 f F = F and the zero-modes of the instantons combine
to generate an effective potential for the n' field and this effective potential
provides a mass-term (proportional to the gluonic condensate < (F*F)* >) and
a 3—m decay for the n’. This is explained in references [12], [13] and [14], though
it should be mentioned that the arguments given there are somewhat qualitative
and there is still some dispute [15] about the details.

A  Proof of Equation (5)
One starts from (11) and differentiates it once with respect to time. Using the
classical Hamilton Jacobi equation ((3) with A% = 0) one gets

i} 1 o _, 0

—_—n p— —D—Pi = 0 .

ot + m zk: Ozx Saxk”

This equation is differentiated once more with respect to the final position z;.
With the definitions

0
M;; = 52 P9
and 52
6= Oz;0z;
one gets

1 1
m m

This equation is multiplied from the right with M ™!, then one takes the trace

of the matrices.

Tre(M~19,M) + %mv + —;—VSTr(M‘IVM) . (181)
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For the next step the following identity is used:
a0 % det M
o det M

This can be shown easily by writing the trace and the determinant in terms of
the eigenvalues of M. With this and TrN = V2§, equation (181) becomes:

TeM(A\) ! =M () =

Oy det M + ! (ViSdet M + VSV det M) =0.

m
This is again the continuity equation (4). Therefore

3*S

poxdetM = det(—aa e
(i)

).

The normalization is again fixed by the initial condition.
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1 Introduction

In this lecture we discuss anomalies in QED and QCD (1], (2]. The physical
picture which we shall present for the class of chiral anomalies is believed to be
universal, independent of the dimension of space used for the formulation of the
theory. However, only in two dimensions a simple fermion dynamics allows us to
develop the picture explicitely, and thus in the first part of the lecture we shall
be concerned with two dimensional QED with massless fermions, the Schwinger
model. In the second part we shall introduce still another class of anomalies,
so called trace anomalies and turn to the question of the implications of the
existence of anomalies on hadronic reactions. In particular we discuss the decay
of a light Higgs particle into a fermion—antifermion pair and the influence of the
anomaly on the branching ratio for decay into leptons vs. decay into hadrons (2}.

2 The Chiral Anomaly in the Schwinger Model

We now study chiral QED in 1+1 dimensions, and in order to be able to extract
the essence of the chiral anomaly we shall simplify the model sucessively. In this
way we shall arrive at a picture for the anomaly which indeed is very simple to
interpret, since it originates from the discussion of fermions coupled to a single
quantum mechanical degree of freedom and the remaining global symmetries.

2.1 QED on a Small Circle

The starting point for these considerations is the QED Lagrangian

1
4e?

£= F  F* +y* (10, + Au) ¥

* Lectures presented at the workshop “QCD and Hadron Structure” organised by the
Graduiertenkolleg Erlangen-Regensburg, held on June 9th-11th, 1992 in Kloster
Banz, Germany
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with the dimensionful coupling constant g (dimension of eg = mass) and the
following choices for the (chiral) representation of the fermion field and the y—
matrices

¢:(¢1 i =02, v =0, 1 =03
(2

The components of the fermion spinor are eigenstates of chirality, i.e. right (left)
handed spinors are

YR = (11(1)1); YL = <£ ); Y¥r = YR, YY1 = —Y1 -
2

Although the dynamics of the fermions is already very much simplified by using
a formulation of the theory in one spatial dimension only, it is nevertheless still
nontrivial. This can be seen easily from the fact that a charged particle is the
source for a linearly rising scalar potential (two static electric charges can not
be infinitely separated in one dimension) which acts as a confining potential for
a particle of opposite charge. Consequently the physically observable states will
not be simply related to the fields appearing in the Lagrangian and therefore
the dynamical problem can not be simple!. In order to simplify the dynamics
further we use the fact that the kinetic energy of quantum states increases com-
pared to the interaction energy when they are enclosed in a small box. Thus
we replace the infinite interval by a circle of finite length and thus introduce a
new dimensionful parameter, the length of the circle L. The advantage of having
another length scale is that the interaction strength can now be measured. It
then becomes possible to go to the limit where ey L is very small and where the
Coulomb interaction can be treated as a perturbation, which actually will be
even neglected in our discussion.

In such a formulation on the circle it is then necessary to specify boundary
conditions for the fields, which we choose for convenience in the following way

L L L L

A“(z = —E’t) = A“(l‘ = §:t); ¢(z = "Evt) = —’(,b(.’li = Eat)

Note that for fermions more general boundary conditions could be used due
to the fact that only bilinears of fermions are important. According to these
boundary conditions we have the following Fourier decomposition of the fields

Au(e,t) =) au(k,t)emre/t (1)
k

Y(z,t) =Y p(k, t)emrHI/L (2)
k

! An argument supporting the existence of confinement independently of the assump-
tion of nonrelativistic motion of the fermions is the infinite difference in field energy
associated with charged states compared to charge neutral states.
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The gauge freedom which we did not yet take into account can then be used to
gauge all Fourier modes of A, away except for the zero mode ai(k = 0,t). This
elimination is achieved by applying the following gauge transformation

L 2xkz
C!(x,i) = —E Mal(k,t)ez kz/L
k#0

which is obviously not applicable for k = 0. The result for the gauge field is
A} = A (z,t) — D1a(z,t) = a1(k = 0,t) = ay

a space independent component a;. In other words a single quantum mechanical
degree of freedom is left, since the gauge we have chosen is just the Coulomb
gauge 8, A; = 0. The scalar potential Ag on the other hand can be neglected
entirely in the limit of very small values for egL which is evident from Poisson’s
equation (in the Coulomb gauge)?

0240 = ~eotply = ag(k,t) x eoL < 1.

Thus in this simplified version we are left with fermions only coupled to a single
quantum mechanical degree of freedom a; (0, t). Since this gauge field excitation
does not carry any momentum, there is no coupling of different Fourier modes
of the fermion field in the Hamiltonian and the dynamics consequently is almost
trivial. Nevertheless the anomaly is still present even after all these simplificati-
ons have been introduced, since it reflects only global features of the theory, as
we shall see soon.

2.2 The Origin of the Chiral Anomaly

The existence of the chiral anomaly is closely related to the fact that despite
fixing the gauge as we did, it is possible to perform further non—trivial gauge
transformations with

a(z,t) = 2—7rna:; n==+1,%£2,....
L
These are compatible with the gauge fixing and with the boundary conditions
since both exp[ia] and 0« are periodic. Since a; changes by 2mn/L under these
transformations, these values should in fact be identified which implies that a,
is itself a periodic variable just like an angle [3]. Before following this line of
argument further we briefly remind you where the notion of an anomaly arises.
The basic observation is that for massless fermions, the case we are dealing

2 Note that the simple argument can be used because of the super-renormalizability of
QED in 1+1 dimensions, according to which we do not have to worry about possible
renormalizations of these expressions.
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with, the Lagrangian posesses two independent symmetries on the classical level.
Namely it is invariant under (phase) rotations

v eyl syle® = a5 =89y =0
and it is invariant under chiral rotations
¥ = e’y gl o pler’s 5 9,5% = 9,9y v =0.

The corresponding charges Q and Qs are conserved and they are just the sum
and difference of the charges of the right handed and left handed fermions re-
spectively. Thus the numbers of these fermions, which differ in their charge and
axial charge assignments as shown in Table 1, are separately conserved on the

Table 1. Charge and axial charge of left and right handed fermions and anti-fermions

A
Q[[+1[+1[-1]1
Qs|l+1[-1[-1]+1

classical level, i.e. in any Feynman diagram which does not contain loops. The
anomaly then consists in the observation that the axial charge Qs is not conser-
ved anymore after quantization.

In order to understand how this anomaly arises we make an additional as-
sumption which will be justified from the result. We treat the quantum mecha-
nical variable a; as a slow variable which may be considered as frozen while we
are solving for the fermionic dynamics. Thus we only have to solve the Dirac
equation for the fermions with a; fixed

[ig—t-+03 (i;—z—al)]tpzo.

Since a; is considered as constant, the solution for the coefficients of the Fourier
expansion (2) is

_ [exp [—iE n t]
o= (2[5 ])
By = (k + %) —2575 +a (4)

Eyr = - (k + 5) A ()
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and we observe that for a; = 0,a; = 27r/L, which are gauge copies, the spectra
are identical. However, having filled the negative energy states for a; = 0 and
changing a, adiabatically from a; = 0 to a; = 27/L we notice that the resulting
state is no longer a vacuum state, since a hole associated with the right handed
fermions and a particle associated with the left handed fermions is produced
(Fig. 1). Thus we observe that the total charge is conserved in this transition,
because particle and hole irrespective of their handedness have opposite charges,
but the axial charge is not conserved and in fact one finds that it changes by
two units. From this observation we can then reproduce the standard form of
the anomaly equation

L .1
AQ5 = —Aaq = Q5 = —/ drA; (ilf,t) (6)
n TJ-L/2
= /dx <j5° - —1-A1) = constant (7
T
Y (] - zea) =0, ®)

negative
energy
states

a = 0
Fig. 1. Single particle levels in the zero mode background field

Introducing the field strength tensor into this expression we recover the form
in which the anomaly is usually expressed

1
8,5% = Er-e‘"’Fw, . 9)

Although the anomaly equation is correctly reproduced including all factors foo-
ting on the observation that the axial charge changes by two units, the rigorous
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derivation of this fact is actually more subtle. Indeed, what is needed is a proper
definition of the charge operators, since the existence of an infinite number of
negative energy states and the necessity of filling the Dirac-sea makes them ill
defined without regularization. One way of defining them is point splitting of the
current operators. However, in order to maintain gauge invariance it is necessary
to add an appropriate line integral over the gauge field. Thus we can define the
current in the following way

i T+e
i = elgrox0 [z/)(:z: + €, t)y, exp {—Z/ Ar(z, t)dz] P(z,t)—- <0|...|0 >]

which results in the expression for the regularized right(left) handed charges
QRr(1)
— Z e—ie[(2k+l)ﬂ/L+01]

kR(L)

Qr(1)

where the sum extends over the occupied states which are different in the vacuum
for right and left handed fermions. In the vacuum defined previously one then
finds

L L

(QL) yoe = “iome + '2—7r'01 + O(e) (10)
(@R)une = oz — o1 + 00 (1)

The singular contribution to the charges can be subtracted, since it is indepen-
dent of the dynamics and just reflects the contribution of the infinite number of
states in the Dirac-sea. One therefore finds that the regularized charge operator
Q = Qr+QyL is time independent, whereas the regularized axial charge operator
Qs = Qr — @ is time dependent through the appearance of a; which is just
the observation of the chiral anomaly. Note also that we have now two facets of
the anomaly; one is level crossing at zero energy, the other comes from ultravio-
let regularization which forces a regularization and allows for appearance and
disappearence of energy levels with energies in the cutoff region.

We thus see that there are in fact three essential ingredients for the existence
of the anomaly

(i) The existence of an infinite number of levels
(ii) Appearance of the Dirac—sea after second quantization
(iii) Level crossing under gauge transformation and the reinterpretation of the
vacuum wave function associated with it.

There is however no dynamics involved in the whole derivation and we believe
this to be true also in gauge theories in four dimensions such as QCD, where
anomalies are known to exist. In these theories, however, the simple reduction of
the dynamics no longer goes through. It is still possible to obtain the anomalous
divergencies of axial currents as an effect of the ultraviolet regularization, but
the connection to level crossing at zero energy can no more be obtained because
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of complicated and basically unknown infrared dynamics in QCD. However, an
understanding of the anomaly in terms of the existence of a level flow leading to
the disappearance of levels in the cutoff region is still accessible.

E(al)r L + ‘ 1
' L] 7 [
4 ly v " 1 " ' {
\ \ i 1| ! ' N
v i L] "t [ ' '
=y 3 LY i ;! 3 §
\ \ oy (AR [ ' |
2 1 \ b 1] ! ' '
\ v J A A ) ' '
1 i ' 1 t 1 ] ' f} '
o [y ' 1 1 \ ] N ' '
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-
(' A 1 . 1 |
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Fig. 2. Effective potential for the a; variable obtained from the Born-Oppenheimer
approximation

2.3 Vacuum Wave Function and Remarks

Let us finally come to the justification for working with a; as an adiabatic varia-
ble. It is obtained by solving the dynamical equation for the gauge field variable
after having determined the fermion state in the presence of a static a) varia-
ble. This is the usual procedure called Born-Oppenheimer—Approximation and
it leads to the following effective Hamiltonian for the gauge field variable, when

the expectation value of the regularized Hamiltonian in the fermionic ground
state is taken

L . .0
< 0ferm.|Hre9I0.ferm. > = 5{‘%0‘124' < Oferm.l - wT(‘T +¢, t) (za - al)

z+e€
exp |:—’L/ Al(z,t)dz] ’l/)(l',t)loferm, > (12)
L ., L[, 7r2)
L2 Lfa. ™ 13
23 T on (al z) + 00 (13)

where La, should be interpreted as canonical momentum associated with a;.
The resulting Hamiltonian, the potential is shown in Fig. 2, obviously descri-
bes a harmonic oscillator in the a, variable which is oscillating with frequency
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wa = eg/+/w. This frequency has to be compared with the corresponding one
for the fermions which according to eqs.(4,5) is wy =~ 1/L and this yields the
justification for the Born-Oppenheimer—Approximation since we find

Eﬁze0L<<1
Wy

We thus observe that filling the negative energy states of the fermions for a; =0
leaves a; oscillating slightly around the value zero; filling the negative energy
states for a; = 27n/L gives an oscillation of the gauge degree of freedom around
this value. Note that large fluctuations around the equilibrium positions would
have invalidated the Born-Oppenheimer approximation. As a consequence there
exist for all n stable solutions which are mapped into each other under gauge
transformations. The true ground state (because of its cluster decomposition
properties [4]) is obtained as a superposition of these equivalent states for definite
value of n which yields the well known #-vacuum in chiral QED(1+1)

o = pa(as - gLIn)  Yn(fermions) (14)
Pyac = Z eiOan (15)

which has the correct cluster decomposition properties. Furthermore, the chi-
ral symmetry is broken in this vacuum resulting in a non-vanishing fermionic
condensate value.

As a final remark we would like to add that the result for the anomaly may
also be obtained by standard use of Feynman graph techniques. It is thus not
inevitable to follow the reasoning of this lecture, where we have put the emphasis
more on the infrared aspect of this anomaly, but it may also be obtained purely
as an ultraviolet effect. (See, e.g., the lectures by L. O’Raifeartaigh or R. Jackiw
in this volume.)

3 Anomalies in QCD and Implications

To discuss the implications of anomalies for hadronic reactions it is of course
necessary to switch to four dimensions and, in particular, we shall discuss the
consequences in “QCD”. Since gauge theories in four dimensions have to be
renormalized, the scale invariance of the classical theory gets lost after quanti-
zation and a length scale is introduced. The consequence is that not only chiral
anomalies occur which may already exist in super-renormalizable theories like
the Schwinger model, but, in addition, one encounters the so—called scale (or
trace) anomalies.
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3.1 Anomalies in QCD

To become more specific, we recall that the classical Lagrangian

1 .
£ = —ZGZ,,G“ B4 Z " (10, + gAu) g

g=u,d,s
is invariant (for massless quarks) under

(i) Scale transformations z — Az

q(z) = X/ %q(Az) (16)
Au(z) = M, (0z) (17)

(ii) Flavor rotations generated by the group SU(3)y x SU(3)a xU(1)a xU(1)v

which have different realizations in nature

(a) SU(3)y isrealized linearly (in the Wigner—Weyl mode, where the ground
state respects the symmetry), leading to SU(3) multiplets in the obser-
ved spectra of hadrons

(b) SU(3)4 is realized non-linearly (in the Nambu-Goldstone mode, where
the ground state breakes the symmetry), causing the existence of the
octet of nearly massless Goldstone bosons

(c) U(1)4 is afflicted with an anomaly (the latter manifests itself in a compa-
ratively large mass of the n'~meson compared to the other pseudoscalar
mesons)

(d) U(1)v is not anomalous and is associated with the conserved baryon
number

By quantization and renormalization two anomalies are induced: the chiral an-
omaly in the axial flavor-singlet current which has already been discussed in the
previous section (in the context of QED)

. nra
225 8 _puvpo rya a
07} in= e € GGy

and the scale anomaly in the trace of the energy momentum tensor 6,

Blas) ba,
no_ aprvme a pv ya . 18
6, 8. G* "Gy, —4,,.G G, + (18)
where a, is the strong coupling constant, 8(as) = —ba?/2x is the renormaliza-

tion group G—function and np stands for the number of quark flavors.
Taking into account the coupling of an electromagnetic gauge field as well as
the gluon field, the scale anomaly gets an additional contribution

04 = c,G*HGS, + crFMF,

and in addition an anomaly arises in the neutral axial isospin current, leading
to the famous contribution to the 7° — 2+ decay at low energies [5], [6]

o* (H'Y#'Ys“ - E'Yu'st) = Za; (Qi - Q?i) P Fuy Foo
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3.2 Decay of Light Higgs Particles

To demonstrate consequences of the existence of anomalies on reaction cross
sections, we assume now that in addition to gluons and photons there exists a
light Higgs particle coupled to heavy quarks. As we shall argue, the presence of
the scale anomaly reverses the naive dominance of the decay of a light Higgs
particle into u*u~ pairs into dominance of the decay into hadronic channels.
We assume the coupling of the Higgs field H to be similar to the coupling in

the standard model

P m
Line ==Y MHFS; Af=<};>
!

with Ay depending on the current quark (lepton) masses m; and the non-
vanishing vacuum expectation value of the Higgs field < H >. Note that the
vacuum expectation value is not generally related to Fermi’s weak coupling con-
stant Gr. We assume furthermore that the mass of the Higgs particle is about
mpy = 1GeV in order to be able to eliminate the quarks much heavier than the
Higgs in low energy reactions deriving in this way an effective interaction. Using
the interaction Lagrangian as given above we expect the cross section for decay
of the Higgs particle into leptons u*u~ to be of the order of

T(H - 28) « A2 M

# BT <H>?

Correspondingly, naively one would expect the decay into pions to be of the order
of (neglecting effects from hadronization which should not depend strongly on

the quark mass)
2 mi,d
F(H—)Z?T)OCAme((—I{—;

and therefore leptonic decay should be favored by two orders of magnitude over
decay into pions
2
o« — ~ 107 .
mu,d

I'(H - 2u)
I'(H — 2r)
Note that due to the similarity in mass of muons and pions we do not have to

worry about phase space factors in order to get a first estimate. However, the
presence of the anomaly reverses this result and one eventually finds that
T(H - 2p) M 1072
—_— x — &= 107°. 19)
I'(H - 2r) 2 (

with anomaly my
The reason is that the transition into virtual heavy quarks decaying in an inter-
mediate stage to gluons has to be taken into account, as well. This then leads
to a decay matrix element of the form
bag

5 GG [m* (p)n™ (p2) >= (1 + )" + O(")

by virtue of the scale anomaly which then becomes proportional to the invariant
mass squared of the Higgs meson.

no anomaly

<0 -
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3.3 The Anomaly Contribution to Higgs Decay

The assertion stated above will be proven in two steps. First we derive from
general principles the form of the matrix element of the energy momentum tensor
for transition from the vacuum into a two pion state. Next we derive the low
energy form of the coupling of a Higgs to gluons by eliminating the heavy quarks.

From Lorentz invariance and symmetry of 6, the structure of the matrix
element must be

My, =< 7t776,,10 > = Ar,r, + Bauqy + C(Tugy + qury) (20)
+ guv (D1¢* + Dor?® + Dsr - q) (21)
with 7, = le) - pﬁz); qp = pf}) +pf,2) (22)

with pf‘l’z) the four-momenta of 7+~ respectively. From charge conjugation
invariance of ,, and the vacuum we have C = D; = 0 and using energy
momentum conservation 9#6,, = 0 this expression can be reduced to the form

¢"M,,, =12Dyqo + q° (Bgo + Cro + D1go) (23)

= D2 = 0; B = —Dl (24)

= Mpu = AT“T,, +B (ql-lqv - g#uqz) (25)

Using the neutrality of 6,,, i.e. [0,,,Q°] = 0, we find A = —B and using

crossing symmetry to relate the upper matrix element to the matrix element
< 7+, |7t >= 2p,p, we find the normalization condition that 4 =1/2.
Having determined in this way the form of the matrix element, we derive
an effective Lagrangian for the interaction of the light Higgs particle. For this
purpose we have to calculate the matrix element for coupling to heavy quarks
shown in Fig. 3a. Asindicated in the figure, the virtual decay of the Higgs particle

short distances large distances
heavy quark loop scale anomaly

A

~Ng ;1’ N .
H qq % H <
q bt
g T
(a) (b)

Fig. 3. (a) Decay of a Higgs particle into pions via the scale anomaly; (b) effective
coupling of the Higgs particle to pions

Vd

into heavier quarks is a short distance effect and leads to an effective coupling
to gluons in a first step (Fig. 4). The gluonic state decays at long distance into
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pions thus causing an effective coupling of the Higgs particle to pions (Fig. 3b).
Therefore one finds from elimination of the heavy quarks the effective interaction
(see appendix)

Qs
12r < H >

and using the relation between the gluon fields and the energy momentum tensor
provided by the scale anomaly (18) as well as the result for the matrix element

Les = HGe, G (26)

<mtaT|ok|0 >= ¢ =M% (27)
we find the effective coupling to pions to be of the form

My H#ts~

Lett 5 -HS

where the energy momentum tensor known from the matrix element (27) has
been replaced by 6%, — MZ#+#~. Therefore the quark masses in the aforemen-
tioned ratio between decay into muons and into pions have to be replaced by

the Higgs mass which reverses the result of the branching ratio as mentioned in
(19).

Fig. 4. Heavy quark loop leading to an effective coupling of Higgs particles to gluons

Although we have been discussing in this lecture only the effect of the scale
anomaly on the decay of a light Higgs particle which is of course still a hypothe-
tical one, we would like to mention that there are indeed effects in pure QCD
to be observed, as well. There are e.g. the S-D—wave contributions to the decay
¥' — J/v + 27 where experimentally found small D-wave contributions can be
attributed to the scale anomaly.

A The Effective Interaction Between Higgs Particles
and Gluons

In this appendix we want to demonstrate how the heavy quark mass in the
coupling of the Higgs particle to quarks is cancelled when deriving an effective
coupling to gluons and how the field strength tensor arises. We work in the
Fock-Schwinger gauge z* A = 0 which allows us to express the gauge field by
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the field strength tensor in the following way. We start from the expression of
the field strength tensor

TGS, = o# (9, A2 - 8, A% + gf*al AS) (28)
=zt -9, (x“AZ) + A2 (29)
=29, A% + A° (30)
and then rescale the z# — az* in order to use

d_(i: (ads(az)) = Al(az) + 2°0,4% (az) = az”GY, (az) (31)

1
= A3(z) = / da oGy, (az)z? (32)

0
=z |tilop G, (0 (33)

=z 5‘{"317 e+ ... p,\().

Using this relation, we can calculate the loop shown in Fig. 4 for heavy quarks
which propagate only over distances of order 1/m, for which the expansion (33)
is valid. The matrix element for H — 2g then becomes

M(H - 2g) = a, [ dizdy A% () A2 (y)Tr {S(2)7"S(y — 2)v* S(~v)}

~ 2263,065,(0) [ dadya?y Tr {515 - 27"S(-))

’\a”G“ a, /d4pTT {S(—p)‘v“[ S(p)] [33: (P)]} i

Introducing dimensionless variables 2 = p/m, we see that the integral reduces

to
[atp. = L

with 7#¥#? independent of m,. Thus we see that heavy quark loops lead to an
effective interaction between gluons and light Higgs particles which only depends
on a; and < H > and we understand the origin of the appearance of the field
strength tensor.
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1 Introduction

In this lecture we discuss QCD sum rules which is a method engineered for the
sake of having an approximate calculational scheme for strong coupling QCD
and in particular to account for non—perturbative effects. The basis of the me-
thod are certain ideas of the structure of the QCD vacuum and the knowledge of
the short distance properties of QCD. The sum rule approach translates hadro-
nic measurements into data characterizing vacuum properties in order to gain
predictive power to be able to answer questions concerning hadronic properties.
The ideas we are referring to are on the one hand the concept of the vacuum
being densely filled by fluctuations of the fundamental fields which may be cha-
racterized globally by condensate values, the most important of which are

< 0|97r—“’GZ,,G°""|0 >; < 0jmggql0 > .

On the other hand we believe that e.g. the simplicity of the interquark interaction
at short distances extends to rather large separations and eventually changes its
character in a comparatively small region, similar in spirit to the bag model. For
this reason only a minimal extrapolation from the well understood perturbative
regime into the theoretically unknown nonperturbative one has to be done and
the errors contained in the method are quite controllable. On the basis of this
picture the success of the sum rule method in reproducing qualitatively the
regularities in the hadronic family in turn provides new insights into the structure
of the QCD vacuum. Although the method is constructed in such a way that
on the one hand it is as close as possible to first principles and on the other
hand allows for readjustment in order to include new experimental as well as
theoretical information (e.g. from lattice QCD or heavy quark experiments) it is
not a systematic perturbative expansion like the a—expansion in QED. Therefore
it can not be used iteratively in order to produce results of arbitrary accuracy
and rather it is intended to generate qualitative insights and results which are
accurate to within 10-20%.

* Lectures presented at the workshop “QCD and Hadron Structure” organised by the
Graduiertenkolleg Erlangen-Regensburg, held on June 9th-11th, 1992 in Kloster
Banz, Germany
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Fig. 1. The polarization tensor in electron positron annihilation

2 The Basic Idea (Pictorial Description)

The fundamental step in the sum rule method is a systematic separation of the
short distance properties which are well known from perturbative QCD from
large distance properties which can not be calculated but which may be parame-
trized using experimental input by means of a few average vacuum expectation
values. In order to demonstrate how this separation arises (for a more formal

[l = e + e+ el e
(as)o ((x,‘)l (as)l

Fig. 2. Expansion of the polarization tensor in the strong coupling constant

derivation see appendix) we now want to consider the polarization tensor II,,,
shown in Fig. 1

T (q) = / < O|T [55(2)55(0)] [0 > €'9"dz (1)

obtained as vacuum expectation value of the time ordered product of charmed
currents

Julz) = e(@)ruc(e) :

which may be used for studying hadronic properties such as charmonium reso-
nances. If we perform an expansion in the coupling constant a, then we find the
contributions shown in Fig. 2 where the fermion lines refer to c—quarks. In these
diagrams, if the momentum q is small, we have heavy c—quarks propagating with
the free fermion propagators [p? + m2]~! since they are propagating over typical
distances of the order of 1/m, for which a perturbative treatment is applicable,
since it is still far below the confinement radius. Calculating only the coupling to
the electromagnetic current, but not considering further strong interactions is of
course not sufficient for a prediction of properties of hadronic resonances, but a
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perturbative calculation of the gluonic corrections using a free gluon propagator
k=2 is inappropriate, as well. The reason is that within the loop momentum
integration long wave lengths and in particular the “on-shell” gluon momentum
k = 0 are contained. But due to confinement the gluon can not become on-shell
and therefore using the perturbative propagator, we would make an essential er-
ror in the physical description and it is clear that other contributions should also
be considered. The physically correct treatment instead consists in a separation

ki
‘%‘——M@w o)
ko ¢

Fig. 3. The high momentum (k* > u?) perturbative contribution to the polarization
tensor

Fig.4. The low momentum non-perturbative contribution to the polarization tensor
is dominated by coupling to gluon fluctuations in the vacuum

of the small gluon momentum region from the large momentum region. In the
k-plane this amounts to cutting out the central region and diagrammatically it
means that we calculate the diagram perturbatively for high momenta down to
some scale u which gives the result shown in Fig. 3. The result for the interaction
with gluons of momenta smaller than u is determined by the diagrams shown in
Fig. 4 showing that the dominant contribution arises from coupling to vacuum
fluctuations and it leads to a u—dependent correction term of the form

< a,G%, GO >, g2
C F(—) (2)

c

4
m,
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containing the non—perturbative gluonic vacuum condensate. To see how this
type of contribution can be derived formally, see appendix. Thus a physically
reasonable description is one where the coupling of the quarks to low momen-
tum gluons is not dominated by perturbative gluons but by coupling to gluonic
fluctuations already present in the vacuum. As stated in the introduction these
fluctuations are then parametrized by condensate values. What is important is
that < a,G? > is numerically much bigger than u* in Fig. 3.

Note that the heavy quarks are for small ¢° always far off-shell and therefore
no non-perturbative correction of the fermion propagators have to be taken into
account. In the case of light fermions, however, the situation is different and one
encounters in addition to the gluon condensate also quark condensates.

3 Pragmatic Operator Product Expansion

The theoretical tool which is almost ideally suited for the purpose of the sum
rule method is the Wilson operator product expansion in which the time ordered
product of currents is rewritten in the following way (using in the sequel the
momentum space representation)

Huv(Q) = (quv - q2guv) Z Cn(‘]: Mg, P)On (/‘) (3)

with coefficient functions C, containing the short distance information, in par-
ticular also the short distance singularities, and non-singular operators O, The
separation of long and short distance effects is built into this expansion, but we
want more and thus come to the pragmatic version of the OPE. We want the
coefficient functions to be determined perturbatively (approximatively) and we
want the expectation values of the operators < O, > to be determined entirely
by non—perturbative effects. This is in fact essential for the method to work, since
only if the expectation value of the operator is dominated by non—perturbative
effects then the exact value of the artificial separation constant z becomes unim-
portant, as will be seen below. Note that this requirement is responsible for the
fact that no pragmatic OPE is possible in two-dimensional s—models beyond
the leading 1/N approximation. Therefore such toy models are of no help in
trying to understand what happens in QCD [1]. In the previous example of the
polarization operator the pragmatic OPE gives the contributions of order 1 and
o shown in Fig. 5a and 5b which are associated with the unit operator and
the contribution 5¢ stemming from the coupling to the vacuum fluctuations as-
sociated with the operator G, G*#”. Since we want the pragmatic version of
OPE to be approximately va,hd we would like to eliminate the y—dependence
in these expressions. For this purpose we note that due to the fact that u may
be chosen large enough that all non—perturbative effects occur at k? < p® and
at the same time p/m. < 1 (see Fig. 6) and that we know that the artificial u—
dependence gets cancelled by perturbative contributions to < a,G? >, we can
neglect the u—dependent contribution in the perturbative part (Fig. 5b). Since
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Fig. 5. Result of the pragmatic operator product expansion: (a) Polarization tensor
without corrections from strong interactions; (b) Perturbative correction to the polar-
ization tensor; (c) non—perturbative correction due to coupling to gluon fluctuations in
the vacuum

on the other hand the condensate is adjusted by experimental input (it turns
out that (a,G?) > u* (Fig. 6) we can forget about the u—dependence entirely,
besides logarithmic corrections in the non—perturbative contribution. The coef-
ficient function F(q?, m,) is determined in perturbation theory (see appendix).
In order for the pragmatic OPE to have a chance to be valid two important

k>D(k?)
20

~10-20
10

TTrrrrrrirrrrrrrrTrTrTr7

<
g

2
(Agen)’ k

Fig. 6. Qualitative behavior of the gluon propagator in QCD

conditions have to be fulfilled!:

(i) The transition from the perturbative to the non—perturbative regime must

be abrupt. Then, taking into account only global vacuum properties may be
sufficient.

! In this example there are only two such conditions. In general they may be other
conditions, as well, if other operators have to be considered in the expansion.
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(ii) p* <€ <a;G?*> in order for the exact way of separating the regions of large
and small momenta to be of no importance.

In QCD both conditions are fulfilled which may be concluded from the success
of the method. In addition one can easily show that the value of the gluon
condensate is much bigger than what one would predict perturbatively using
gaussian wave functionals. Consequently there must on the one hand exist a
serious deviation from the perturbative value of the gluon ‘propagator’ D(k?)
and on the other hand this deviation must be restricted to rather small values
of k? extending not far beyond A2QC p as may be concluded from the success of
perturbative calculations.
Therefore we expect D(k?)

k.k
Duv(k) = D(kz) [g;u/ - ";211] (4)
to have the qualitative behavior shown in Fig. 6 and in particular the required
abrupt change from one regime to the other. Note that e.g. in two—dimensional
o-models k2D (k?) at k ~ 0 is only about two times bigger than it is at large
momenta, confirming thus the impossibility of applying the pragmatic OPE [1].

4 The Fiducial Domain

Following the approximate prescription outlined above which implies that per-
turbation theory has to be put into the coefficient functions C, and only non-
perturbative effects into the operators O,, we find for the polarization tensor
the result {2]

Huu (q) = (nguv - quq.,) H(qz) (5)
2 2 2 3/2 ~3 2
2y _ q <a,G*>_ ¢ <ay*G® > _ ¢
II(q )—Fo(m—z)+———m3 Fz(m—g)+———mg F3(m—z)... . (6)

If all terms in this series were known we possibly could perform the sum and
determine the position of the poles and the residues of IT(g) and thus find the
charmonium resonances. Obviously this is not the case and on the contrary it
may even be not meaningful to extend the expansion far beyond a few orders,
since it is an asymptotic expansion. Therefore the idea is to keep only the first
terms containing only a few vacuum condensates which characterize average
vacuum properties and try to go as close to the pole as possible. The expansion
is then supposed to work in the so—called fiducial domain which is characterized
in the following way:

(i) One is able to stay sufficiently close to the lowest lying resonance pole, where
the higher states should not contribute strongly

(ii) One can stay sufficiently far away from the lowest lying pole so that only a
few terms in the expansion and the corresponding condensates are needed.



176 M. A. Shifman

One should be aware of the fact that none of the ingredients of the sum rule
method neither the pragmatic OPE nor the presence of a fiducial domain are
obviously present in any theory. E.g. in two-dimensional c-models one can ex-
plicitely show that both are absent. In QCD one is often in a better position,
but not always, and there exist exceptional cases especially in connection with
states carrying vacuum quantum numbers and spatially large states (high spin
states and radial excitations).

In practice the lower bound in Q? for the fiducial domain is simply determined
by the requirement that the terms in the expansion become successively smaller;
the upper bound is determined by the requirement that higher excited states,
the contribution of which is estimated by semiclassical methods, still do not
represent a dominant effect.

The condensates which are usually used for parametrizing the non—pertur-
bative effects are the following ones [2]

(i) <a,G§,G** > determined from the mass and residue of the J /1-resonance

(ii) < ol 2f""°GZ"G,‘3 ?G4# > determined e.g. from the instanton vacuum

(ili) < mqdq > determined from the theory of chiral symmetry breaking according
to Gell-Mann-Qakes-Renner and using PCAC [2], {3], Chap. 5.5
(iv) < @o**G,uq > is determined from sum rules for nucleons [4]

(v) < @lqqlq > with I' = 1,y ,y#4%, ... is calculated under the assumption of
factorization [2].

Thus there are five numbers needed as input to the calculations which then
allow us to determine masses, residues, magnetic moments, charge radii, etc. of
all hadrons with J < 2 and without radial excitations. As already mentioned
the method may fail because of the missing fiducial domain as is the case for
0%~ —glueballs, the '-meson, Goldstone bosons and radial excitations.

5 A Technical Device — Borelization

In practical applications of the sum rule method there is in many cases a technical
device needed in addition in order to achieve a sufficient rapid convergence of
the expansion. The device we refer to is borelization (it amounts to performing
a Borel transformation) and it consists in applying the following operator B2
to the function under consideration which is IT(g?) in the case at hand [5]

3 - ()" ( 9 )"
y = - 7
By ﬂhm 1) By (7)
-¢* = 0

2
with M?= —% = fized . (8)



QCD Sum Rules 177

Application of this operator e.g. to inverse powers of ¢> gives

B (3) = im @Oy o
-¢> 500
- w2 (5r) +amo(3) w

Thus under the Borel transformation a function f{z) goes into a function f(})
with the property

fl@) =) azt — fO) = Zk',\"
k

which obviously has better convergence properties. In the case at hand —1/¢?
plays the role of the variable x and 1/M? that of A and we want to apply the bo-
relization to dispersion relations involving IT(g?) (11) which are needed in order
to be able to relate the theoretical expression to experimental measurements as
it is discussed in the appendix. From the dispersion relation

Im II(s)

s —q?% +ie
0

< 2> + Ci

IT1(g%) = subtr. const + l/ds (11)

<O >

@

~ Coln(~¢?) + C;~——2=

we obtain after borelization (a simple calculation shows that the logarithm trans-
forms into a constant)

I(M?) == /d —ImII(s)e —a/M* (13)

<02> < Oy >

~=Co+ Cy———=— +...+Ck'(k—:l—)!-m~zv (14)

where (13) follows from borelization of the expansion

1
-9

k
. R s
BMZ 3 > = —BMz Z -————( 2)k+1 (15)
1)k+1gk 1 .
Z k! M2 k+1 Xﬁe_S/M ’ (16)

Thus instead of suppressing large s values in the integration by 1/s we have
achieved after borelization an exponential suppression.
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6 A Quantum Mechanical Example

In order to provide you with a concrete idea about the fiducial domain, we now
want to discuss a very simple example, a single particle bound in a harmonic
oscillator potential V (r) = mw?r?/2. The object corresponding to the polariza-
tion tensor is in this example the recurrence amplitude for the particle being at

time ¢; = 0 at the origin and being detected at the origin again at time t; = —i7.
This is measured by
S(ry="3., IR (e ™" (17)
n=0,2,4,...
with:  S(7) = 4nG(zy = 0,t2 = ~iT;2, = 0,¢; =0) . (18)

Since the exact Greens function for the harmonic oscillator is known, we have
an exact result for S(r) to compare with

The ground state energy (corresponding to the pole position in the polarization
tensor) can be obtained from the limit r — o

T—00 T

Eo = lim [-5"’—111(5(7))] = gw.

However, we do not want to use the knowledge about the large 7-behavior but
instead assume that we only know the small 7 expansion from some perturbative
calculations (e.g. starting from the free particle Greens function) where a large
number of states contributes. We therefore have to start from the approximate
result

) 3 [i+ wr _ (wr)? | 2(wr)®

—g S =gw |+ 5 - T 945

It is of course not possible to extract from the finite sum the correct large
7 behavior and therefore the correct ground state energy. However, there is a
fiducial domain, where on the one hand not very many levels contribute and
on the other hand the expansion does not yet blow up as it is shown in Fig. 7.
Obviously it is still possible to find a reasonably good estimate for the ground
state energy within the fiducial domain. In numbers this means that we obtain
from keeping two terms in the expansion as an estimate Ey = :/'2‘§E0 ezact Which
deviates by 15%, from four terms we get Eg = 1.06 Egezqct, i.€. a 6% error and
the estimates may even be improved by using a rough model for the higher lying
levels.

Keeping this simple example in mind, we come back now to the previous
discussion of the polarization tensor, but discuss instead of charmed currents
and the J/y-resonance the slightly more complicated case of the p-resonance.
In this case we find the result shown in Fig. 8 [2]. Again there is a fiducial
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Fig. 7. Fiducial domain for the determination of the ground state energy in the har-
monic oscillator

domain? where the sum rule approach (including fermionic condensates of light
quarks) reproduces quite well the p—meson resonance the contribution of which
is obtained by approximating the polarization tensor by the pole term only. This
gives rise to the following imaginary part and transformed polarization tensor

ImiIl,_meson{s) ox 6(s — mf,) => ﬁ(Mz)

and the corresponding result shown in Fig. 8. Outside of this fiducial domain
the method fails for different reasons: In region I the failure is due to the incom-
plete summation in the polarization tensor corresponding to the failure in the
harmonic oscillator example at large values of w7, in region II more resonances
than just the p become important and the result may be improved by taking
into account higher lying resonances in the form of a continuum contribution
which sets in at s = so and may be approximated by a perturbative calculation

[2]

1 /00 dsilm II"""(s)e_”/M2
T Jso M?

As shown in Fig. 8, M can be chosen as small as the p~meson mass, but smaller
values are due not accessible to the finite expansion. At this value one is sensitive
essentially only to this resonance and the nonperturbative corrections play only
a miner role.

? Note that after the Borel transformation was applied the fiducial domain appears in
the variable 1/M? and not in 1/¢* anymore.
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Fig. 8. Fiducial domain in the channel of the p-resonance. Regions I and II are ex-
plained in the text.

7 Non-factorizable Amplitudes in Weak Decays

Since the sum rule method is by now already more than ten years old and is nicely
described in reviews, we now want to turn to a recent application which goes
beyond a simple repetition of the more traditional ideas mentioned previously.
In this example we intend to demonstrate how the old ideas can be combined
with new ones, in this case concerning the weak decay of B-mesons (6].

wh d
= b c .
e — T
d d

Fig. 9. B-meson decay

We want to consider the weak decay of b—quarks which is described at low
energies by the effective Hamiltonian

Hy = WVC,,VM [6101 + 0202] (19)
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with:  O; = (&I"b:) (d;T,u;) (20)
02 = (g;*b;) (diT,u;) (21)

with I, = ,(1 — 4°) and V., Vi, elements of the Kobayashi~-Maskawa matrix.
The interaction takes place via the ‘usual’ operator O; and an additional color-
twisted operator O, which has to be taken into account due to the possibility of
hard gluon exchanges, which are not considered explicitely.

Now let us consider the weak decay of B~mesons

B Dt +7= (bd = cd +da) .

The contribution of the operator O, in powers of 1/N, (the leading one is drawn
in Fig. 9) can be shown to be {7]

- i, _ 1
< D*77[04|B® >=< x~|d[™*u|0 >< D*|cl,b|B° > +0(57z)

without a first order 1/N, correction. Although this matrix element nicely fac-
torizes which may also be seen from the figure, the same is not true for the
matrix element of the operator O,. The reason is that this operator not only
contains a singlet-singlet coupling at 1/N, level but it has a contribution from
an octet—octet coupling, as well

0y = — (c,r b:) (d; Tuj) + 2 (6 0*¢%:b:) (diluteu;)
which follows from the well-known SU(N)-identity
1 a
8:i0x1 — N‘Sil(sjk = 22/\?1' Kl -

Although in the literature factorization is assumed also for this operator, the
non-singlet contribution does not allow such a treatment. In addition the ex-
perimental data seem to favor no 1/N, corrections at all which means that in
the operator O, the factorized singlet-singlet part has to be cancelled by the
non-factorizable octet-octet part.

To understand the experimental result and to demonstrate that in fact the
factorizable contribution is cancelled by the non—factorizable one we consider
the heavy quarks (c,b) as very heavy M, — o0, M, — 0o, My - = const in
order to simplify the kinematics. In this limit one finds for the factonzable and
non—factorizable parts in the matrix element of 0.

N = i fx
< D+”—’02,B0 >factorizable = "Ni'zMQO (22)

zmH

yrr ——72Mgo (23)

< D+’A’_‘02‘Bo >non—factorizable &
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where m,y controls the B, B* mass splitting as will be shown later. The ratio
of the factorizable to the non-factorizable amplitude is then found to be

—1A | D 2
< D*r |02|B0 >non-—factorizable _ _NcmaH ~ _
— A= = 2¢2
< Dtr |02|B0 > factorizable An* f2

1 (24)

and therefore the two contributions to the matrix element of O, indeed cancel
almost entirely in agreement with the experimental result.

'é—o

Fig. 10. Matrix element A®

In order to understand this result we now consider only the octet part in 0,
which is denoted O and instead of concentrating on the on mass—shell amplitude
we rather focus on the following matrix element

AP = /d“ze"q” < DT [Og(O)ﬂ(I)’)‘a’)’sd((E)] |B® >

which is shown in Fig. 10. For large (euclidian) values of ¢ only small values of
z contribute to the integral and therefore the matrix element can be rewritten
in the form

2% ¢°¢ ) 1
f= 11 + a po = a 0 -
A= —tgm g < D7 l9canpe G2l BT > +0 <q4>

where the OPE has been used to replace the time ordered product of light quark
fields analogously to the discussion in the appendix. In the leading order in 1/q?
the dual of the gluon tensor appears which is physically clear due to the fact

that without coupling to an external field the matrix element of O; in a singlet
state vanishes.



QCD Sum Rules 183

Fig.11. Saturation of the axial current by pions

For the kinematics which was assumed (b,c—quarks infinitely heavy) we can
simplify this expression further, since all contributions proportional to the velo-
city of the heavy quark v are suppressed and we obtain (G** denotes the dual
of the field strength tensor)

¢* < D¥|gG3 er*t°b|B® > = ¢° < D*|gGy,ey'y°t°b|B® > (25)
= —2Mq° < “D*”|he - BR|“B®” > . (26)

We see that I, reduces to ,7° because of parity and simplifies further to v;y®
due to the fact that yoy® is off-diagonal and causes thus the appearance of a
factor of v. Furthermore we can neglect the contributions with G;;7* since the
corresponding matrix element must be proportional to the velocity, as well, as it
is easily understood in the rest frame of the b-quark. We thus obtain (26) if we
make use of the fact that the strong interaction is flavor blind such that in the
limit of very heavy quarks they can be represented by a universal operator h and
the corresponding states, e.g. |“B°” > without distinguishing b and c-quarks
anymore. The interaction which is left is nothing but the magnetic coupling oB
in an effective heavy quark theory represented by the operator

ocB
H=ou

which is known experimentally from the B, B* mass splitting

myy = — < Blh(¢B) h|B >= % (ME. — M%) ~ 0.35GeV? .
Using this result we then find for A8
1 qﬁ
Aﬁ = 22-8';—2'5'2-7713” (27)
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which gives the result (24) quoted previously if the pion leg is amputated from
AP. This means we assume saturation of the axial current by the pion field
(Fig. 11) and obtain the decay amplitude by eliminating the vertex f, and the
pion propagator. Thus the result (27) has to be devided by i/¢* to eliminate the
propagator and by i f,¢? to cancel the unwanted vertex contribution in order to
obtain the decay matrix element (23).

A The Operator Product Expansion
for the Polarization Tensor

This appendix, which was not part of the lectures, is intended to supplement
the pictorial description of the sum rule method and in particular the pragmatic
operator product expansion with the practical technical procedure [2], [5]. The
aim is to show, how

(i) fermionic condensates may arise in the pragmatic OPE
(ii) gluon condensates arise
(iii) how the diagrams in Fig. 5 are generated.

Starting point is the time ordered product of currents in the polarization tensor
which is decomposed using Wick’s theorem in the form

T [55(2)is(0)] = =Tr {< 0T [c(0)&(2)] 10> 74 <O|T [c(2)&(0)] 0> 70}
+ :&(z)yuc(x)E(0)y.c(0): + :&(z)y, <O|T [c(z)E(0)] |0> v..c(0):
+: 5(0)y, <OIT [c(0)2(2)] 0> 7uc(z) :

which is also used in the context of deep inelastic scattering [8]. This result is an
identity independent of the nature of the state |0 > if the normal ordering intro-
duced refers to this particular state, as well. Usually we are used to dealing with
the vacuum state of a noninteracting theory, and calculating matrix elements of
the interacting fields ¢, ¢ such as < 0|T [ci(z)&;(0)]|0 > gives not just the free
fermion propagator but all perturbative radiative corrections as well. In the sum
rule approach we, however, have in mind that the vacuum is already filled with
fluctuations of soft gluons and therefore we do not want to identify the vacuum
with that of the free theory, but we want to have soft gluons contained in it
already. Thus |0 > should neither be viewed as the trivial vacuum nor as the full
physical vacuum since it is assumed to be trivial with respect to the heavy fer-
mion operators and non-trivial with respect to gluonic ones. Because of normal
ordering with respect to a trivial fermionic vacuum, it is already obvious from
the decomposition that fermionic condensates may arise if the normal ordered
operators have non—vanishing expectation values in the true physical vacuum as
it is the case for light fermions. Thus the appearance of fermionic condensates
is already understood.

In order to motivate the distinction further we want to start from the Lag-
rangian of QCD and introduce a separation of the gluon field g, = h, +a, which
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should be viewed as the corresponding separation into soft and hard gluons re-
spectively which was discussed previously. Doing this we find the field strength
tensor G, expressed in terms of the field strength tensors Hy,, and A, of the
soft and hard gluons respectively and an interaction part which is not of interest
for the following discussion

G, G*" = H; H*" + A} A**" + a, — h,~coupling terms (28)
= H; H*" + (Oja, — 8,a,) (0¥a" — 3"a") + interaction terms .

The decomposition expresses the different treatment of the gauge field parts.
While h,, is treated as a known background field which eventually is parametrized
by vacuum condensates, a,, is treated as usual in perturbation theory. The full
QCD-Lagrangian then takes the form

1
£=¢(v*D, -m)c— -;— (Ouay — Bva,) (8%a” — 8%a¥) — EH;L,H“" (29)
+ g&y"a,c + interaction terms (30)

where D,, = 9, —igh,, is the covariant derivative with respect to the background
field. The difference mentioned already before expresses itself on the level of the
Lagrangian in the treatment of the parts in (29) as diagonalized whereas the
parts in (30) are treated as interactions being not yet taken into account. That
we do not use covariant derivatives D,a, instead of d,a, is because we want to
expand finally simultaneously for small a, and for small H,,. As a result of this
difference we find, neglecting the couplings to a, for the moment, the following
fermion propagator in the background field

< O|T [e(y)&(2)] [0 >=< | [y* (8, + ghy — m)] " Jy >= So(z,) -

Taking into account the coupling to the perturbative gluons, this propagator is
modified in the usual way by addition of radiative corrections.

Now we want to come back to our interest of performing an operator product
expansion for the polarization tensor and to this extend we have to evaluate
the background field propagator. We use again the Fock-Schwinger gauge (see
appendix of [9]) and obtain

50(2,0) = <2 [(1*pu — m) (1+ ("B — m) ™ g7°h, )] o> (31)
=<z [1 — (v*pv —m) " g7hy + (D0 — m) " 97°h, (17 P5 — mY32)
97 hy .. (PP —m) 10 > . (33)

Expressing the gauge potential by the field strength tensor and expanding around
z = 0 which is possible for heavy quarks, we find up to order g the result

So(z,0) = S¢(z) — /d4sz(1: —2)gy h,S(2) £... (34)

= S;(z) - gH,, (0) / $28;(x — 2)72?S;(2) £...  (35)
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where S; denotes the free fermion propagator without background field. Note
also that the latter is translational invariant wheras the former is not since the
Fock-Schwinger gauge breaks translation invariance.

If we finally insert the result for the background field propagator into the
expression for the product of time ordered currents we obtain one contribu-
tion without gluonic field strength tensor which is just the perturbative result
(Fig. 5a) and which should be corrected still by taking into account the pertur-
bative gluons as well giving then rise to the contribution in Fig. 5b. Then there
are two terms containing one gluon tensor which vanish due to the trace ope-
ration and finally there are three contributions with two gluonic tensors which
exactly correspond to the diagrams in Fig. 4 and 5c. Thus we have shown how
these terms arise, how they are related to the G? contribution in the OPE and
we have demonstrated how perturbative corrections arise. In addition we pointed
out where light fermion condensates may enter which however is irrelevant for
the discussion of heavy quarkonia.

B The Comparison of Theoretical
and Experimental Results

So far we have just shown the derivation of the polarization tensor within the sum
rule approach. What is still missing is the presentation of how we usually compare
to experimental results which is actually done by using dispersion relations, as
we mentioned earlier. In order to get rid of the unknown subtraction constant,
we write it in the form

d _ 1 o.(s)s
@) = g / ds e (36)

with the fine structure constant «, the c—quark charge Q. and the cross section
for charm production in et-¢~—annihilation s.(s). Since this cross section is
measurable the right hand side of equation (36) may obviously be obtained from
experiment. On the other hand it was already determined theoretically so that
the comparison is straight forward. In practice, however, one usually compares

moments M,,
1 d\"
M,==|-—) I
= < dq2> (¢°)

or performs in addition a Borel transformation (2].

q*=0
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1 Introduction

The Skyrme model is a field theory of mesons and baryons based on a non-
linear chiral Lagrangian which only contains meson fields explicitely [1]. Baryons
arise in this framework as soliton solutions. These solutions carry a topological
charge, or winding number, the conservation of which explains baryon number
conservation in a natural way.

At first, the Skyrme model did not attract much attention because the idea
of composing baryons out of bosonic fields seemed much less intuitive than in-
troducing elementary baryon fields. Later came the success of the concept of
quarks and antiquarks as elementary particles composing all forms of hadronic
matter, which was corroborated by the systematics of the hadron spectrum as
well as deep inelastic scattering experiments revealing the existence of a hadron
substructure.

The concept of quarks and antiquarks as fundamental fermion fields ulti-
mately led to the formulation of Quantum Chromodynamics (QCD), thought
to be the underlying theory describing strongly interacting matter. However,
the connection between the quarks in QCD (“current quarks”) and the original
“constituent quarks” making up the hadrons in precursor models seems rather
tenuous. The constituent quarks used in nonrelativistic quark models to calcu-
late the hadron spectrum are at best rather complicated collective excitations
of the underlying theory, and the successes of the nonrelativistic quark model in
many respects merit the qualifier “surprising”.

On the other hand, it became apparent that there also exists a rather non-
trivial connection of the Skyrme model to QCD in the context of the 1/Nc¢-
expansion. Subsequent studies of the phenomenology of the model led to rough
quantitative agreement with the properties of the low-lying baryon states obser-
ved experimentally. Even though the Skyrme model suffers from all the limita-
tions of an effective theory and its connection with QCD is not straightforward

* Lectures presented at the workshop “QCD and Hadron Structure” organised by the
Graduiertenkolleg Erlangen-Regensburg, held on June 9th-11th, 1992 in Kioster
Banz, Germany
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to establish, it is formulated as a quantum field theory and as such contains a
priori more information than a more phenomenological approach like the nonre-
lativistic quark model. Thus, the Skyrme model represents a point of view which
may be able to complement the nonrelativistic quark model in many ways.

The present account will first review large-Nc QCD and the connection of its
Feynman graph expansion with the one of an interacting meson theory. Then the
Skyrme model in its simplest (two flavour) form is formulated and the emergence
of baryon solutions is exhibited. Baryon quantization is discussed. The model is
generalized to three massless flavours and the substantial difficulties connected
with the introduction of a strange quark mass are exhibited. It is shown how
these difficulties can be addressed by the bound state approach to strangeness
[2]. In conclusion, extensions of the model are speculated upon.

2 Large-Nc QCD

In the low-energy regime, the running coupling constant of QCD becomes large,
thereby invalidating conventional perturbation theory. In search of a different
expansion scheme, 't Hooft introduced a generalization of QCD to the gauge
group SU(N) with arbitrary N [3]. The theory simplifies greatly in the limit of

i i i

———
AN <====p

—————t—
j i j

Fig. 1. Double line notation for gluon lines.

infinite N because only planar Feynman diagrams contribute to leading order
in N, as will be seen below. The realistic case of N = 3 can subsequently be
reached by perturbing in 1/N. The Lagrangian is

L=g,[iv" (698, — gAY) — 6 ma)q), + %’I‘r(F,“,F“") (1)

where the A:] are traceless, anti-hermitian N x N-matrices and the field strength
is

F,, =08,A, —0,A, —g[A,, A)] . (2)
The colour indices (4,7) run from 1 to N, and the flavour index a from 1 to
N¢. The classification of diagrams according to order in N follows from the
observation that the quark fields have O(N) components, whereas the gluon
field has O(N?). The gluon A% can, for the purpose of colour-index counting, be
roughly thought of as a quark-antiquark pair ¢'g’, which graphically amounts
to introducing the “double-line notation”! (Fig. 1). This notation serves as a

! This identification is not meant to go any further than to give a convenient repre-
sentation of the fact that the gluons are in the adjoint representation of SU(N).
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Fig. 2. Examples of Feynman diagrams in double line notation

convenient bookkeeping device when determining the order in N of a Feynman
graph. E.g. in the one-loop corrections to the gluon propagator shown in Fig. 2
the gluon loop insertion contributes a factor g>N, since the index k runs over
N values, whereas the contribution of the quark loop insertion merely is of
order g2. In order to achieve a smooth limit as N grows to infinity, the coupling
constant has to be scaled down such that g>N -+ const. Otherwise, adding
gluon loops introduces ever higher powers in N, which makes the theory diverge
uncontrollably. Internal quark loops are thus suppressed by a power in N.

g

J:CDJ ¢=>JGDJ~92N2~N

g

Fig. 3. N-dependencies of Feynman diagrams.

Next, one may consider the two-point function (J(z)J(y)) of quark bilinears
J such as gg,§v,q, 7579, etc. The contributions of lowest order in the inter-
action can be represented in the following way, where the leading dependence
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on N can be easily read off, taking into account that each quark loop in the
double line notation contributes a factor N due to summation over the colour
index (see Fig. 3). One can convince oneself that all planar graphs are of order

Fig. 4. N-dependencies of planar diagrams.

N, since each additional gluon line on the one hand induces a factor g2 from
the vertices, and on the other hand divides a loop into two, thus contributing a
factor NV (Fig. 4). Non-planar graphs, on the contrary, are suppressed by at least
two powers in N, as can be seen in the following example, which in the double-
line notation consists of only one quark loop, but possesses four vertices (Fig. 5).
Thus, to determine the leading behaviour of the two point function in the large-

R O

Fig. 5. N-dependencies of non—planar diagrams.

N limit, one needs to sum all planar graphs with only one quark-antiquark pair
present at every point in time (as was mentioned above, additional quark loop
insertions are also suppressed, by a factor N). This sum of planar graphs can be
interpreted as creation, propagation, and annihilation of a meson. Therefore, to
leading order in IV, the two point function has only single-meson poles

TERIR) = 3 (ORI 5=y ~ N - 3

It follows that (0|J|n) ~ v/N, and therefore the meson decay constants are of
order O(v/N). Note that this simply stems from the fact that, when creating or
annihilating a meson, one counts O(N) possible initial and final gg pairs which
differ only by the colours of their constituents; it does not mean that the coupling
constant of the weak interaction becomes large. Indeed, in practice, one would
rescale the effective meson field by a factor VN to arrive at a more appropriate
scaling behaviour for the decay constants.

Next, consider three-point functions of J. A typical planar contribution is
shown in Fig. 6. In meson language, this graph amounts to creation of a meson,
decay into two mesons, and subsequent annihilation of the two mesons. It is thus
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J

Fig. 6. N-dependencies of three—point functions.

proportional to f3g;, where f is the meson decay constant and g3 is the three-
meson coupling constant (Fig. 7). Since the whole graph is O(N), and f ~ VN,

93
f

Fig.7. Three-meson vertex.

the coupling constant behaves as g3 ~ 1/ v/N. Similarly, one can convince oneself
that the four-meson coupling behaves as g4 ~ 1/N. In general,

92+4n ~ N—n/Z (4)

Thus, mesons are free in the limit N — oo. In N = co QCD, there is an infinite
tower of stable mesons.

Furthermore, there are graphs with intermediate pure glue states (glueballs),
which are suppressed (Fig. 8). This large- N argument seems to be the only simple

J
J ~1
J

Fig. 8. N-dependence of graphs with intermediate glueballs.

way to explain the OZI-rule (suppression of intermediate pure glue states) which
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approximately holds in nature. In the meson language, this behaviour amounts
to weak coupling of mesons to glueballs (Fig. 9) where the spiral line denotes a

Fig. 9. Meson-Glueball coupling.

glueball state.

If one treats the theory beyond the leading order in N, one has to include
graphs of increasing topological complexity. On the one hand, there are graphs
with quark loop insertions (Fig. 10), i.e. quark-antiquark sea fluctuations, which
in the meson language amount to sums over meson loops. On the other hand,

1 L
L ————

Fig. 10. Suppressed graphs with quark loop insertions.

there are non-planar gluon configurations which can be visualized as a planar
meson with a gluon handle (Fig. 11). All new types of graphs can be translated

1 1
"W

Fig. 11. Suppressed non—planar configurations.

into the language of mesons and glueballs. In this sense, QCD with a finite
number of colours is a field theory of interacting mesons and glueballs.

This, however, immediately poses the question of how baryons could arise in
such a picture. For the following argument, the number of flavours is assumed to
be one. When N = 3, there does not seem to be a big difference between mesons
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and baryons: Meson wave functions are constructed out of ¢'g’, baryon wave
functions involve ¢;;xg'q’q*. For large N, however, the generalizations of these
expressions exhibit a fundamental difference: Mesons still consist of a quark-
antiquark pair, but baryons now must contain N quarks in order to be able to
antisymmetrize N colour indices. Thus, meson masses are of O(1), whereas the

baryon mass is
N(N -1)
5 ©)

where T, is the quark kinetic energy and Vpair the interaction energy between a
pair of quarks (12). Inspection of the graph leads to the conclusion that Vi, is

Mg Nqu+NTq +me‘,-

- —>-

—— -»

Fig. 12. Quark—quark interaction.

of order O(1/N). As a consequence, baryons in the limit N — oo have a mass
of order N and therefore do not appear in the 1/N-expansion. For instance, the
creation of a baryon-antibaryon pair is a nonperturbative process which cannot
be simply described in terms of Feynman diagrams.

Baryons are best thought of in terms of a Hartree-Fock expansion {4]. If only
two-body forces between quarks are assumed, then each quark feels a force of
order O(1), composed of the forces due to the N — 1 other quarks, each of order
O(1/N). For large N, then, a mean field approximation should be very good. In
the non-relativistic Hartree-Fock ground state, each quark is in the same spatial
wave function, which could be determined if the quark-quark interaction were
known exactly. However, even without detailed knowledge, it is possible to derive
the leading-order behaviour of many baryon properties. Whereas baryon masses
are of order O(N) ~ O(1/g?), sizes and cross-sections are of order O(1), and
mass-splittings between low-lying baryons are of order O(1/N) ~ O(g?). This is
the typical behaviour of soliton solutions (such as magnetic monopoles), which in
the weak-coupling limit become heavy, rigid objects, which can be treated semi-
classically. These considerations led to a revival of Skyrme’s model [1] (5], who
long before had already suggested the possibility of viewing baryons as soliton
solutions of mesonic field theories.
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3 The Two-Flavour Skyrme Model

It is extremely difficult to rewrite QCD in terms of a theory of infinitely many
interacting mesons and glueballs. As a first approximation, one considers a world
with two massless flavours and truncates to the lightest (massless) mesons, the
pions. This, the simplest form of the Skyrme model, can be used to test the
notion that the lowest-lying baryons can be interpreted as soliton solutions of a
mesonic Lagrangian. The chiral pion Lagrangian is?

2
1
— i t — t 112 6
L 161‘r(8“U6uU )+ 32621&[6,,UU ,0,UU " (6)
where U is an element of SU(2):
U(x,t) = exp (21;‘") (7)

and 7 is the pion field. The flavour transformation properties of U can be derived
via the observation that

UE ~ (@hdia) 8)
where 1+ )
Ys — 75
=5 = ) 9
qL 59 - 4R 54 9)
Under SU(2); and SU(2)g, respectively,
qra = AlqLs (10)
qra — B2qRg (11)

and therefore, under SU(2) x SU(2) chiral rotations,
U— AUB™". (12)

In the vacuum (meaning here, the classical solution of lowest energy), U = 1,
and thus SU(2) x SU(2) is spontaneously broken down to the diagonal (4 = B)
SU(2)y subgroup, i.e., the isospin. If U is expanded in pion fluctuations near
U=1,

2iT-m™

fx

and the N-dependences f, ~ VN, 1 Je~ VN are assigned, then the pion inter-
action terms are consistent with the large-N rule ga4n ~ N -n/z,

U=1+

+... (13)

2 This is a similar Lagrangian as the one used in chiral perturbation theory [6]. In the
simplest form of chiral perturbation theory, one starts with the first term of (6) and
adds mass terms, which are then treated perturbatively. In the Skyrme model, the
empbhasis is different. In order to be able to study the baryon sector, it is crucial
to include the second term in the chiral Lagrangian (6), without which the classical
soliton solution would collapse to zero size [7]. Mass terms are introduced additionally
at a later stage of the treatment.
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In addition to small fluctuations around U = 1, which are interpreted as
pions, the model has static solutions which are stable for topological reasons,
with U taking values all over SU(2). This can be seen as follows: One can
parametrize the SU(2) field as

U=up+iu-7. (14)

Unitarity of U gives the constraint uZ + u? = 1, and therefore the SU(2) group
manifold possesses the topology of a 3-sphere S3. Now, if one considers static
configurations where U — 1 sufficiently rapidly as r — oo, then all points with
r — oo can be identified into one point which is mapped into U = 1. This stands
in analogy to the situation in complex function theory, where the complex plane,
together with the point at infinity, can be identified with the Riemann sphere.
Thus, instead of maps from R® to S3(SU(2)), the problem is reduced to maps
from $3(space) to S3(SU(2)). These maps fall into homotopy classes labeled by
an integer winding number

1
B =
2472

/ dEBze*P (8, VU AU U, UUT) . (15)

The winding number is invariant under any smooth deformation of U and there-
fore is conserved in physical processes. This provides the motivation for Skyrme’s
identification of the winding number with the baryon number. One can further
define the baryon number current

B* =
2472
and check that 9,B# = 0 is satisfied identically, without use of the equations of
motion. This is another way to see that B is conserved in smooth evolutions of
U.
The simplest non-trivial configuration is a one-to-one map from space to
SU(2) with B = 1. Such a solution can be constructed via the hedgehog ansatz

**PYTX(8,UUT 35U U, UUT) (16)

Uo(x) = exp(iF(z)7 - &) = cos F(z) + iT - Zsin F(z) (17)

with F(0) = 7 and F(z) — 0 as z = oco. If F(z) is monotonic, this is a one-to-
one map, with the origin mapped into the south pole of SU(2), i.e. Up(0) = —1,
and the point at infinity mapped into the north pole, Up(co) = 1. One can check
by straightforward calculation that the winding number satisfies

2 oo
B=-——/ F'sinf® Fdz =1. (18)
T Jo
A special property of Uy is that, for arbitrary F(z), it possesses a symmetry
under combined spatial and isospin rotations. If one denotes the operators of

spatial and isospin rotations by L and I, respectively, then Uy satisfies

(I+L)Uo = [%,Uo] —ixx VU =0. (19)
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The classical solution within the B = 1 sector is found by minimizing the soliton
mass with respect to the radial function ¥

. 2
fr /°° o, |1 /dF\?> 1sin*F sin? F (dF)
M =d4r=—= dri=| — - 1+2——+4( —
Feorr8 ar) T1 e M R
where, for convenience, z has been replaced by ef,r.
Next, quantum excitations of the classical soliton solution must be conside-
red. Because of isospin invariance, if Uy is a solution, so is AUpA~. Thus, the

lowest-lying excitations are slow rigid rotations, A — A(t). A is now regarded
as the quantum mechanical variable, a collective coordinate. If

U(r,t) = A(t)Uo(r)A™1(t) (21)

(20)

is substituted into the action, one obtains the collective coordinate Lagrangian,
L=-M+ Qr‘n'(aoAaoA—l) (22)

where the soliton moment of inertia {2 is

2n 9, . 9 g Sin’F
= _ . 23
N 3e3fn/T dr sin F[1+4((F) + 2 (23)

When quantizing this Lagrangian, it is convenient to parametrize
A=ag+ia-7 where al+a’=1. (24)

Then the Lagrangian becomes

3
L=-M+202) () (25)

1=0

and the Hamiltonian takes the form

1 2
_ N 26
H M+87§,~ ; (26)

with the conjugate momentum IT; = 4£2a;. Canonical quantization is achieved
via II; - —id/0a;, and thus,

1 o2
=M- — 27
H=M 3 QV (27)
where V? is the Laplacian on the 3-sphere 3_a? = 1.

One would like to construct baryon wave functions of definite isospin and
angular momentum. The generators of spatial rotations and isospin rotations
are classically

dA
Jy = .QTr(TkA‘IE (28)
dA?!

Ik = O’D'(TkA dt

) (29)




198 1. Klebanov

which upon quantization becomes

1 1) ad a
1 _ _ —_ 30
Jx 3 (ak Bag ap Bas €xImal 6am) (30)
i g d ad
_t _ _ — 3. 31
I, 5 (ao Ban a 300 Ertm G aa,,.) (31)
One can check that 1
J2P=1= _sz (32)
and therefore the Hamiltonian becomes
1
=M+ —J?. 33
H +557 (33)

All wave functions satisfy the I = J rule.

Since A and —A give the same matrix U, as can be inferred from (21), there
are two ways to quantize the soliton. One can choose between ¥ (A) = ¥(—A)
and ¥(A) = —y(—A). Consider as an example the wave functions®

$(A) = (ao +ia1)" . (34)

One can check that they are eigenfunctions of spin and isospin with I = J = 1/2.
If one now chooses 1(A) = 1)(~A), then I must be even, and the soliton is thus a
boson. Conversely, if 1)(A) = —1(—A), then [ is odd and the soliton is a fermion.

In the two flavour case there is therefore a choice, and in the following the
fermion option will be adopted. In the three flavour case, this choice will no
longer exist, and the soliton will be seen to be a fermion for N odd and a boson
for N even.

Once the two-flavour soliton is chosen to be a fermion, the allowed quantum
numbers are I = J = 1/2,3/2,.... The I = J = 1/2 states are identified with
the nucleons, and the I = J = 3/2 states with the deltas. The wave functions
are given by

(Alp 1) = 1/7 (a1 + ia2) (35)

(Aln 1) =i/7 (ap +ia3) (36)
(A|ATHs, = 3/2) = V2/7 (ay + iag)® (37)
(A|lA*,s, = 1/2) = —V2/7 (a1 + ia2)[1 — 3(aZ + a2)] (38)

and so on. The quantum numbers of nucleons and deltas are thus successfully

reproduced. Presumably the states with higher I and J are artefacts of the

rigid rotator approximation, since for them the rotational energy approaches
the energy of the static soliton. The masses of nucleons and deltas are

M M 13 Ma=M+ 1.5

NE=Mtagg o Ma=Mt gy

® One can easily check that all linear functions of the a; are automatically eigenfunc-

tions of I and J2.

(39)
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where

fx 2w
— 2=509——.
e ’ 093621‘7r

M =365 (40)
Fitting the nucleon and delta masses, one arrives at f, = 129MeV and e = 5.45,
which can be extracted from 7 ~ 7 scattering. This is about 30% off the expe-
rimental values. In this fit, M(5/2) = 1730MeV, i.e. E;,; > M, and therefore
the semiclassical treatment is inapplicable because deformations of the soliton
due to rotations and vibrations become dominant. In an exact treatment, these
states are expected to become unstable due to their rotation. Higher N admit
semiclassical treatment of more states, roughly up to I = J ~ O(N).

One may now compare the phenomenology of the Skyrme model with the one
obtained from a large- IV nonrelativistic quark model in its simplest form, with
essentially no dynamics. In Hartree-Fock approximation, low-lying baryons have
all quarks in the same spatial orbital. Therefore, the spin-flavour wave function
must also be totally symmetric (since the colour wave function, being a singlet,
is totally antisymmetric). This constrains the spin and flavour Young tableaux,
which are identical, to the form shown in Fig. 13 where the total number of

] 111 B I111]

S b

I=)J=1/2 I=]=3/2 I=)J=5/2

Fig. 13. Young tableaux for the spin-flavor wave function.

boxes has to equal N. This corresponds to the systematics found in the Skyrme
model. Furthermore, if one assumes a spin-dependent pair interaction between
the quarks,

A 3
§H =\ ij =3 [J2 - ZN] (41)

i<
then the energy takes the form

A
H=M+ 5.12 (42)

as in the Skyrme model. Thus these two very different concepts of the baryon
lead to very similar predictions. Because of the dynamical nature of the Skyrme
model, however, one can extract a large amount of further information from
it than from the quark model. Results are shown in table 1 where u denotes
magnetic moments and g coupling constants.
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Table 1. Results from the two flavour Skyrme model

Prediction|Experiment
rms (I=0)( 0.59 fm | 0.72 fm
magnetic || 0.92 fm | 0.81 fm
rms {I=0)
bp 1.87 2.79
Hn -1.31 -1.91
[p/ tin] 1.43 1.46
g4 0.61 1.23
gxNN 8.9 135
gaNA 13.2 20.3

4 The Three-Flavour Skyrme Model

In view of the encouraging success of the two-flavour Skyrme model in describing
nucleons and deltas, it seems natural to extend the model to include strange
particles. The standard procedure would be to start with three massless flavours
and then attempt perturbation theory in the quark masses. The discussion will
show that mass perturbation theory fails, and alternative treatments of finite
strange quark mass will be elaborated upon in the sequel.

4.1 Massless Fermions

The Skyrme model with three massless flavours differs from the two-flavour case
in some important ways. A naive generalization of the latter would be

2 1
= Iz 1 b $12 4
L 16’1\'(6,,U6‘,U )+ 3262’IY[6,‘UU ,0,UUT] (43)
where U now is an element of SU(3):
U= exp (?%—M) (44)

and the components of M are the pion field, M® = II® for a = 1,2, 3, the kaon
field, M* = K*° for a = 4,5,6,7, and the eta, M® = 5 for a = 8. Unfortunately,
this Lagrangian possesses a symmetry which is not present in QCD, namely
separate invariance under “naive parity” x - —x,t — ¢ and under U = U t (or
equivalently, M* — —M¢?), which is an operation which counts the number of
Goldstone bosons modulo 2. In QCD, these symmetries are separately broken in
processes like

KtK- 5 atn (45)
where an even number of Goldstone bosons decays into an odd number. QCD is
only invariant under the combination of the two transformations. It is not hard
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to specify the correction to the equation of motion which allows processes such
as (45)

1
Oy (gf,%Ufa,,U) +o AUt UL UTGU = 0. (46)
However, the term in the action, called the Wess-Zumino term, from which such

a modification of the equation of motion follows, is very subtle and cannot be
written in local form, as a four-dimensional integral

_ in
24072

Swz = / Pz P T(UOU ... UTB,U) (47)
Q
where the integral extends over a five-dimensional surface @ with space-time
as its boundary and U has been smoothly continued into the interior of the
surface. One feature of this term which is crucial for the description of baryons
as solitons is the fact that the coefficient n must be an integer. This results from
an ambiguity in the definition of the 5-surface over which the integral extends
(see Fig. 14). The difference between these definitions is the integral over the

QI

Q

Fig. 14. Boundaries Q,Q’ for the integration in the Wess-Zumino term

5-sphere formed by the union of Q and Q':
n

ASwz = -5

/ &z PI (U9, U ... U, U) (48)
Que’

which can be shown to be a multiple of 27 if n is an integer. Only then does
this difference not introduce any ambiguity in quantum mechanical amplitudes,
since path integrals only involve exp(iSwz).

In order to specify which value of n is compatible with QCD, one can couple
the chiral theory to electromagnetism [8). The Wess-Zumino term introduces an
effective interaction describing the decay 7° — yv:

2
ne
Lint =
int 487(2 f7r

woe“”aﬁF#,,Faﬁ (49)

which gives agreement with the amplitude calculated from the triangle diagram
if one chooses n = N, the number of colours. Similarly, one can show that
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the VAAA anomaly is reproduced correctly if n = N. The Wess-Zumino term
incorporates all the effects of QCD anomalies in low-energy processes involving
photons and Goldstone bosons?.

As mentioned above, the Wess-Zumino term is crucial for the interpretation
of baryons as solitons in the SU(3) Skyrme model. The soliton solution has the
same form as in the two-flavour case, since it is the SU(2) subgroup of SU(3)
which possesses the topology of a 3-sphere S® and which thus allows for non-
trivial mappings S3(space) — S3(SU(2)):

3
Uo(!‘) = exp (IF(T) Z /\,‘f,‘) . (50)

i=1

If one considers the change of phase in the wave function of the soliton generated
by Swz as it is rotated adiabatically through the angle 27, i.e.

U(r,7) = exp(iTA3/2)Up(r) exp(—itA3/2), 0<7 <27 (51)

then one finds Swz = mN, which corresponds to a phase factor of (—1)™. This
means that the soliton is a fermion for odd N and a boson for even N, in agree-
ment with QCD. To do this calculation, one has to find a smooth extension of
U(r,t) into the interior of the manifold D, x S3, whose boundary S* x S3 is space-
time, in order to be able to evaluate the Wess-Zumino term [8]. Furthermore,
the Wess-Zumino term imposes strong constraints on the SU(3)y X SU(2)pin
quantum numbers of the baryons. This results after collective coordinate quan-
tization

U(r,t) = A(t)Uo(r) A7 (¢) (52)
which gives the effective Lagrangian for A(2):

2 : NI 4 g -1 4\2 _ ;
L_—E;(Tr/\jA A) —5§(ﬁAaA A)? —i

N Ly
2——\/§'I‘r()\s.4 A)  (53)

where the moments of inertia £2 and ¢ are functionals of the profile function
F(r). Numerically one has

2= % , = % . (54)
Convenient coordinates are given by
.
AT A= ; Aid; (55)

* This was the original motivation for the Wess-Zumino action: to introduce the effects
of the anomaly into the Lagrangian, at the classical level.
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which leaves the Lagrangian
c—”i(a)uéi(a)u N & (56)
=+ j 5 a ——=as .
2 J=1 2 a=4 2\/3

If the canonical momenta to the a; are denoted by m;, then the Hamiltonian
reads

3 7
1 ]
g 1,2, Ly 2 57
507 ]_Zzl "t o ;4 Ma (57)

and there is a constraint on the wave functions originating from the Wess-Zumino
term, because as only appears linearly in the Lagrangian:

N
msW(A) = —=¥(4) . 58
Since the m; generate right rotations on A, this constraint implies
¥ (Aei*Y) = e N/3g(4) (59)

where Y = )g/v/3 is the normalized hypercharge. In order to implement the
constraint on the wave function, one can write it in the general form

¥(A) = (I, L, Y| D®V(A)I, I,Y") . (60)

All the irreducible representations of SU(3) can be characterized by a pair of
integers p and g [9]. The elements of the (p,q) representation form a traceless
tensor with p upper and q lower indices symmetric in the upper and lower indices
separately. Thus every SU(3) group element A can be represented by a N, 4y x
N(p,q) matrix D(P9)(A) acting on the states of the (p,g) representation, where
N(p,q) is the dimension of the representation. Thus the form (60) denotes a
complete set of functions on the SU(3) manifold, where the states are labelled
by their isospin I, its third component I3, and the hypercharge Y. Because of
the group property

D9 (4B) = DP9 (A) DP9 (B) (61)

the constraint (59) implies that the allowed wave functions must have the right
hypercharge index Y’ = N/3, and therefore the representation (p, ¢) must con-
tain a state with hypercharge N/3:

¥(A) = (I,1;,Y|DPD(A)|I', I}, N/3) . (62)

Now the SU(3); x SU(2)spin quantum numbers of the wave functions may be
derived. Under SU(3)s, U — FUF~!, which reduces to A — FA for the rigid
rotator ansatz (52), and therefore the wave functions transform as

(1,15, Y|D®PD(A)I', I3, N/3) — (63)
(I, I;, Y| D®O(F)| ", I, Y")(I", I} Y"| D\P9 (A)|I', I}, N/3)
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Thus, the left set of indices (I, I5,Y’) are the flavour indices which transform in
the (p, g) representation of SU(3).

Similarly, under rotations, Uy - R™1UpR, where R is an SU(2),pin, matrix,
and therefore A + AR~!. Hence, the right indices (I, I}) of the wave function
transform under rotations. The angular momentum carried by the wave function
is thus (J, J3) = (I', —I3). The constraint may now be phrased in the following
way: An allowed SU(3)s x SU(2)spin representation must contain a state with
Y = N/3 and I = J. The smallest representations for N = 3 are the octet
[(1,1);J = 1/2], containing the nucleons, and the decuplet [(3,0);J = 3/2],
containing the deltas. In addition to the correct description of the quantum
numbers of the lowest-lying observed baryons, the Skyrme model contains an
infinite tower of exotic multiplets, which again is presumably an artefact of the
rigid rotator approximation. A more complete treatment, as exhibited further
below, explicitely shows that some of them are unstable.

It is useful to again compare with the large-N quark model. Just as in the
two-flavour case, the spin and flavour parts of the Hartree-Fock wave function
must have identical Young tableaux with N boxes each (Fig. 15) where (a) cor-

] . 1] B 111

(a) (b) (¢)

Fig. 15. Young tableaux in the N-flavor model.

responds to the large-N analogue of the octet, (b) of the decuplet, etc. Each of
these representations satisfies the Skyrme model constraint. Again, the quan-
tum numbers of the low-lying states of the Skyrme model agree with those of
the quark model. However, the Skyrme model contains other representations
which cannot be constructed out of quarks alone. These states have higher mas-
ses and considerations further below will show that rigid rotator methods are
not trustworthy in describing these exotic baryons.

Next, the mass splittings between the multiplets must be considered. Acting
on the allowed wave functions, the Hamiltonian (57) can be simplified to

1 1
(pg) — — (ctro _ 1) — N2/12 64
M 5+ 1)+ 52 (CO9 — J(J +1) - N?/12) (64)
because for i = 1,2, 3, n; = J; and furthermore,
8
Z 2w (P (4) = CPDPPI(4) (65)
i=1

where C(P9) is the value of the (quadratic) Casimir operator in the (p, g) repre-
sentation. If N = 3, then the relevant SU(3); multiplets are the octet, for which
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C(1) = 3, and the decuplet, for which C39) = 6. Therefore, for N = 3, the two
lowest multiplets have the masses

3 3

MO =My + o5+ 42 (66)
15 3
M“m=A@+gﬁ+ZE. (67)

Just as in the two-flavour case, the mass splitting between the two lowest mul-
tiplets is AM = 3/2f2 ~ 1/N. More generally, one can show that the mass
spectrum has the form

1
— 68
M Mcz+2QJ(J+1) (68)

+ E .
This again agrees with the form found in the large-N quark model with 3;3; pair

interactions (see the section on the two-flavour case). Thus for three massless
flavours, the Skyrme model is a success.

4.2 Mass Perturbation Theory

In order to treat finite strange quark mass, one must introduce into the Lagran-
gian a mass term of the form [6]

ml 2 000
Lop=-—"271r 1000 | (U+U'-2) (69)
8 001

which explicitely breaks the SU(3) symmetry. In the effective Lagrangian for A,
this induces a term

m2 000 100
Lm=—2"Tr|000} A} 010} A4} (70)
2 001 000

where a = 107/ f,€3. In the Gell-Mann—Oakes—Renner treatment of meson mas-
ses, first order perturbation theory in the quark masses works quite well even
in the three-flavour case. Using the baryon octet wave functions to attempt a
similar treatment in the framework of the Skyrme model, one finds

MN =M = 58 T (71)
1 2

= —_ = = - 72

ms m+10:z: ms m+10$ (72)

where m = M) 4z and 2 = m% a/3. Even the splittings between these masses
are in bad disagreement with nature. The observed values are

mja—my = 176MeV my—my = 718MeV 2(m;: —m;;) = 250MeV (73)
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whereas the Skyrme model gives equal values for the three quantities.
Furthermore, one can extract the different flavour contents

000
ss~Tr[ 000 | (U+U'-2) (74)

001

100
au~Tr| 000 | (U+U'-2) (75)

000

) 000
dd~Tr (010 | (U+U'-2) (76)

000

and arrives at [10]
(3s)n _ l (3s)a _ E_ (77)
(tu+dd + 3s)y 30 (tu+dd+3s)p 30 °

Thus, a very high strangeness content of the nucleon results, which would imply
that the sea is not suppressed. However, this prediction is not trustworthy, as
the calculation of the mass splittings already indicates. It seems that first order
perturbation theory in the masses is not sufficient and the effect of the strange
quark mass on the Skyrmion wave function must be included.

In the following, N will not be fixed, but it will be treated as a variable, in
the spirit of a 1/N expansion. Compared with the two-flavour case, the size of
the SU(3)s representations grows considerably more rapidly with increasing N.
Since the strange quark mass is by definition of order O(1), it induces a mass
difference of order O(N) between the highest and the lowest strangeness mem-
bers of a multiplet by simple counting of the number of strange quarks. On the
other hand, in the SU(3)-symmetric case of zero quark masses, the splittings
between the different multiplets are only of order O(1/N). Thus the concept of
a weakly broken SU(3) symmetry fails as N grows. Instead of looking at entire
multiplets, it is more meaningful to focus on states with strangeness of order
O(1), which are the large-N analogues of N, A, A, X, £*, etc. The lowest stran-
geness members of the representations are shown in Fig. 16. Since the multiplets

J and B L1

s e

Fig. 16. Young tableaux for states with strangeness of O(1).

contain baryons with up to O(N) strange quarks, the wave functions for baryons
with O(1) strange quarks only extend O(1/N) into the strange directions in the
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collective coordinate (A) space. This suggests the possibility of constructing a
perturbation theory based on these deviations leading to 1/N expansions for
various baryon observables.

4.3 Rigid Rotator and 1/N Expansion

Consider a soliton which rotates in the SU(2) subgroup and carries out small
rigid oscillations into the strange directions [11]. To describe this object, the
SU(3) collective coordinate A can be decomposed as

A(t) = B(t)S(t) (78)
with

B(t) € SU(2), S(t)=exp (iZda(t)/\a) : (79)
a=4

Since the kinetic energy associated with B is of order O(1/N), one can ignore
the SU(2) rotation in the O(1) treatment. Expanding the collective coordinate
Lagrangian, including the mass term, to second order in the strange deviations
d,, one finds
L= L45+ Lor (80)
with R
mico
2

This describes a particle of mass 4¢ on a plane (d;,d;) with a normal magnetic
field N and a quadratic potential symmetric about the origin. The quadratic
potential simply originates from the strange mass, whereas the magnetic term
comes from the Wess-Zumino part. Thus, even when the strange mass is swit-
ched off, the magnetic field (which is of order O(N)!) prevents the particle from
moving far in the (i,7) plane and perturbation theory in the deviations is ap-
propriate. Of course, for vanishing mass, there is no reason to choose the corner
of flavour space with small strange content as the one relevant for describing the
lowest-lying baryons; only introducing the strange mass guarantees the corner
with low strange content to be the one with the lowest energy.

The classical frequencies of the circular motion in the magnetic field are the
roots of

. . N . .
Li; =28(d; +d2) + E(d,-dj - d;d;) - (&2 +d?) . (81)

4¢w? + Nw = mka (82)

N mx \’ , N?
N (e M2 = ~0(1 83
Yt 3o 1+<M0> 15 T R ORI

Asmg — 0, w; — N/49, the cyclotron frequency, and w_ — 0, which expresses
the degeneracy of the Landau levels. If one defines a doublet

D_'\/_i(de—id-,) 64

i.e.
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then the Lagrangian for the strange degrees of freedom can be written as

L£=48D'D + i%(D*D - D'D)— am%D'D (85)
and the Hamiltonian is
1 iN N2
=t “(otp - pt P 2 tp 86
H, 44511 II+8¢(HD DII)+(16¢+amK>D (86)

where IT is the momentum conjugate to D. To diagonalize Hy, one can trans-
form to the basis of creation and annihilation operators

) 7 —1/4
mg 1
D= —|1+|—= a+b (87)
vN [ \ Mo) ] ( )
. 211/4
t-_t mK t_b 88
I 2‘/5‘7[“(1\40)] (et —b) (88)
with My defined as above. In this basis,
1 ty 4 L t
Ho = §w_{a,a P+ §w+{b1b . (89)
The eigenstates form a Fock space
Ins,ns) = (a')™ (b')"*10) (90)
Holns,ns) = w- +wy + nyw- + nswy (91)

Ins, ns) looks as if it contains n, strange quarks and n; strange antiquarks. States
with n; # 0 are exotic states, which are usually presumed to be artefacts of the
rigid rotator approximation. In an improved treatment, which will be exhibited
below, these states disappear. Even in the rigid rotator approximation, in the
limit of vanishing strange mass, it takes energy w; = N/49 ~ O(1) to create an
extra strange antiquark (as opposed to replacing a u- or d-quark by an s-quark,
which takes no energy).

One can now evaluate the strange content of the low-lying baryons to leading
order in 1/N

_ (8s)B N t — 2
- (Gu + dd + 3s)p (0[P DI0) = N/1+ (mg/Mop)? 2)

where B denotes any finitely excited state. Thus, the mean squared deviation
in the strange direction is of order O(1/N), which justifies the perturbative
approach presented here for large N. A standard fit gives My =~ 250 MeV,
which signifies appreciable non-linearities at mx = 495 MeV, thus invalidating
perturbation theory in the mass. In meson physics, all quantities are typically
expanded in powers of (mg /4n f,)? ~ 0.25, which is why the higher powers can
usually be neglected. The results presented here imply that, in contrast to meson
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physics, which only is concerned with small fluctuations about the vacuum, a new
mass scale My < 4w f, emerges in baryon physics. Possibly, (mx/M,)? should
be identified with O(m,/Aqcp ), which is the expected expansion parameter.

The baryon states (90) carry no definite isospin or angular momentum. In
order to identify the eigenstates of I and J and to find the energy levels to order
O(1/N), the collective coordinate B(t) must be excited. A convenient form for
the 1/N correction to the Lagrangian can be given in terms of the angular
velocity da/dt defined by

BB = Sawm (93)
where 7; are the Pauli matrices:
6L = %n(a,-)z +i6;(28 — 2)(D'r;D — D',D) - %Nd,-D*nD : (94)
The resulting Hamiltonian reads
H = Hy + H, + O(1/N?) (95)
with
H, = % [Jud - %(HfTD -~ DtrII) (1 - %) + %DTTDF ~ O(1/N)

(96)
where J,4 is the momentum conjugate to a, which is the analogue of the net
angular momentum of the u- and d-quarks. The full angular momentum can be
obtained by considering the behaviour under spatial rotations, Uy — RUGR™1,
which acts on B and D as D —+ R™'D and B —+ BR. Using Noether’s theorem,
the total angular momentum turns out to be

J=Ju+J, (97)

where 1
J, = 5(afq-a —brbt) . (98)

Under isospin rotations, by contrast, U — FUF ™!, and therefore B — F B and

D — D. Thus isospin is only carried by the SU(2) rotor wave function, i.e.

I = I,4. Each unit of strangeness carries 1/2 a unit of angular momentum and

no isospin. Notice that these are just the quantum numbers of a strange quark.
The wave functions are sums of products of the form

ins, nas)x1(B) (99)

which carry a definite isospin I and a well-defined total angular momentum.
Since the rotator wave functions x; satisfy the J,4 = I rule, there is a further
constraint on the quantum numbers: For odd N, the baryon is a fermion and
must therefore carry half-integer spin. This forces states with even strangeness
to carry half-integer I; states with odd strangeness must carry integer /. This
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leads to the actually observed baryon quantum numbers. A few of the lowest
wave functions are as follows, where the labeling is |ng, ns)|Iug, Jue):

|N) =10,0)[1/2,1/2) |4) = 10,0)[3/2,3/2)
|4) = [1,0)]0,0) |Z) =[I11,0|1,1)]s=1/2 (100)
12 ={11,0)11,1)] y=3/2

Next, one can compare the predictions for the masses with the ones from the
non-relativistic quark model. In the latter,

Hyrom =mo+m|S| +my Y 30k +mac Y 2igr +maé 3 g13x  (101)
i<k il 1<K

where small indices refer to light quarks and capital ones to strange quarks. The
parameter mg is of order O(N); m; is the difference between the constituent
masses of the strange and the light quarks, which is of order O(1); m, measures
the quark-quark interaction, which is of order O(1/N). SU(3) breaking means
my > 0 and, typically, ¢ < ¢ < 1. The spectrum is of the form

1
Hnrom =my +mY + % (cJ(J +1)+ (-0 (I(I +1) - ZW)
+t c':;“‘_ 2CYZ> : (102)
The Gell-Mann-Okubo mass formula
2(MN+M5)=3MA+ME (103)

is fulfilled if 1+&—2¢ = 0. A good fit to the octet and the decuplet is achieved with
mg = 1062 MeV, m{ = —192 MeV, my = 2/3 MeV, ¢ = 0.67, and ¢ = 0.27. Note
how far ¢ and ¢ deviate from the SU(3)-symmetric values ¢ = ¢ = 1. Usually,
the Gell-Mann-Okubo formula is justified by chiral perturbation theory. In view
of the obtained values for ¢ and ¢, this seems to be the wrong explanation, and
it may only work by accident.

In the rigid rotator model, one obtains a mass formula similar to Hyrom
by evaluating matrix elements of H; ~ O(1/N). Comparing coefficients gives

4w 2

m2=1/(2, Cz:l_m’ c=cCc .

(104)
H,, however, does not contain the full 1/N corrections. In order to keep track
of strange-strange quark interactions, one needs to include all terms up to order
D*. Comparing with experimental data gives w = 248 MeV, my = 196 MeV,
and ¢ = 0.25, which is very far from the empirical value ¢ = 0.67. This induces
incorrect relative splittings between A, ¥, and X*, which is a further indication
that the rigid rotator approach is insufficient.

Up to now, the rigid SU(3) rotations have simply been split up into a SU(2)
part and one describing rigid rotation into the strange direction. However, once
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the kaon becomes massive, rotations into the strange direction are only approxi-
mate collective coordinates. In an exact treatment, deformations of the soliton
as it rotates into the strange direction must be included. These effects become
significant for sufficiently large strange mass.

4.4 The Bound State Approach to Strangeness

Due to the strong deformation effects, a treatment of general fluctuations in the
strange direction about the basic SU(2) Skyrmion is needed [2]. A convenient

parametrization is
U=+VU Uk Ux (105)

where

3 .7
: | )
Uy = exp % Sy Uk = exp (T’ S :,\.,K“) (106)
i 7=1 T a=4

where ); are the usual SU(3) generators. Similar to the last section, one can
organize the expansion in kaon fluctuations (which amounts to a 1/N expansion)
in terms of the doublet®

1 (Ky—iKs\ (K%t 107
w= 7 (ki) = (ks 1on
where the K, however, are no longer quantum mechanical variables, but fields,

which allows for a description beyond the rigid rotator approximation. Further-
more, one can define a “covariant derivative”®

DK = 8,K + %[\/U;,am/U,]K (108)
and a quantity
1
A, = 5{\/U;,am/u,,} : (109)

After expanding the Skyrme Lagrangian to second order in K, one arrives at
the kaon-soliton interaction Lagrangian

L= Ls;(Us) + (D, K)'D*K —m%K'K
1
e?f2

{2(D,,K)*D,,K’I‘r(A“A") + %(D“K)TD#KI&(a,U;a"U")

—%K*K {Tr(a“U;a“U,,) + Tk[agU,UJ,aquUllz}

1
-af
-6(D,K)t[A”, A*]D,K}

iN

+FB“(KTD,,K -~ (D.K)'K) . (110)

% This can be justified more generally by the theory of non-linear SU(2) x SU(2)
realizations, see [12).

® This is motivated by the analogy to the minimal coupling in gauge theory; here one
essentially treats the motion of K in the “background field” of the soliton.
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The last piece originates from the Wess-Zumino term. It describes the interac-
tion of a charged field (the charge here being the strangeness) with a “vector
potential” B¥, which is the baryon current. This is the only term which distin-
guishes between s < 0 and s > 0 in a fixed baryon number background, which
again illustrates the crucial role of the Wess-Zumino term.

The Lagrangian (110) reduces the problem to the motion of kaons in the
classical background of the SU(2) soliton. For large N, the solitons rotate slowly,
with velocities of order O(1/N). Therefore, to find the kaon energy levels to O(1),
it is sufficient to consider propagation in a static background Ur(r) = Uy(r)
which is symmetric under simultaneous spatial and isospin rotations T = I+ L.
The kaon eigenmodes can be written as

K(r,t) = k(r,t)Yr7, - (111)

The effective Lagrangian for k(r,t) is

L=4rn / drr?(f(r)k'k+ix(r) (kT k — EYk) — h(r)kYK — kT k(m + Vegs(r, T, L))

(112)
where f, A, h and V.s; depend on the soliton profile function F(r) [2]. The cor-
responding variational equation reads

— f(r)k+ 2A(r)k + 0k =0 (113)
where 14 J
0= r—zd—rh(r)rzg —m = Vegs(r) . (114)
Expanding k in terms of the eigenmodes,
k(rit) =) (kn(r)e®tb}, + kn(r)e™*"*a,) (115)
n>0

one obtains the eigenvalue equations

(f(r)w2 + 2X\(r)wp + O)k, = 0 (116)
(f(r)@? — 2X(r)dn + O)kn = 0. (117)
Using the hermiticity of O, one finds the orthogonality relations
4r / dr 12k ko[£ (1) (@n + wim) + 2M(1)] = Snm (118)
47r/d1‘ P2 Bk [f(r) (@n 4 @m) = 2X(1)] = 6nm (119)
47r/dr P2k Em[f(r) (wn — Om) + 2X(r)] = 0. (120)

Upon canonical quantization, these relations insure that

[an1 aln] = 6nm [bn; bln] = ‘snm . (121)
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The Hamiltonian reads

H = ¥ (Guntanal} + jan{ontl)) (122)
n>0
and the strangeness charge is measured by
S= blb,—alan. (123)
n>0

The lowest kaon bound state is found in the T = 1/2, L = 1 channel (S = -1);
numerically, its energy is wps ~ 160 MeV. This is the state on the basis of which
the A, ¥, and X* are constructed below. By contrast, its strangeness conjugate
is pushed out into the continuum by the Wess-Zumino interaction. This is an
example of how the exotic states appearing in the rigid rotator approximation
can disappear in a more complete treatment. There is also a more weakly bound
state with T' = 1/2, L = 0 which corresponds to negative parity baryons, such
as the A(1405). This state constitutes a success of the bound state approach,
since it generally appears at much too high energies in other models. It is also
not present in the rigid rotator approximation.

To construct the A, X, and X*, one must carry out the SU(2) collective
coordinate quantization:

Uo(r) = B(t)Up(r)B~1(t) K(r,t) - B(t)K(r,t) (124)

where K is the kaon field observed from the rotating frame. One can show that
the quanta of K, which are annihilated by a, and b,, carry no isospin and have
angular momentum given by T = I + L, which is fractional. A meson bound in
the T =1/2, L =1 orbital has J =1/2, I =0, S = —1, which are the quantum
numbers of a strange quark.

The picture of the hyperfine splittings is basically the same as in the rigid
rotator model and the non-relativistic quark model, except that here

Jdrrik*kg(r)

N L B OESY) (125)

where
Alr) = 2N2 22 F'sin® F (126)
) =14 ZF Ly (127)

g(r) = §f cosZ(F/z) - ;25 {g;[rzF' sin F] — gsnﬁ FcosZ(F/2)} . (128)

Numerically, one now finds ¢ ~ 0.6 in good agreement with experiment. The
mass splittings

1- 3
nc Mse = Mg =5  Ma-My=—  (129)

Mz — My = 20 20
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come out with approximately the correct ratios.
Comparing with the rigid rotator treatment, one finds that a small rotation
in the strange direction produces a meson with the profile function

k(r) ~ sin(F(r)/2) (130)

in the T = 1/2, L = 1 orbital, i.e. all formulae of the bound state approach
reduce to the rigid rotator approach upon substitution of (130). The advantage
of the bound state approach manifests itself in the fact that it allows the kaon
profile to adjust itself away from the SU(3)-symmetric one. This effect is clearly
significant, as the shift in ¢ from 0.25 to 0.6 shows. This is further corroborated by
the significantly improved comparison with experiment. The emergence of the
negative parity baryon states, as mentioned above, is especially encouraging.
Besides the I = 0, J¥ = 1/2~ state which is numerically found at 1360 MeV,
and which must be identified with the A(1405), one finds an I = 1, JF =3/2
state at 1664 MeV, which must be identified with the X' (1670). A state with no
confirmed empirical counterpart with I = 1, J¥ = 1/2~ is found at 1380 MeV; it
may perhaps be identified with the candidate X(1480), the spin of which should
turn out to be 1/2 in order to agree with the present model.

Various other calculations confirm that the bound state approach may be a
sensible approximation. Magnetic moment calculations by Nyman and Riska are
given in table 2 (in units of ux) One finds many model-independent relations,

Table 2. Results of the three flavour Skyrme model

Bound State Appr.[Quark Model| Experiment
A -0.90 input -0.613 + 0.005
rt 2.32 2.67 2.38 + 0.02
2.479 + 0.025
30 0.72 0.79 -
- -0.88 -1.09 -1.166 + 0.017
=0 -1.78 -1.43 -1.250 + 0.014
g~ -0.72 -0.49 -0.69 £ 0.04
|Z° = A 1.60 1.63 1.82 + 0.25
- 0.18

for example u(2~) = 3u(A), which also holds in the quark model. Recently, a
host of baryon properties such as charge radii, magnetic moments, weak decay
amplitudes, dibaryons, etc. have been calculated in the framework of the bound
state approach by Rho, Scoccola, Nyman, Riska, Kunz, Mulders, Dannbom,
Bjornberg, and others (for references, see {13]). There are several interesting
ways to extend the treatment further:



The Skyrme Model 215

— Some improvement is achieved by SU(3) symmetry breaking in the kinetic
terms in the kaon Lagrangian: f, — fx &~ 1.22f, reduces the overbinding
of the kaon modes. ws; of the lowest bound state becomes about 221 MeV
(14].

— Some K — K interaction effects have been neglected and may alter the results
for baryons with multiple strangeness.

— One of the original motivations for the bound state model was the treatment
of charmed baryons. Incorporating only the pseudoscalar D and using fr —
fp ~ 1.8f, in the D-Lagrangian, one finds the same quantum numbers and
ordering of states as in the quark model [14] [15] [16]. However, the vector D*
is only slightly heavier than the pseudoscalar and it is necessary to include it
to maintain heavy quark symmetry. This program has been started in [17],
[18] and gives good results.

— Another interesting open problem is the description of dibaryon states in the
bound state approach, most importantly the S = —2 dibaryon. In the SU(3)-
symmetric model, it is tightly bound and absolutely stable. In the bound
state approach, one would have to study kaon modes in the background
of a B = 2 SU(2) solution [13], [19]. An exact treatment should be done
numerically.

— Similarly, one can study K modes in the background of SU(2) nuclear mat-
ter. This may lead to K condensation [13].
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Introduction to Supersymmetry
and Exact Nonperturbative Results
in SUSY-QCD *

Notes by H.-W. GrieBhammer, D. Lehmann, and M. Seeger

Institut fiir Theoretische Physik III, Universitidt Erlangen-Niirnberg, Staudtstr. 7,
91058 Erlangen, Germany

1 Introduction

In the last two years, the work of Seiberg, Witten and their coworkers yielded
remarkable progress in the understanding of the dynamics of supersymmetric
gauge theories in four dimensions.

Supersymmetry (SUSY) is likely to play an important role in the description
of the fundamental interactions beyond the Standard Model. It is a field theore-
tical concept which, although it can be build upon the fundamentals of quantum
field theory without altering any of its basic assumptions, leads to dramatic phy-
sical and interpretational consequences. Because it is a symmetry transforming
fermions into bosons and vice versa, if a theory is supersymmetric the particles
in this theory always appear in pairs of one boson and one fermion.

Any supersymmetric quantum field theory which is supposed to be an ex-
pansion of or a substitute for the Standard Model must be able to account for
the lack of experimental evidence for this doubling of the particle spectrum.
(The explanation accepted by most physicists is the spontaneous breakdown of
supersymmetry.) Furthermore, by the introduction of supersymmetry the strict
separation between matter fields (fermions) and force fields (bosons) becomes
obsolete; matter and force appear from a unified point of view, which is formally
and esthetically very appealing.

The concept of supersymmetry entered theoretical physics in the 1970s. Soon
it turned out that SUSY admitted a solution to the “hierarchy problem” of
particle physics, i.e. the problem of explaining the stability of the 13 orders of
magnitude between the GUT scale and the mass scale of the electro-weak bosons
in perturbation theory. In supersymmetric theories, Feynman diagrams which
would make such a gap unstable are cancelled by the corresponding diagrams
involving the supersymmetric partners.

It is a similar mechanism of cancellation which makes supersymmetric theo-
ries interesting from a different point of view: Due to the relative minus signs

* Lectures at the workshop “Nonperturbative QCD” organised by the Graduierten-
kolleg Erlangen-Regensburg, held on October 10th-12th, 1995 in Kloster Banz,
Germany
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between diagrams related to each other by replacing a particle in a closed loop
by its super-partner, many of the notorious infinities which are usually present
in quantum field theory drop out completely. The divergences of a theory be-
come always milder by making it supersymmetric, and even more, some theories
become exactly finite.

In the present notes, we will not discuss these aspects but rather treat su-
persymmetric gauge theories as solvable model field theories in four dimensions
trying to learn the relevant lessons for the structure of QCD. In particular we
will discuss the work of Seiberg and Witten on N = 2 SUSY gauge theories. The
exact information about the infrared behavior of these theories offers important
insights about the mechanisms of confinement and chiral symmetry breaking. An
important methodological lesson to be learned is the necessity to use conjointly
the variety of tools available in the study of quantum field theory: it seems that
the algebraic structure, the renormalization group, the existence of topologically
non trivial, non perturbative configurations all play an important role in the
understanding of the infrared structure of the theory.

These proceedings are concerned with a thorough introduction into basic su-
persymmetry [1], [2], [3] and into the ideas of Seiberg and Witten. In Sect. 2, the
Poincaré group and its spinorial representations are introduced,and in Sect. 3,
the SUSY algebra is explained in detail. In Sect. 4, the representations of this
algebra on Hilbert space are studied. Section 5 discusses the realization of super-
symmetry in quantum field theories and introduces the concept of superfields.
The goal of Sect. 6 is to discuss separately the “ingredients” used in the solution
of the N = 2, SU(2) supersymmetric Yang Mills theory as found by Seiberg and
Witten. Section 7 finally aims at a consistent solution of N = 2 SUSY-QCD.

2 Lie Algebra of Symmetries and Spinors

Supersymmetry will become most transparent when it is understood as an exten-
sion of more conventional space-time symmetries. We will start our introduction
therefore with a discussion of the spacetime symmetries described by the Poin-
caré group. In coordinate space, a Poincaré transformation is defined by:

o = A, 1¥ + o (1)

where A represents the Lorentz transformation and a the spacetime transla-
tion . To each element (A, a) of the Poincaré group a linear operator 7(4,a) is
associated which acts on field space as

&'(z) = T(A,a) ¥(z) = D(A) $(A" (z —a)) , (2)

where D(A) is a finite dimensional representation matrix of the Lorentz group,
corresponding to the spin degrees of the field . The infinitesimal generators
of Poincaré transformations are the four components of the four momentum
P* = i9* and the six independent components of the antisymmetric Lorentz
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generators M*“. The latter can be decomposed into an orbital part L*” and a
spin part S*¥ :

MW = LB 4w LM = ghP?¥ — g P+ (3)
For example for four component Dirac fermions the spin part is given by
s = Lgw L vy @)
2 4 ’

These ten generators form a Lie algebra with the commutation relations

[P*, PV ]=0, (5)
[M#, PP] =i(g"?P* — g P") , (6)
[Muu’ Mpa'] — i(gupMua + guaMup - gupMua _ gVaMup) , (7)

where we use g, = g*¥ = diag(1,—-1,-1,—1) as Minkowski metric. With the
help of the above commutation relations it is easy to see that the mass-square
operator P2 = P,P* and the square of the Pauli-Lubanski spin vector, W2 =
W,W#, commute with all the generators, i.e. they are the Casimir operators of
the Poincaré group. W¥# thereby is defined as

1 1
WH =~ 2 e#%7 P, Myy = ~5 """ P, 5, (8)

and for massive representations its square is proportional to that of the spin
operator!
S B
W?=-m?8%, §'= 55”" Sk, (9)
Besides the spacetime symmetries there are often internal symmetries like
charge, flavour or colour symmetry present in field theories. An important theo-
rem by Coleman and Mandula [7] states that in a local relativistic quantum field
theory in four spacetime dimensions, the most general symmetry group of the
S-matrix necessarily is a direct product of the Poincaré group with a compact
internal Lie group, provided that [1], [3]:

— there is only a finite number of different particles associated with one-particle
states of a given mass;

— there is a unique vacuum and a finite mass gap between it and the lowest
one-particle state;

— we restrict ourselves to Lie groups.

Moreover, the internal symmetry group must be a direct product of a compact
semisimple group with U(1) factors [3]. So, the most general Lie algebra consists
of the Poincaré generators P#, M#” and a certain number of Poincaré invariant

! We adopt the conventions: £,,0, = —*77°, €912 =1, g5 = £7F = 0K,
pvop ) » Bij
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generators B, of the internal symmetries, which can always be chosen Hermitean
due to the compactness of the internal group:

(B, B,|=ic,B,, [Br,P*|=[B,M*]=0. (10)

The algebra spanned by the B, then is the direct sum of a semisimple and an
Abelian subalgebra and has the structure constants ct,. Obviously, because of
[ By, P?] = [ B,,W2] = 0, all particles of an irreducible multiplet of the internal
symmetry must have the same mass ( O’Raifeartaigh’s theorem [6]) and the same
spin.

The Coleman-Mandula theorem does not leave much freedom for more general
symmetries, since its assumptions seem to be quite reasonable from the physical
point of view. However, it only covers “bosonic” symmetries, that means sym-
metries whose generators do not mix fermions and bosons and therefore satisfy
the commutation relations (10). Supersymmetry relaxes this very assumption of
a Lie algebra and generalizes it to a graded Lie algebra, that is, allows for “fer-
mionic” or “odd” generators which transform like spinors under Lorentz trans-
formations and, acting on states, change their spin by a half-integer amount.
Therefore, supersymmetry by definition is a symmetry between bosons and fer-
mions; multiplets of supersymmetric theories will contain particles with different
spin and statistics. The importance of supersymmetry arises from a theorem by
Haag, Sohnius and Lopuszanski [8], who showed that supersymmetry is the only
graded Lie algebra of symmetries of the S-matrix consistent with relativistic
quantum field theory [1].

But before we turn to supersymmetry and explore the consequences of intro-
ducing fermionic generators, we will use the rest of this section to prepare the
ground and review some properties of finite dimensional representations of the
Lorentz group.

The spin generators S#” introduced earlier commute with the momenta P#
and the angular part L#" of M** and thus generate via (7) the finite dimensional
Lorentz group representation D(A) in (2). With the aid of the spin operators
St of (9) and the boost operators K* = S%, we can rewrite the commutation
relations (7) in a non-covariant form:

[8*,87]= igkS* | (11)
[K',K7] =—~ig'k Sk | (12)
[K', §7]= ie"F K . (13)

By forming the complex linear combinations
A= (S+iK), B=3(8-iK), A'=B, (1)
they can be decoupled into
[A}, A7) = icik A |
[Bi,B?) =ie¥* Bk | (15)
[A,Bi]=0 .
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From (15) it is clear by analogy with the rotation group SU(2) that A? and B?
are Casimir operators with eigenvalues a(a+1) and b(b+1), (a,b € $IN). We can
use them to label the irreducible representations by (a,b); their dimension will
then be (2a+1H2b+1). Note, however, that a complez continuation was necessary
in (14), so that the local structure of the Lorentz group is not SU(2) ® SU(2)
despite of (15). In fact, because of the non-compactness of the Lorentz group, its
finite dimensional representations cannot be unitary. Moreover, to be rigorous
for a moment, the correspondm§ Lie group is not the full Lorentz group but
the proper orthochronous part £, defined by A% > 0, det(A) = +1. The lowest
dimensional non-trivial representations of £} are obviously (1,0) and (0, }) with
generators and representation matrices given below:

(%,0): S =

, K=-i-, S#”-_—EO‘”V ,

D(A) = exp (%a (e — i()) = exp (iw,‘ua"”) )
©01): §= % , K=
(

Both representations form a SL(2, C) due to the traceless-ness of the Pauli ma-
trices o*. They are related by

| Q

o 1
2

(16)
§m =

ok,

wuq
N =

o-(a+ 1()) = exp (iww&‘“’)

N -

D(A) =eD(A)* !, e=io’= (_01 (1)) , (17)
as can be seen with help of the relation 62 a* 02 = —¢. This means that (0, 2) is

equivalent to the complex conjugate representation of (3, 0) and thus inequivalent
to (2,0) itself. The contragredient Lorentz transformation A~ -1T js represented
by the contragredient SL(2, C)-matrix,

D(A™'Ty = D(A)'T =e D(A)e™! . (18)

This leads us to establish the following tensor calculus for spinors: Let ¥ = (%4)
be a two component Weyl spinor transforming according to the fundamental
representation (%, 0). Then ¢ 1) transforms contragredient and is therefore deno-
ted by upper indices (¥*); due to (17), e¢* is a (0, %)-spinor and denoted by
“dotted” indices (¥") to distinguish it from the “undotted” (3,0)-spinors, so
that altogether we have the transformation properties

Yo =D(A)a” Y5 , Y@ =D A)p* ¥* ;(,8=1,2)

. o ) (19)
Ta=(D) )4, Fa=DWPPs; (0,F=12)
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Thus, £ = (¢*#) and €~} = (,p) play in spinor space an analogous role as the
metric tensor g,, in Minkowski space and may be used to raise and lower the
spinor indices

(/2 =€°‘B¢B ’ ¢a=6aﬁ¢ﬂ y
Eazeaﬁ"ab[; 3 ¢d=€dg¢ﬁ .
The raising and lowering of indices commutes with the complex conjugation,
since in (17) we have defined the &-tensor to be real and we numerically equate
the dotted and undotted e-tensors. Unlike g, in Minkowski space, £28 is anti-
symmetric, stemming from the fact that SL(2,C) is not only the covering group of
the Lorentz group, but also equivalent to the two dimensional symplectic group
Sp(2,C). It is easily checked that €8 is invariant under Lorentz transformations.
Our conventions are summarized as

(20)

£ g,3 = 0% , e =gy =1,

iy (21)
g = ¢gob | Eap = Eap -

By definition, tensors of higher rank transform like products of fundamental
spinors with the same index structure. Because of the contragredient transfor-
mation properties, complete contraction over upper and lower indices leads to
Lorentz invariant expressions. Thus, especially

YX =Y Xa = —Va X" =XY ,
X =Y X* = ~¥ Xa =XV

are Lorentz scalars; the last equalities hold, if the spinors are treated as Grass-
mann (i.e. anti-commuting) variables.

Without proof we state that spinors transforming according to an irredu-
cible representation of EL are totally symmetric in all indices. Note also that,
due to the two dimensional representation space, antisymmetry in an index pair
immediately implies proportionality to an e-tensor in these indices. Therefore,
arbitrary tensors of higher rank may be decomposed by a Clebsch-Gordan ex-

pansion into a sum of irreducible spinors multiplied by some combinations of
£-tensors.

(22)

It is instructive to discuss some explicit examples which will be of importance
in our derivation of the supersymmetry algebra. First, let us consider a spinor
X = (X,p) in the (3, })-representation, which has to transform like

X!;=D(A)a"D*(4);°X.; or X'=DWA)XDI(4).  (23)

~é
It is convenient to introduce several sets of Hermitean basis vectors in the space
of complex 2x 2-matrices
U“:(O’#)a‘;:(n, Ui) N U,;:guua'y y

_ \ , (24)
okt = (&“)aﬂ = (]17-0") y Oup = Guy v,
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where o* are the Pauli-matrices. The * are dual to the o, in the sense

(6")a (8,7 = tr (6% 3,) =26%, (25)
and both are related by

(5u)6a = gov Bb (04);

6 or o*=—g0"¢ . (26)

We can uniquely associate an (in general complex) four component vector z# to
every X by expanding in a basis, e.g.

1 g 1 _
Xop =2 (Ou)ag i " =5 Xp5(0"P7 = Jur(Xa®) . (27)
Under Lorentz transformations (23) of X it transforms like a Minkowski four
vector,
' = %tr (X'a*) = A¥ 2
(28)
M, = %tr (D(4) 0, D}(4) 5*)
That the linear transformation A* , is indeed a Lorentz transformation matrix,

follows from the observation that the Lorentz invariant, symmetric bilinear form
Xop Y># might be rewritten in terms of g,, z* y*,

XY = [0 (0")ap] [0 6% (00),4] =

=z,y” (0%)4s (3.)% =
=2z,y" .

a

In (16) we defined the covariant (%,0)-generators $#* = 4 o#*. In terms of the
basis vectors (24), they take the explicit form '

ohv = (J;W)QB = %

which is the Weyl spinor analogue of (4). The (0, 3)-generators 3 5** are related
to them via (17),

(o*5” —0¥3") , (29)

P TI NY NTTVAY, S pv*x —1 _
gHY = (G*)% = —eoteT =
i (30)

=3 (g¥0¥ —3"0") = ot ,
and it is not difficult to check by explicit calculation that the following relations

hold:
ohe” = g*¥ —io"" (31)
Fha?’ = g —iohv . (32)

Next, let us consider the (3,0) ® (3,0)-representation with spinors Xop- They
might be decomposed by a Clebsch-Gordan expansion into an irreducible (and
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thus symmetric) (1, 0)-contribution X ,g) and an antisymmetric (0, 0)-contribu-
tion X[ag),

1 .-
Xap = Xop)+ Xiop) »  X{ag) = €ap (58” Xﬁ) - (33)

We are now going to show that the (1, 0)-spinor representation is equivalent to an
antisymmetric rank 2 Minkowski tensor representation of the Lorentz group. To
this end we map the symmetric spinors X (ap) ON€ to one onto traceless spinors
by raising the second index,

Xaﬂ = X(a‘Y) 7 ’ Xa=0. (34)

Traceless 2 x 2-matrices X = (X, ?), however, are nothing but the Lie algebra
of SL(2,C) and so may be expanded uniquely in terms of the generators o,,,,

Xa A= zH (a;w)a B y (35)

thereby defining the real antisymmetric coefficients z#*. We are left to derive
their Lorentz transformation properties from the transformation property

X'a? = D(A)a" D} (A)s# X,® or X'=D(4)XD7'(4)  (36)
of the {1,0)-spinors. From (28), we have

D(A)o, DY (A) = A? 0, ,

D(4)5,D'(4) = 4,5, , (37)

and using D! = D' we obtain the Lorentz transformation behavior of the Ouv
D(A) o, D™HA) = A° , A L 0ps (38)
which in fact proves that the coefficients ¥ transform as Minkowski tensors,

o =N A T (39)

3 Supersymmetry Algebra

The key idea underlying supersymmetry is to extend the Lie algebra formed by
the bosonic generators B; = P#, M#¥, B, to a graded Lie algebra by supplemen-
ting it with a set of fermionic generators F,. A graded Lie algebra is defined by
the (anti-)commutation relations:
[ Bi, Bj ] = icfj B , ij = —c;-:,- ) (40)
{Fa,Fo} = dopB; , o = O3a (41)
[ FarBi] = 50:F 5 - (42)
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The Jacobi identities generalize to

[[31,32},B3]+[{B3,31],82]+[[32,33],31]—_-0 s (43)

[[F1, Br], B2] +[[B2, 1], B1] +[[ B, Bz], F1]=0 , (44)
[{-7:1’-7:2}’Bl]+{[Blaf1]v}-2}—{[}-2’31]:}-1}:0 ’ (45)
[{fl’}-?}v}—:i]+[{]'-37-7:1}’}-2]+[{-7:2’-7:3}’f1]=0 . (46)

Such a graded Lie algebra structure occurs almost naturally, if the generators —
collectively called G for the moment — are of a bilinear form

6= [pdq al) Kulp0)as(a) )

which is reasonable at least in non-interacting theories. We use a slightly sym-
bolic notation here, and a;(p) may denote either bosonic b;(p) or fermionic f;(p)
annihilation operators. By a bosonic (or even) generator we mean an operator
that consists of a pure bosonic and a pure fermionic contribution but does not
mix fermions and bosons:

B=3 [dpdatlo) Ki(p0)bi@) + Y [dpda £ ) K300 1) 5 (49
ij ij

acting on states, it will not change their statistics. Correspondingly a fermionic
(or odd) generator has the form

F=% [ to) K0 £i@+ Y [trda DK Eb@ 49
ij ij

and does change the spin of a one-particle state by a half integer amount and
thus its statistics. If we assume standard (anti-)commutation relations for the
creation and annihilation operators,

[bi(p), bl(@) ] =16:;6(p—q) ,
{fi(p), fl(@} = 6:;6(p— q) ,

the left hand sides of (40)-(42) are the only combinations that lead again to
bilinear generators (47) of the appropriate statistics.

Once having accepted this graded Lie algebra structure, which relates bosonic
and fermionic generators intimately, we can exploit the knowledge of the bosonic
subsector provided by the Coleman-Mandula theorem to determine the fermionic
sector. We will denote the fermionic generators by @ from now on and assume
that with Q also @' is a generator of the graded algebra.

First, we will show that the generators @ must necessarily be spin 1/2 Weyl
spinors, if the underlying Hilbert space has a positive definite metric [1]. To
this end we note that every Q may be decomposed into a sum of I.ZIL—irreducible

(a, b)-representations,
Q=) Qarcar i) - (51)

(50)
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where the Q@ @a),(Br...5) 3T€ totally symmetric both in the dotted and un-
dotted indices separately as indicated by the brackets. Now consider the anti-
commutator

o 1
{ Q(al---aa)l(ﬁlu.ﬂb), Q(’.Yln-"Ya)a(‘sl«ﬁb) } (52)

and equate all occurring indices. Since the resulting object will then be to-
tally symmetric, it must be a component of the irreducible {1(a + b), 3(a + b)]-
representation. However, for a+ b > 1 there is no generator in the bosonic sector
which transforms accordingly and might be used to close the algebra. So, (52)
has to vanish, whenever all indices are equal. But since it is a positive operator
in Hilbert space, the Q(q...a),(a..a) themselves have to vanish, by the positivity
of the metric. What is more, they have to vanish in every frame, and so bec-
ause of the irreducibility all the Q( 1) (Br. ) have to vanish. This completes
our proof that no representations with spin higher than 1/2 are possible for the
fermionic generators Q. We denote the (3, 0)-spinors by Q:, and the (0, 3) ones
by Gf, where o, = 1,2 are Weyl spinor indices. The indices 7,5 = 1,..., N
label different kinds of generators and usually refer to some representation of an
internal symmetry group. The case N = 1 is often called simple supersymmetry,
whereas the N > 1 situation is usually referred to as extended supersymmetry.
The Hermitean conjugate of each (1,0)-spinor Q% must be one of the (0, 3)-

generators Q;i and vice versa, so that by appropriate labelling

0.=@q.". (53)

As a next step, we will fix the structure constants d;ﬂ and sgi in (41), (42) as far
as possible. The line of argumentation will be, first to determine the most general
expression compatible with the Lorentz structure of the (anti-)commutators. The
generators appearing at the right hand side of (41)-(42) are then identified by
their Lorentz transformation properties. If there is no generator sitting in the
corresponding representation, the contribution has to vanish. Additionally, we
may then exploit Jacobi identities to further restrict the structure constants.

The anti-commutator {Q;,Gﬁ,} sits in the (1,0) ® 0,1) = (3, 3)-represen-
tation of the Lorentz group, which is equivalent to Minkowski space as we have
seen in (27), (28), so that P#, the only spin 1 generator in the game, has to close

the algebra:
{Qi Q) =29 P, 5 =2c" (0,),5P" -

Evidently, the matrix (c*/) is Hermitean and may be diagonalized by a unitary
redefinition of the Q ’s. If all eigenvalues of (c*/) are positive, we can renormalize
the odd generators such that

{QL, QL) = 26" (0,) 5 P* (54)
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Negative eigenvalues would give rise to a minus sign at the right hand side of
(54). Taking the trace over the spinor indices with arbitrary but fixed : = j gives

3 {QL T} = Z{Q Q'Y =2tr (0, P*) =4P° , (55)

which immediately implies that with the Lh.s. of (55) also the Hamiltonian
H = P has to be positive definite. Note that an indefinite matrix (¢*/) would
only be compatible with H# = 0 and thus has to be discarded on physical grounds,
leaving (54) as the only sensible possibility.

The anti-commutator of two undotted odd generators lies in the (-;—,0) ®
(%,0)—representation and can be decomposed into an antisymmetric (0,0)- and
a symmetric (1, 0)-part, cf. (33)

{Q:nQ;g} = 25(,32’7 + M*Y (auV)aﬁ Z(ij)

with Z% (Z(9)) being antisymmetric (symmetric) Lorentz scalars and thus linear
combinations of the generators of the internal symmetries,

Z¥% = (a")V B, . (56)

However, we will show below that Q! has to commute with P# so that the
M#¥-part must vanish in fact, Z(9) = 0, yielding

{Q:p Q%}} = 2gaﬁZij 3 (57)
{QL, Q%) = 26,529 . (58)

The vanishing of the commutator of Q¢ with the momentum P* is more involved
to derive by formal arguments, but rather obvious from the fact that spacetime
translations act only on the spacetime arguments and not on the spinorial degrees
of freedom. As we already know, P* sits in the (3, 3)-representation and we can
associate a spinor Pg; = P* (g,)g with it. The commutator [ Q%, P34 | then is of
the type (3,0) ® (3,3) = (0,%) ® (1, 1). Since there are no spin 3/2 generators
present and the spin 1/2 component must be antisymmetric in the undotted
indices, the only possibility is

(Q%, Psy] =2¢7 €0 @, (59)
Projecting on P* by contracting both sides with (3#)7# (see (25)) gives
[QL, 4] = ¢ (5),5@” (60)
(@, P*] = =7 (a*)* Q) . (61)
We can now use the Jacobi identity (44) to show that

[[Qe P*),P"] =[[Qc, P"], P¥] . (62)
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Explicit evaluation of the double commutator, however, yields
[[Q, P*],P"] = c* M (0#3")a? Q) (63)
which is not symmetric in the Minkowski indices — cf.(31) ~ unless
cC*=0.
The matrix C = (c*) is symmetric, as can be seen by calculating
0=[2%,P*] = 35 [{Qh, Q4 1, P] ~ (¥ = ) ,
and we have CC' = 0 or ¢/ = 0. So, finally we have proven:
Q.. P*]=0, (64)
(@ P*]=0. (65)

The commutators of the odd generators with the Lorentz generators follow im-
mediately from the transformation property of Weyl spinors,

1 i ) i i .
Q',, = exp (—ﬁw,‘,,M’“’) Q;, exp (+§w,,,,M‘“’> = exp (Zwuua””) Q5 ,
a

which implies for infinitesimal transformations

[Qh, M) = ~2 (")a” Q) (66)
QM) = Q%@ a (67)

We are left with the commutation relations between Q}, and the Hermitean
generators B, of the internal symmetry. They are easily determined to be

(@4, Br)= b7 Q% (68)
[Q%, B ] = —QLb%* (69)

saying that the Q@ carry indeed a representation of the internal symmetry group.
In (69) we have made use of the Hermiticity of the matrix (b;’), which can be

shown by applying the Jacobi identity (45) to [{Q;,,,@Zi }, By ] = 0 and inserting
(68) and (54).

Let us now consider the Poincaré invariant operators Z* introduced in (56). If
we express them via (57) in terms of odd generators, Z¥ = 1A {Q},Q3},
and apply the Jacobi identity (45) to [{ Q%, Qg }, B, ], we obtain with the help
of (68), (69) and (56)
[Z¥, B,]=b* 2% +bi* Z* | (70)
[Zij,Zk‘] = (ar)kl brzm ij + (ar)kl b’].m Zim . (71)
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This means that the Z%/ form an invariant subalgebra of the internal symmetry
algebra. Starting with [{Q?, Qf, },5:] we obtain by a similar reasoning

(@, 2] =0, (72)
hence

(@")9b¥ =0, (73)
and thus

(@, 2¥]=0, (74)

(Zz9,Z¥] =0, (75)

which implies that the invariant subalgebra spanned by the Z*/ is Abelian. Since
the internal symmetry algebra is a direct sum of a semisimple and an Abelian
part, the Z*/ must be in the Abelian sector and thus commute with all the
generators B,

[Z¥,B,]=0. (76)

So, finally we have found that the Z*/ commute with all the generators of the
SUSY-algebra. For this reason they are called central charges. Note that due
to the antisymmetry in the indices, central charges can only exist in extended
supersymmetries, N > 1. In the absence of central charges, the internal symme-
try group is the largest possible, namely U(N), since the algebra is obviously
invariant under a unitary substitution

* —1

QL=UYQ,, Qa=U%"Qq,.

The effect of central charges is to reduce this symmetry to a smaller group. In
the case of simple supersymmetry (N = 1) the internal symmetry group is U(1)
and commonly referred to as R-symmetry,

by (77)

Since Q > @ under parity, it is a chiral symmetry.

Let us conclude this section with a summary of the most general supersymmetry
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algebra compatible with relativistic quantum field theory:

[P, P"]=0 (5)
[M*”, PP =i(g"° P* — g**P") (6)
[MHEMP] = i (g"P M7 + gho M¥P — gho M¥7 — g** M) (7)
[B,, P*]=0

[B,, M#] =0 (10)
[Br y Bs] = in.s Bg

{Q0Qp} =289 (Gu)og P* (54)
{Q4, Q5 =2e4p2 , {QsQh} =26,329" (57,58)
[Qi,P*]=0, (0%, P*]=0 (64, 65)

[Qi, MM ] = L(0")aP Q% , [Qu, M ] = ~1Qu(*)Ps  (66,67)

[QL,B.]= b9Qi , [Qa,B.)=—0Q(b)i" (68,69)
[Z%,any generator] = 0

No further restrictions on the structure constants follow from the Jacobi identi-
ties, as can be seen by checking them all explicitly.

4 Representations of the Supersymmetry Algebra

The unitary irreducible representations of the SUSY algebra are spanned by sets
of one-particle states; this is completely analogous to the representation theory
of the Poincaré group.

Because every representation of the SUSY algebra is trivially a represen-
tation of the Poincaré algebra (the latter is a subalgebra of the former), its
representation vectors can be labelled by eigenvalues of the mass-square opera-
tor P*P, = M? and the square of the Pauli-Lubanski spin vector W*W,,. The
latter ones eigenvalues, —M?2s(s+1), with s an integer or half-integer can, in the
massive case be used to further specify the representation while in the massless
case the spin is replaced by the helicity which is also an integer or half-integer.

The SUSY generators commute with P*P, but not with W#W,,; an irredu-
cible representation of the SUSY algebra will therefore contain different spins or
felicities but only one mass.

The easiest case is of course the “simple” supersymmetry, i.e. SUSY with one
fermionic generator. To construct the representations of this algebra let us make
use of the Wigner trick: Go to a fixed Lorentz frame characterized by a certain
value of the four momentum P,, and study the invariance group -— the “little
group” — of this vector.
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Let us first investigate the massive case in which we choose the rest frame of
the particle, P, = (M,0), M # 0. In this frame, the SUSY algebra (54) reduces
to

{Qa»aﬁ} = 2Méap. (78)

If we now define a, = %, we have two ordinary fermionic creation and anni-
hilation operators obeying the Clifford algebra

{aa,al} = bag; (79)

all the other anti-commutators vanish.

As is known from many-body theory, the irreducible representations of a Clif-
ford algebra contain one vector |0) (the “Clifford vacuum”) which is annihilated
by all the a,. (Because |0) is a one-particle state with mass M and a given spin
it is of course not the vacuum state of a quantum field theory.)

Acting with our creation operators on this “vacuum” we obtain four inde-
pendent states,

0), all0), a}|0), ala}|0). (80)

Let us now choose the “Clifford vacuum” to have spin 0. Because the SUSY
generators have spin } (see (66)), the above states can be interpreted as con-
taining one scalar, two fermionic and one pseudoscalar degree of freedom, re-
spectively. This irreducible representation is also known as the “chiral massive
multiplet”; in the simplest form of SUSY-QCD, e.g., it is used to describe a (left

handed) quark and its superpartner, the squark.

Table 1. The N = 1 massive multiplet

spin 0

DY | )=

nr. of states 2

We also observe a very general result, valid for every SUSY representation
of non-vanishing four momentum: The number of fermionic states (with odd
fermion number N) has to be equal to the number of bosonic states (with even
fermion number). The proof of this theorem is based on the operator (—1)NF,
whose trace measures the difference between the number of bosonic states and
the number of fermionic states. It is clear that it anti-commutes with the SUSY
generators,

(‘DNFQG = _Qa(_l)NF, (8L)

and therefore, using the cyclic property of the trace,

tr{(-1)"* {Qa, @3}l = 0. (82)
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If we now insert the fundamental SUSY anti-commutator (54) we obtain
t[(-1)M P =0, (83)
and, because the four momentum is fixed and non-vanishing,
tr[(-1)¥] =0, (84)

which proves the theorem.
In the massless case we choose the frame with P* = (E,0,0,E) as our
reference frame. Because of

— Py+P; P, —-iP, 00
—_ T =
{Q.Q}=2Pw —2<P1+iP2 po-Ps) (04E> )

only the component with @ = 2 can be used as a generator; if we define a; = %
we obtain only two independent states,

0), a}lo), (86)

with helicities h and h + %, respectively.

As any Lorentz covariant, local field theory will exhibit PCT symmetry, one
has to include another doublet of states with opposite helicities.

Choosing e.g. h = %, one obtains the one-particle states of a massless vector
particle together with a massless Majorana fermion. In QCD, this multiplet is
called the “gauge supermultiplet” and contains the gluon and its superpartner,
the gluino.

Table 2. The N = 1 gauge multiplet

helicity -1 - 1

[

= o=

nr. of states 1 1 1

We can now proceed to “extended” supersymmetry; we will only be concerned
with the case where the number N of SUSY generators is equal to 2. Because it is
antisymmetric, the central charge matrix has to be proportional to the e-tensor,

ZY = €127 (87)

We may also observe that our extended SUSY algebra possesses a new sym-
metry, U(2) = SU(2) x U(1), acting in internal space. This symmetry is called
“R-symmetry”; in non-extended supersymmetry it reduces to U(1).

In the construction of the representations of the algebra, let us first consider
the case of vanishing central charge, Z = 0.
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In the massive case, one has 2N = 4 fermionic generators a/, which can be
used to create 22V = 16 states,

10), alf|0),..., aifazfaitalt|0). (88)

If the Clifford ground state is again chosen to have spin 0, these states transform
as five scalars, two Dirac fermions and one massive vector particle under the
Poincaré group, altogether yielding 16 physical degrees of freedom.

Exactly as above, in the massless case the number of independent generators
is reduced by a factor of two, i.e. we have two operators a'J and four states

10), alflo), a2f|0), a3'a2l0). (89)

With a spin 0 ground state these states have the respective helicities 0, % and 1.
Again the inclusion of the PCT-conjugate multiplet will be necessary to ensure
Lorentz covariance. In this way we end up with the (in QCD terminology) so-
called “N = 2 gauge multiplet” which consists of the gluon and its superpartners,
two Weyl spinors and two scalars. The R- symmetry acts on the two spinors
which transform as a doublet while the other fields are invariant.

Switching back to N = 1 language, we can decompose this multiplet into two
N =1 sub-multiplets: a chiral one containing the scalars and one of the spinors
(which one doesn’t matter because of R-symmetry) and a gauge multiplet with
the vector particle and the remaining spinor.

Table 3. The N = 2 gauge multiplet

helicity -1 -3 0 111

nr. of states 1 2 2 211
N =1 gauge multiplet 1 1 1 1
N =1 chiral multiplet 1 1+1}1 1

We now turn to the case of a non-vanishing central charge Z which by a re-
definition of the phase of the SUSY generators we choose to be real. Considering
the massive case first, we change over to the linear combinations

Ga = %(Q}J +eap@?), (90)

1
ba = %(ng - faBsz), (91)

and obtain the algebraic relations

{amaﬁ} = {ba, b} = {a&’bﬁ} =0 (92)
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and
{a,a}} = 20ap(M + Z), (93)

{ba,bh} = 26a5(M — Z). (94)

From the positive definiteness of the L.h.s. we conclude that
12} < M. (95)

If |Z| # M, the algebra is isomorphic to the Z = 0, M # 0 case; the particle
content is the same as constructed above.

However, if |Z] = M, either the a’s or the b’s cease to be independent ope-
rators and the one-particle subspace becomes 2V = 4-dimensional. In this way,
one can construct a “hyper-"multiplet containing four scalar and four spino-
rial degrees of freedom. The doubling of the degrees of freedom as compared to
the N = 1 massive multiplet can be shown to be a consequence of the N = 2
supersymmetry [3].

Table 4. The Hypermuitiplet

spin 0 %

nr. of states 24+2| 242

In the massless situation one can show that the central charge necessarily
has to vanish [3], so there are no additional multiplets in this case.

5 Field Theories Built on SUSY Representations

In this section we are going to tackle the primary goal of our introduction, namely
the formulation of supersymmetric field theory. The task consists of determining
a multiplet of fields forming an (off shell) representation of the supersymmetry
algebra for each of the SUSY multiplets relevant to us. Additionally, we have to
construct supersymmetric Lagrangeans for them. One way to achieve this would
be to start with an arbitrary field contained in the multiplet of interest, apply
subsequent SUSY transformations to it and identify the other fields belonging
to the multiplet in what comes out. If necessary, one has to introduce auxiliary
fields to enforce the transformations to close (this reflects the fact, that we are
dealing with off-shell representations; once having constructed the Lagrangean
one knows the equations of motion and can eliminate the auxiliary fields with
their help to gain an on-shell representation). For details and examples of this
procedure we refer to the literature (e.g. [1], 2], [3]) and leave it as an exercise to
the reader. We will present a more elegant and powerful method of facilitating
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this task, namely the use of superfields. To keep things as transparent as possible,
we restrict here to simple (N = 1) supersymmetry.

In both approaches it is advantageous to turn over from the algebra to a
group by exponentiating the generators. However, in a graded Lie algebra one is
faced with a problem: the appearance of anti-commutators seems to rule out the
application of the Baker-Campbell-Hausdorff formula which in turn is necessary
to prove that subsequent transformations do not leave the group manifold. The
problem is solved by the introducing Grassmann valued, spacetime independent
Weyl spinor parameters 8% and §, = 6, which multiply the fermionic generators,

0Q=6"Q., 0Q=08.Q". (96)
By definition, they satisfy
{6a:05} = {04,805} = {6,851 =0 . (97)

Additionally, they commute with all bosonic SUSY generators B and anticomm-
ute with all fermionic ones F,

[6,B]=0, {6a, F}=0. (98)

With their help, the supersymmetry algebra can be rewritten entirely in terms
of commutators, e.g.?

(6Q,6Q]=[6Q,6Q)=0,
[onm] :2(90;12)13“ b

defines a closed sub-algebra, where the £ are another set of Grassmann parame-
ters. Group elements of this “Lie group with anti-commuting parameters” are
gained just as in ordinary Lie groups by exponentiating the algebra

G(z,0,8) =exp (10Q +i6Q +iz-P) , (100)

(99)

and the Baker-Campbell-Hausdorff formula,
1
exp(A) exp(B) = exp(4A + B + §[A, Bl+..) (101)

may now be invoked to determine the motion in parameter space under a (left)
multiplication with a group element G(y, &, £):

/

G(y,¢€,£)G(,0,8) = G(«',6',6)

o’ =zh 4yt +ifot B 100" E (102)
o =0+¢,
6 =0+¢.

. . . = =B .
? We use here and in the following the short hand notation 80,¢ = 8% (0,),5 & , Which
transforms under Lorentz transformations like a Minkowski four vector.
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Note that the higher order contributions in (101) (indicated by the dots) vanish
identically in this case. The parameter space, given as the direct sum of the
four dimensional Minkowski space and the four dimensional manifold spanned

by the Grassmann parameters 8%, 85, is referred to as superspace. A function

S(z,6,8) defined on superspace is called a superfield. It can be expanded into
a power series with respect to # and @ which truncates at finite order due to

62 =0, 52 = 0. The coefficients of this expansion, referred to as component
fields, are ordinary fields depending on spacetime. Thus, a superfield might be
understood as a collection of certain component fields. It is not too difficult to
convince oneself that the most general Lorentz scalar superfield is of the form

S(z,8,6) = c(z) + 0¢(x) + Ox(z) + 06 m(z) + 60 n(z) (103)
+0048 A, (z) + 60 Bu(z) + 00 0y(z) + 06 80.d(z) ,

containing the complex Lorentz scalar component fields c(z), m(z), n(z) and
d(z), the (3,0)-spinor fields ¢(z) and ¥(z), the (0, 1)-spinor fields X(z) and
w(z) and the complex Lorentz vector field A,(z), so altogether 16 bosonic (off-
shell) degrees of freedom and an equal number of fermionic fields illustrating
the “fermions = bosons” rule. The mass dimension of Q and Q is fixed by the
SUSY algebra to the value one half, see (54), which in turn implies the mass
dimensions

— 1
o)=6=—5 (104)
for the Grassmann parameters since 8Q and #Q must be dimensionless quantities
in (100). So, in general component fields of higher powers in § and 6 will either
have higher mass dimensions or be spacetime derivatives of fields with lower
mass dimension.

According to (102), a SUSY transformation acts on a general superfield like
G(y*,£,6) S(z*,0,0) = S(z* +y* +1€c* B —100"E,0+£,0+E) . (105)
Considering an infinitesimal transformation by Taylor expanding the r.h.s. yields

a linear representation of the generators Q.,, @B and P* as differential operators
on superspace:

P, =id,
. 9 . 8
Qo= gga +i(")es¥ 00 (106)
R
1Qﬁ=—Tﬁ—19 (U )uﬁ'a“ .
06

It is easily checked that they indeed fulfill the SUSY algebra (54), (57), (58).
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We define the fermionic derivatives

o . =8
Dy = 56 —i(0"),p50 Ou
— o (107)
Dﬂ = _Tﬁ +i00 (cr“)aga,, y
09
which also satisfy the algebra
{Da,Dp}={Ds, Dy} =0, (108)
{Day Dy} =2i(0") 50 ; (109)

they are (supersymmetry-)covariant, since they anticomm-ute with all SUSY
generators:

{Da;Qs}={Do,Q3}={Ds,Qs} ={Da,Q3} =0 . (110)

Superfields are a linear representation of the supersymmetry algebra in the sense
that products and linear combinations of superfields are again superfields. Ho-
wever, a general superfield will be a reducible representation. To gain a specific
irreducible representation, i.e. a specific supermultiplet, one has to impose ap-
propriate, SUSY covariant constraints on the superfield which eliminate certain
component fields.

5.1 Chiral Superfields

The simplest irreducible N = 1 SUSY representation is the chiral supermultiplet
consisting of (left handed) spin 1/2 Weyl spinors and their supersymmetric spin
0 partners. It is described by a chiral superfield $(z,0,0), which is defined by
the covariant constraint '

D4 #(x,0,0) =0 . (111)

This constraint can be simplified by transforming to the new coordinates y* =
zt —i00*8, 8 and 8, where it takes on the form

0 —
- —9(y,6,6)=0; (112)
06°
obviously, the most general solution to (112) is an arbitrary function of y* and
8 alone and given by the §-expansion

B(y,0) = d(y) + V2604 (y) + 00 F(y) ; (113)

we assumed here that the chiral superfield is a Lorentz scalar quantity since
we are interested in a chiral multiplet containing a Lorentz scalar (spin 0) field
as the component field with the lowest mass dimension. In principle one could
build up the chiral multiplet on top of a higher spin state, leading to a superfield
transforming according to a higher spin representation of the Lorentz group.
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An example for this case is the field strength superfield discussed later in this
introduction, which then carries a Weyl spinor index. _
Transforming back to the original coordinates (z, 8, 8) in (113) yields

®(z,6,0) = ¢(z) + V20¢(z) + 00 F(z) — 10070 8,6(z)

i 1 (114)
+E 06 0, y(z)o" B — i 06 66 8,0 ¢(z) .
Note that the constraint (111) did only restrict the number of component fields

compared to the most general Lorentz scalar superfield (103) but not their space-
time dependence.

The Hermitean conjugate &'(z,8,6) of a chiral superfield is called antichiral
superfield and satisfies the constraint

D, #t(z,8,6) =0 . (115)

Under an infinitesimal SUSY transformation, the chiral superfield is changed by
an amount 69,

&(z,0,0) > &(z,0,0) + 6%(z,0,6) ,
68(z,0,0) = i(£Q +£Q) 9(z,6,6) .

Inserting (106) and the expansion (114) allows to identify the variations of the
component fields:

(116)

56(z) = V2E(3) ,
5a(z) = VEEaF(@) = iVE(0") 15 & 8, () (117)
6F(z) =iv28, ¥(z)o"E .

An important observation, true for any superfield, can be made in (117): The
component field with the highest mass dimension, in this case the 6- or F-term
F(z), transforms into a total derivative so that its spacetime volume integral is
SUSY invariant. This will be of relevance in the search for possible candidates
for Lagrange densities.

5.2 Vector Superfields
A wvector superfield is defined through the constraint
V(2,0,8) = V!(2,6,8) , (118)

which is covariant due to the unitarity of SUSY transformations (100). A glance
at the general Lorentz scalar superfield (103) shows that there is exactly one
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complez Lorentz vector component field present which is rendered to be real by
the constraint. Other consequences of (118) are

cfz),dlz) e R , m*(z) =n(z) e C ,
¢(z) =x(z) , wlz)=9¥(),

(119)

in the notation of (103), so that the number of off-shell degrees of freedom is

reduced by a factor 2 compared to the general scalar superfield. Trivial rewriting

and implementing the constraint yields the standard form of a vector superfield:
V(z,6,8) = C(a) +i0x(c) — i0x(z) + 6048 A, ()

+% 66 M(z) +iN(z)] - 39_9[M(z) ~iN()]

(120)
+1666[X(x) ——a“aux )] — 1686 \(z) ——a“aux( )]

+500 89 D(z) - 20,04 C(@)) -

With a bit of work one can determine the transformation properties of the com-
ponents under infinitesimal SUSY transformations starting from 6V =1i(£Q +

EQ)V,eg.
6C(z) = i(&x(z) —Ex(x)) ,
Bhal2) = i D(@)ta + 5 (0#5")a P8 Fin(2)
§Au(x) = 1(€0uA(2) — Me)ouE) + B, (Ex(2) + Ex(2)) -
§D(z) = 8, (&o*X(z) + Mz)o*E) ,

where F},, (x) is the U(1) field strength tensor, F,,, = 8, A, —08, A,, transforming
like

(121)

6F () = 10, (60,X() - A(2)0,€) - 19, (£0,X(x) = Ma)oud) . (122)

Thus, it follows that Ay, A4, F,, and D form the desired irreducible representa-
tion of the supersymmetry algebra, namely the vector or gauge supermultiplet.
Moreover, the component field with the highest mass dimension, the 66 66- or
D-term D(z), transforms into a total spacetime derivative. .
Starting from the observation that given a chiral superfield 4, Dy A4 = 0,
one can a construct a particular vector superfield by forming the combination
i(A— A") we define a U(1) gauge transformation of a vector superfield V' by

V(z,0,8) > V(z,6,8) +i (A(z,8,0) — A'(2,6,0)) . (123)



240 Notes by H. W. GrieBhammer, D. Lehmann, M. Seeger

By inserting the -expansions (120) and (114) we deduce the behavior of the
component fields under this gauge transformation (123):

A, > A, +0u(o+ dﬁ) ) (124)

Aa = Aa (125)
DD, (126)
CoC+i(p—9), (127)

X x+V2y, (128)

M +iN o5 M +iN +2F . (129)

The vector field A, has indeed the desired transformation property (124). The
fields belonging to the vector supermultiplet, Ao, As, D and the field strength
F,, are gauge invariant, whereas the component fields C, x, M and N are
gauge variant and may be eliminated by an appropriate gauge choice. The Wess-
Zumino gauge is defined by

C=0, x=0, M=0, N=0 (130)

and still allows for arbitrary gauge transformations of the vector field A,,. In this
gauge, the vector superfield takes on the simple form

- _ _ _ 1
Viwa(z,0,8) = 6048 A, (x) +1606A(z) — 186X (z) + 5 0050 D(a) . (131)
with the powers
V2, (z,6,8) = %99 B A, (x) A*(2) ,  Wg(2,6,0)=0 (n>2). (132)

Note, however, that fixing the Wess-Zumino gauge breaks SUSY invariance.

5.3 Lagrangeans for Chiral Superfields

We are now going to construct renormalisable supersymmetric Lagrangeans in-
volving chiral superfields &;(z,8,8), where the index i labels the various chiral
superfields in the theory. As we have seen in the previous sections, the 8- or
F-term of an arbitrary chiral superfield $, in the following denoted by <15| pg» and
the 80 86- or D-term of an arbitrary vector superfield V, denoted by V| 0658
are SUSY invariant up to total spacetime derivatives and thus good candida-
tes for supersymmetric Lagrange densities. Formally, these components may be
projected out by appropriate Grassmann integrals:

%(z,0,9)|,, = / d*9 (z,6,9) , (133)

V(2,6,0)|,055 = /d20 d%9 V(z,9,9) , (134)



Introduction to Supersymmetry 241

where we defined the measures®
420 = —i d9°d0P eop , d20 = —% d5” de’ e . (135)

Given chiral superfields &;(z, 6,8) any product of them will again be chiral due
to the linearity of the operators D. Their #6-components are given by

fd"’eds,-:F,-,

/d29 .0, =i F; + ¢ F; — ity (136)

/d29 D8P = ¢idjFr + ¢iFjdr + Fi;bx

— i — Vi d; — Vivrdi -
Higher powers of &; need not be taken into account, since their §6-components
would have a mass dimension greater than four and therefore would lead to non-
renormalisable expressions (note that 66 itself has mass dimension -1). The most
general superpotential W{$) then reads

1 1
W(Q) = Z Aid; + Z 5 mi; ¢,‘¢j + Zk: 5 Gijk Q,’Qjék , (137)
i ij ij

with symmetric coupling constants m;; and g;;z. The combination QI é, is Her-
mitean and thus a vector superfield. Its 88 88-component,

— 1
[d%04%0 &6, = FIF, + la,i ¢l 0% ¢ — 7 619,0" ¢;

t 2 ¢ 4

(138)
1 i i,
— 1 0ud” 6lei + 5 V0O = 5 0,95V

contains spacetime derivatives of the relevant component fields and therefore
serves as kinetic part of the Lagrangean. So, altogether, the most general re-

normalisable supersymmetric Lagrangean that can be constructed from chiral
superfields only is given by

L= / d%6 429 Z &P + ( / d20 W($) + h.c.) ) (139)

or in terms of component fields and neglecting surface terms
L = 0,8104¢; + 1G5 Butps + FI Fi + (AFi +miy 6F,
(140)
—3ma; Yi; + gijk G105 Fi — giixithidx + h~C-) )

% Remember that a Grassmann integral is defined by f d6> 9% = 5P and C-linearity;
it is equivalent to the derivative: [d6% f(6) = 59+ f(6)-
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where a summation convention is used. We now see that there is no kinetic term
for the F-field present, indicating that this field is an auxiliary field and may
now be eliminated with help of the equations of motion following from (140).

5.4 Supersymmetric Gauge Invariant Interactions

The simplest supersymmetric gauge theory is the SUSY-Maxwell theory; the
supersymmetric extension of the vector field A, is a vector superfield V.

The field strength belonging to this vector field should, of course, be invariant
under gauge transformations

V —> V+4i(a-4h. (141)
One may easily check that
Wy = —%ﬁDaV (142)
fulfills this condition. It is also chiral,
55Wa =0, (143)

because the product of three D’s vanishes identically.
The component representation of this field is given by

Wa = —ida(y) + 65 [5{30( ) — % (0#5*)PF,., (y) ]
— 600" 9, X" (y (144)
where
F;;u = a;xAv - 61/Au (145)

is the well known Maxwell field strength. To obtain the Lagrangean density, one
has to take the square of this object and to pick out the component quadratic
in 6. This can be achieved by a simple Grassmannian integration:

1 5 5 T
‘CMaxwell /d20 WeWqy + Z /d20 WW =
1 1

“lprlp g 1yl 3 (146)
2 rRC M

which transforms as a density under SUSY transformations, is therefore the
supersymmetric generalization of the free Maxwell Lagrangean. In this equation
we have used the symbol

A3,B = A3,B — (3,A)B. (147)
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There is a second Hermitean supersymmetric combination of the field
strengths,

i ( / 420 wew,, — / 4% VV"QW*’) = %en,\,,,,F"’\F‘“’ ~29,(Ac"Y), (148)

which breaks parity. This combination can be written as a total divergence and
therefore does not appear in the usual SUSY-QED Lagrangean because it does
not contribute to the equations of motion. However, it plays an important réle
in the effective action of SUSY-QCD in the context of §-terms.

The generalization containing the §-term can easily be written down if we
define the complex coupling constant

0
We obtain
Lo= 21 eowew,| = 1p2 — 1p Fwv 4 Lagel X -
" 8 T/ o 3T Taw g7 Ou

_ 992 le,;,\ VFNAF;W _ a“(/\auX) ,  (150)
1672 \4 "™

where we have used the imaginary part notation for later convenience.
The coupling of the supersymmetric Maxwell theory to matter, e.g. to a chiral
superfield &, can be introduced in a way which is very similar to ordinary QED:
Under the gauge transformations

& — e~ 24P, (151)

where A has to be chiral to ensure that the r.h.s. is also a chiral superfield, the
kinetic term in the Lagrangean behaves as

Pte — plge2iaa'-4) (152)

and is therefore not gauge invariant.
The minimal supersymmetric gauge invariant extension of this Lagrangean
may be obtained by simply replacing

ot — dte??V . (153)

As before, the correct SUSY transformation law is only obeyed by the part
which is quartic in the Grassmann variables. Picking out this one, we obtain the
minimally coupled kinetic part of the matter Lagrangean

/d20/d2§95"e2‘1"45 = (Due)! D¢ + %zpa“ﬁﬂ +F*F +

+iv2g(@twr — ¢9X) + aDg'e  (154)
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with the covariant derivative
D, =0, +iqA,. (155)

Our next task is to generalize this construction to non-Abelian gauge groups.
Consider the behavior of a matter field in the fundamental representation under
a gauge transformation,

& — e 294, (156)

where A has to belong to the adjoint representation,
A = A°T®. (157)

Here the T° are the generators of the gauge group, obeying the Lie algebra
relations
[T°,T?] = it**°T® (158)

and the orthogonality condition
1
tr{T9T?) = iaab. (159)

For the term ®'e??Y & to be gauge invariant, the exponential of the vector field

must transform as
eZgV

— e—2igA’e29Ve2igA. (160)
Here we have defined the super Lie algebra valued vector field
vV =vere. (161)

Taking the logarithm of this equation in a closed expression is not possible, but
expanding in powers of A one obtains for the Lorentz vector component of V'

A — A5+ 0,(8° + B°1) + gt**(8° + B°) A + O(47) (162)

if 3 denotes the scalar component of A. This is of course the well known expres-
sion for the gauge transformation of a Yang-Mills field.

Exactly as in SUSY electrodynamics, the minimally coupled part of the mat-
ter Lagrangean is obtained by picking out the term which is quartic in the
Grassmann variables,

/ a26 / d?6#'e*Ve = (D,¢)'D*p + %wa“’gﬂ; +F*F +
+ivV2g(p T PA* — X" ¢T°%) + gD*¢i T (163)
with the covariant derivative in the fundamental representation
Dy = 8, +igAST®. (164)

Because the derivatives of D do not appear in the Lagrangean, it is an auxi-
liary field which can be eliminated by a Gaussian integration. (In the canonical
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formalism one would simply insert the equation of motion for D.) The result is
a potential for the scalar field ¢,

U= 30 (¢ TV, (165)

the so-called superpotential.

Note that this potential is uniquely fixed by the requirement of supersym-
metry.

If supersymmetry is unbroken, the vacuum has zero energy. Therefore also
the potential energy of the scalar has to vanish.

#'T%¢ = 0. (166)
One can always find the trivial solution
¢ =0. (167)

The non-zero solutions of vanishing potential energy are called “flat directions”.
If, e.g., ¢ transforms in the adjoint representation of SU(2),

¢! T2¢ = e**°¢"1 4", (168)
one such flat direction would be given by
& = 57, (169)

We can conclude that, like e.g. in the Goldstone model, we have a range of
(classical) vacua, each one characterized by a certain value of ¢. But unlike the
Goldstone model, the different solutions are not related by symmetries; they lead
to different physics, observables like the spectrum or correlation functions will
depend on ¢.

So far we have not yet constructed a kinetic term for the super-Yang-Mills
field V. A natural requirement for its field strength is that it should transform
covariantly under gauge transformations. To find such an object, consider the
transformation property of the following expression:

e—2gVDae2gV e—2iyA (e—2gVDae2gV)e2igA + e—2igADae21gA‘ (170)

The first term on the r.h.s. looks covariant; the second term contains only chiral
superfields and is therefore annihilated by the operator D. This leads us to the
ansatz

Wa = —Sl—gwe—zgvDae“V, (171)

which reduces to the SUSY-Maxwell expression in the case where everything
(anti-)commutes.



246 Notes by H. W. GrieShammer, D. Lehmann, M. Seeger

A SUSY transformation on W, results in the transformation laws
(F2, =i[(o, DX + (3, DA — (p & v)
0¢A* =i(D* + o (F,
6D = ZE“B“,\“ - Cauauxa (172)

for the component fields. The supersymmetric Yang-Mills theory is therefore
based on the Lagrangean density

LYt = / d%0tr[W,W*) +h.c. =

1 a2 a va a
= §D 4F“,,F“ + - /\ 0“7)“ (173)
where we have defined the covariant derivative in the adjoint representation
Do = §,8° — gt*? A;, (174)
as well as the non-Abelian field strength
F, = 0,A% — 8, A% — gt®™ A} AS. (175)

This Lagrangean contains the usual three and four gluon couplings as well as a
gluon-gluino-vertex.

We now turn to the N = 2 SU(2) gauge theory. As we have seen in Sect. 4,
the N = 2 gauge multiplet can be decomposed into an N = 1 gauge multiplet
(A5, X3) and an N = 1 chiral multiplet (¥3, ¢*) (a = 1,2,3).

The N = 2 super-Yang-Mills Lagrangean is therefore given by an N =1
super-Yang-Mills Lagrangean minimally coupled to a N = 1 chiral multiplet in
the adjoint representation It reads:

~a i g
L((\lﬁz — _ZF;:VF#VG + = )\00'“’8‘)\ + %dfza;;puaﬂ +
(Dud)* 1 D¢ + +\/—ge°b"(d>“"1/)b>\c +he)+
+g2 (eabc¢bt¢C)feade¢d1¢e . (176)

The two supersymmetries can be obtained by using the SU(2) R-symmetry ac-
ting on (), ¢) together with the N = 1 transformation laws (172). One deduces,
e.g.,

8 F2, =i[Gou DX + (17, DA’ + oDt + (5, Dudp®] — (k0 v). (177)
In addition to supersymmetry, this Lagrangean has even more symmetries, the

so-called “R-symmetries”, mentioned already above. It is invariant under an
SU(2)r acting on (), ¥) as well as under the replacements

UQ1),: &(8) — $(e7**) (178)
and

U(l)x

{45(9) — e?BP(e1F9) (179)

Wal(8) — ePW, (e 8) °
if one denotes by @ the N = 1 chiral superfield containing 1o and ¢ and by W,
the vector superfield strength, i.e. the chiral superfield containing A, and A,.
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6 The Structure of N=2 Supersymmetric
Yang Mills Theories

Our main purpose is to describe the exact quantum behavior in the infrared
of the N = 2, SU(2) supersymmetric Yang Mills theory found by Seiberg and
Witten. We will first discuss separately the "ingredients” used in the solution
and then proceed to the actual construction.

6.1 Lagrangean and Superalgebra
It is useful to define A =: ¥! | ¢y =: ¥? and rewrite the Lagrangean (176) as

L= _% tr [F;w]2 - 2itr [!p”awD“Wi] + 2tr[(Du¢)T(’D#¢)]—. (180)

—V2gtrfighey [W u'u] +hoc]-2¢%tr [¢, ¢T] ,
where the trace is taken in the adjoint representation of SU(2).

A nice exercise is to calculate the conserved supersymmetric Noether current
from the transformation properties (177) of the fields {9]

Si(z) = tr [V2F 007 0, 4 2¢¥ (D,,¢) ovo, W7 + 2\/59[45, ¢T]ng’i] . (181)

Using the canonical (anti-)commutation relations, one may test that the super-
symmetry algebra is indeed fulfilled and show that the central charge (57) is
given by

Z=12 / &z 9; [qs“(x) (Eg(x) + iBg(x)) , (182)

where E? = F'¢ is the colour electric and B = 1'% F7* the colour magnetic
field. In order the total surface integral Z to be nonzero and the algebra to be
extended, the theory has to allow for finite energy configurations which fall off
slowly at infinity. We will investigate more closely their existence in the next
sections.

6.2 Supersymmetric QCD as Higgs Model

As seen in (55), the vacuum has zero energy in a theory in which supersymmetry
is not broken. Hence, ¢ has to be a constant in spacetime, so that the kinetic
terms in the Lagrangean (180) are zero, and the superpotential has to vanish in
the classical vacuum:

tr [¢, ¢T]2 =0 (183)

Whenever ¢ and ¢T commute with each other, i. e. are aligned, and hence ¢
and ¢Jf lie in the maximal Abelian subalgebra of SU(2), this equation holds with
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nonzero vacuum expectation value of the scalar field. These directions in the Lie
algebra space are are called flat directions:

(vaclg?(x)|vac) = ad®(x) , ¢'lI"T (184)

b
a?=¢* , a€C, 8,0a=0; $b=%
Note that the choice of J&(x) at every spacetime point corresponds to a choice
of gauge. The (nearly) gauge invariant eigenvalue a of the vacuum field configu-
ration is an arbitrary, z-independent complex constant, and the vacuum breaks
a symmetry of the Lagrangean spontaneously by developing a nonzero vacuum
expectation value a. This hint for a Higgs mechanism parallel to the one in the
standard model suggests to investigate the residual symmetry group the broken
vacuum state allows for.

For given ¢, (184) fixes the gauge partially for nonzero a, since it permits
only two kinds of residual gauge transformations: The first kind is a U(1) group
exp iga®(x)¢®(x) with arbitrary gauge function a®(x) and corresponds to rotati-
ons about the ¢ axis in colour space at each spacetime point. The second kind is
given by the Weyl reflection group W of SU(2) and describes rotations in colour
space such that the direction 43 points to in the Lie algebra space is reversed.

The analysis becomes more familiar in the U gauge (5], [10], in which the

field ¢ is diagonal, .

) =%, (185)

and which may be reached by diagonalizing $ at every spacetime point. Then the
U(1) part of the residual symmetry group is given by all functions exp igaz(x)"z—3
with arbitrary a(x) and by the Weyl reflection group {1, R := io?}. R describes
rotations around the 0% axis about the angle = and reflects the arbitrariness
one has in the ordering of the eigenvalues, Ro3R! = —03. Under this trans-
formation, a reverses sign, and therefore the expectation values a and —a have
to be identified. The correct gauge invariant parameter differentiating between
different flat directions is hence (at least locally)

u:=trg® = %az , (186)
and w. r. t. this variable the residual gauge group is U(1). Nonetheless, it will be
more convenient in what follows to work with a as variable labelling the different
vacua.

In the standard language, the original SU(2) gauge symmetry “breaks down”
to U(1) because of the nonzero vacuum expectation value a, and as in the stan-
dard model one expects the Higgs mechanism to give mass to two charged vector
mesons, leaving the gauge boson which lives in the o> (respectively ¢) direction
massless. Indeed, expanding in the U gauge about the classical vacuum,

3

b=a%+4, (187)
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the kinetic energy term of the scalar fields,

2tr[(Du¢)T(D“¢)] = ¢%|af? [(A;)z + (A;i)z] +. (188)

shows that the offdiagonal fields W := \/— (AL £iAZ) of charge one w. r. t. the

residual U(1) symmetry acquire semnclassxca.lly a mass m}, = 2g¢°|a|?. At least
different values of |a|? will hence label different vacuum sectors of the theory.
One obtains a Lagrangean similar to the supersymmetric version of the Ge-
orgi Glashow model (5], [10], SU(2) Yang Mills theory with a real Higgs field
¢ in the adjoint representation of the gauge group. From the SUSY mass re-
lation between particles in the same multiplet (O’Raifeartaigh’s theorem) (57),
one concludes that all the offdiagonal fields A% ,A\V%,9"? acquire the same
nonvanishing mass for nonzero a, and only the “photon” A3 together with its

supersymmetric partners stays massless. In general, d> prescnbes in a gauge in-
variant manner the direction in the Lie algebra space at each spacetime point in
which the electromagnetic field lives,

Fom = ¢'FY, . (189)

We will not bother to write down the (lengthy) interactions between massive
and massless as well as amongst the massive fields induced by the spontaneous
symmetry breakdown, since they will not play a role in what follows.

Classically, the U(1)gz symmetry (179) changes the phase of the Higgs field,
and hence shows that only the length |a| of the Higgs field is relevant. The
classical moduli space of infinitely many physically inequivalent ground states
(flat directions) is therefore the half line |a] € [0; o0 of real dimension one.
Different values of |a| yield indeed different masses for the charged gauge bosons.
For a = 0, additional particles become massless and one expects therefore that
the classical moduli space has a singularity.

One can show that the flat directions remain flat when one takes into account
quantum corrections. The quantum moduli space of infinitely many, physically in-
equivalent ground states will nonetheless change drastically, because the classical
U(1)r symmetry (179) is broken in the quantum theory due to nonperturbative,
instanton, effects to a Z, symmetry which maps a to %a, +ia. For u, which is
the better variable to take to describe the quantum moduli space, the symmetry
is broken to Z,, identifying u and —u. Therefore, the quantum moduli space
is labelled by the complex value u and will now be of complex dimension one.
Different u,u' # +u yield different masses and correlation functions, and hence
different physics. The occurence and position of singularities in the quantum
moduli space can differ drastically from the classical one, as will be demonstra-
ted below, but the system will still be in the Higgs phase for nonzero a. The
base manifold of u is the right half of the complex plane, and this will prove
very powerful in the analysis of the theory. In contradistinction to the Georgi
Glashow model, in which the Higgs potential is 3u2¢°¢® — $)(¢°¢°)? and the

vacuum manifold of flat potentials is given by all ﬁelds with length a = v2u/V,
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i.e. by the 2-sphere S2, in the SUSY model it is much larger: Any value of a
yields a flat direction.

Therefore the effective low energy theory of N = 2 supersymmetric pure
SU(2) gauge theory, which is given by integrating out the heavy modes propa-
gating only over short distances, is N = 2 supersymmetric QED. The Georgi
Glashow model is embedded in pure N = 2 Yang Mills theory and hence can give
valuable hints for SUSY QCD. The light fields dominate the long range behavior
and therefore are also the relevant degrees of freedom w. r. t. the central charge
(182). Z is nonzero in the Higgs phase because fields approach their vacuum
value at infinity, lim .o, ¢%(X) = a¢®(x).

6.3 Central Charge and Topology

If there exist physical particles which are not the fundamental fields, W= and
the photon( with their SUSY partners) or their bound states, the Hilbert space
is larger than the one that can be reached by perturbation theory about the
trivial vacuum. Indeed, topology shows that the Hilbert space of the quantum
theory decomposes into disjoint sectors not only of different electric, but also of
different magnetic total charge, and of different values for an effective ¥ vacuum
angle.

Magnetic Monopoles The second term in (182) measures the total magnetic flux
through the surface at infinity and hence will be nonzero only in the presence
of monopoles. At first sight, this seems to be ruled out because the naive QED
magnetic field is divergence free thanks to the Bianchi identity, 8;B{™ = 0.
Because of the nontrivial dependence of the magnetic field on ¢ as it is defined
in the Higgs phase (189), it will indeed not obey the Bianchi identity of QED
and magnetic monopoles may occur, although the non-Abelian Bianchi identity
D2 B? = 0 is valid. This should not come as a surprise, since our guide, the
Georgi Glashow model, is known to allow for finite energy solutions of nonzero
total magnetic flux, namely the 't Hooft Polyakov monopoles [11].

Their strength can be derived from topological arguments: ¢ can approach
any vacuum expectation value a¢3 at infinity, and qﬁ must be aligned to é. In
order to obtain all inequivalent configurations J), the electromagnetic gauge group
has to be factored out since — as already mentioned — rotations about the ¢ axis
leave it invariant. Therefore, ¢ at infinity can have any value in SU(2)/U(1).
Gauge inequivalent configurations exist, if arbitrary 43( ) cannot be rotated to
point into the same direction in colour space on the whole sphere S2 at spatlal
infinity. Such gauge transformations which continuously diagonalize every ¢(x)
are not present in general since the mapping which defines the diagonalization,
i.e. the alignment of the vacuum expectation value of the Higgs field at infinity,
D : 8% — SU(2)/U(1), decomposes into infinitely many distinct equivalence
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classes?, each of which is labelled by an arbitrary integer winding number

A = j{dzs" Bi°d* €Z . (190)
4r
S2at oo
The central charge (182) of monopoles is therefore given by

Ari
Zmonopole = \/ia%lnm ’ (191)

and the resulting quantization condition for electric and magnetic charges, gm €
47"2, is twice the quantization condition of the Dirac monopole. This can be
traced back to the fact that there are no fields present which transform under
the fundamental representation of SU(2) (5], [10].

As we will discuss in the following, due to the asymptotic freedom of the
theory, for large a we are in the semiclassical regime. In this region monopo-
les can be reliably constructed as field configurations following the solution of
Bogomolnyi, Prasad and Sommerfield for the Georgi Glashow model {14]. One
starts in a gauge in which all fields are time independent, GpAj =0, do¢ = 0.

When ¢ is real, the Higgs potential vanishes ([, ¢T] = 0) and therefore ¢ lies in
the moduli space automatically. From the bosonic part of the total energy of a
static field configuration without colourelectric fields (E¢ = 0), one can show by

the Bogomolnyi trick
)"+ (0] (04) ]

E:= /d3
_ / Pz [\%Bf + (D,-qb)ar F / d3zv2 6; (B:‘¢°)

(using the non-Abelian Bianchi identity) that the energy, and hence the mass of
the static monopole has a lower bound (called Bogomolnyi bound)

(192)

4ri
Mmonopole =FE > \/_[a—nml lZmonopoleI . (193)

The monopole will be stable when E is minimal. For monopole charge one, the
Higgs field should be mapped with winding number one to the sphere at infinity,
which suggests the hedgehog ansatz ¢¢||z® for it, and the magnetic field should
fall like 1/r2 at infinity. The Wu-Yang-"t Hooft-Polyakov-Julia-Zee ansatz alignes
also B¢ and ¢°:

A% =0 .Jg L(1-Km) , lim K(r) =0 -
%0

2gr?
4 More on topological considerations can be found e. g. in [5], [10], [12], [13].

6=2=H(r), limg= aé“f;
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Minimizing (192) to obtain the stable solution, the following equations of motion
result

r’K" = K(K? - 1)+ KH?

(195)
r’H" = 2HK?
(primes denote differentiation w. r. t. r) which are solved by
1+0 %) forr -0
K()= 997 _, ((gar)?) for r
sinh gar gare 9% forr — oo (196)

0 Nforr o0
H(r) = gar coth(gar) — 1 — ((gar)?)
gar for r = oo

(assuming a > 0) and constitute an exact solution for the 't Hooft Polyakov
monopole in the limit of vanishing Higgs potential with \/zi/A = 1 fixed. The
solution is regular everywhere and has size 1/ga. The gauge invariant QED-
magnetic field at infinity is indeed

Biﬁx—; for r - o0 (197)
gr
and the BPS monopole saturates the Bogomolnyi bound
4
Mpps = \/§|a—g—nm| . (198)

We remark that this relation coincides with the condition {95) between masses
and central charges for small representations of the SUSY algebra. Therefore, the
monopole in the large a limit belongs to a small representation of N = 2. Since
the number of states in a representation cannot change abruptly, the monopole
will stay in a small representation for any a.

If one wants to rotate the solution (194) to the U gauge (185), the gauge
transformation diagonalising the Higgs field can only be continuous everywhere
except on a line from the origin, the position of the monopole, to infinity [5], [10].
Otherwise the topological winding number (190), which is just constructed to be
gauge invariant would be changed. So, the 't Hooft Polyakov monopole acquires
a Dirac string and a singularity at the origin which give rise to a violation of the
Bianchi identity of QED in the U gauge. Nonetheless, and in contradistinction to
the Dirac monopole case, the BPS monopole has finite energy, and the magnetic
field strength remains finite even at its centre. Hence, the solution cannot be
rotated to the U gauge by a nonsingular gauge transformation.
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Dyons Monopoles carrying electric charge as well are dyons and can be construc-
ted as above, when one includes the electric field term [d*z (E¢)? in (192) and
supplements the ansatz (194) with one for the zero component of the gauge field
which yields the electric field, Ef = — §; 43,

Ay = —J(r) . (199)
In this case the field equations

K" = K(K* - 1)+ K(H* - J?)

(200)
1"2.]" — 2JK2 , ,’.2HII — 2HK2
are solved by
_ gar
K(r) = sinh gar
J(r) = sinhy [gar coth(gar) — 1] (201)

H(r) = cosh~y [gar coth(gar) — 1]

(again a > 0; v is an arbitrary constant) and yield as mass for the stable dyon
of electric and magnetic charge one

Mayon = V2 4?” la| cosh® 7. (202)

As will be seen from the next paragraph, in the small coupling limit, which by
asymptotic freedom (cf. a following section on the perturbative regime) is also
the classical limit, one should set

2
cosh®y = 1+ 4%; forg— 0 (203)

to obtain
41\ 2
Mdyon = \/-Z'gla| 1+ (?) . (204)

Again, the dyon saturates the Bogomolnyi bound and relation (95) for particle
masses in short SUSY representations.
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Electric Charges and Dyons The first term in the expression for the central
charge (182) counts the total number of electric charges minus anticharges n, in
classical QED, as can be seen from Gaufl’s law

GHE™ = gpe (205)
pe being the electric charge density, so that classically

4ri

Z= \/iga(ne + 7'clas:'x'”'m) y Tclass *= 9_2 (206)

Witten [15] found that the electric charge of a monopole doesn’t have to be
integer in a theory which allows for a nonzero CP violating ¥ vacuum angle. The
¥ angle of the original non-Abelian theory is irrelevant, because of the presence
of massless fermionic fields #* and the U(1) anomaly [5], [10].

Nonetheless, the effective low energy theory, which must be given by the most
general N = 2 supersymmetric QED Lagrangean due to above considerations,
does have an additional term

,0em 2
6472

,0em

4 _ 4
Sgem = / dig #vo Fempom = / d'z EmBE(207)
incorporating an effective 9°™ angle. The effective action represents the exact
low energy theory. Therefore the effective 9 cannot be rotated away. Because
the electromagnetic Gaufl’s law is given as the functional derivative of the full

action (146) w. r. t. AS™, it now has an additional term

B =g(pe ’98 J aBe'") : (208)

which is nonzero in the presence of monopoles (190). Integration therefore shows
that the electric flux at infinity is not necessarily an integer because of J°™.

em

/ &z 8; [qus"] = ag (ne + ’92” ) (209)

This is the effect reflected by the arbitrary parameter v in the dyon solution
(201), as can be tested by calculating its electric charge from the electric field

Eflyon — z_3 sinhy forr — oo
gr ‘ (210)
47 sinh y

=>ne: 3
9

In the classical, small coupling limit (9*™ = 0), (203) indeed shows that sinhy —
g% /4r and hence the electric charge of the dyon (201) is one.
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Saturation of the Central Charge As a result of these considerations, the central
charge (182) is semiclassically given by (redefining ga — a as [16] does)

Z = \/E(ane +apnm) , Ne,Nm €Z

) o™ Ami (211)
with ap ;= argeq , Teal := o + ?
Note that the classically purely imaginary parameter 7ciass (206) becomes com-
plex in the quantum theory.

An at first sight surprising, but very important result is that in the semiclassi-
cal regime all particles, charged and uncharged, BPS monopoles (198) and dyons
(202), obey the saturation equation for the Bogomolnyi bound and the relation
(95) for particle masses of short SUSY representations, i. e. SUSY multiplets in
which the central charge is saturated:

M=\Z|, Z=+V2(an.+apnm) - (212)

The parameters a, ap of the quantum moduli space and the electric and ma-
gnetic charges of the particles in the physical spectrum determine their masses
uniquely, and because 7 is complex, different a yield now indeed different physics,
as has been expected from the breakdown of the classical U(1)z symmetry.

To shed more light on (212), consider the number of states before and after
spontaneous symmetry breaking. First, all fields are massless, and every SUSY
multiplet contains 2¥ = 4 helicity states, while for massive fields, after the
breakdown, one would usually expect 22V = 16 states, cf. the section on repre-
sentations of the SUSY algebra. On the other hand, one knows [5], {10] that the
number of degrees of freedom is left unchanged by the Higgs mechanism: The
electrically charged gauge fields Wf “eat up” the would-be Goldstone bosons of
the Higgs field and incorporate them as their longitudinal modes, leaving four
states in the Higgs phase as well. How to resolve this apparent contradiction on
the number of degrees of freedom?

The way out is to observe that when the central charge is saturated, i. e.
the Bogomolnyi bound is reached, one remains with 4 physical states in each
multiplet even after the spontaneous breakdown of the symmetry, as shown
above. This is the deeper reason why (212) must be true in the semiclassical
approximation for all physical particles [9].

6.4 The Full Quantum Theory

It is conceivable that relation (212) will not even be changed by nonperturba-
tive quantum corrections, when one substitutes renormalized quatities for the
bare ones. The above semiclassical reasoning may be wrong concerning the exact
spectrum of particle masses in QCD, but one would trust its answers to qualita-
tive questions like the number of particle states (four), the representations of the
~ symmetry algebrae involved (SUSY) and the structure of the SUSY algebra itself
in a theory in which SUSY is not broken. This fixes us to the Bogomolnyi bound
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by the above considerations. Therefore, in SUSY Yang Mills theories in the Higgs
phase, the classical mass spectrum does not feel any quantum corrections and
(212) is an exact result of the quantum theory. Nonetheless, one expects that
relation (211) between a and ap, which has been obtained semiclassically, has
to be given up due to quantum corrections.

So, (212) remains valid, showing that particles without electric and magnetic
charge (the photon and its N = 2 superpartners) are massless even beyond
perturbation theory.

We start our discussion of the full quantum theory by enumerating the physi-
cal parameters which distinguish the theories. Classically, we have a dimension-
less coupling constant, a microscopic 9 parameter and the the modulus a. The
theory is asymptotically free, the coefficient of g® in the S-function being —4
(this will be derived later). Therefore, through dimensional transmutation, the
coupling constant is traded for a scale (e. g. a or u) in which all the dimensional
quantities are measured but otherwise does not have any dynamical significance.
Due to the presence of massless fermions the ¥ parameter can be rotated away.
By doing a chiral change of variables of the fermionic field, through the axial
anomaly a term with the same structure as the ¥-term is produced.

As a consequence, physical quantities depend on one complex parameter,
corresponding to the classical a. The exact definition of this renormalized, di-
mensional (measured in the unit specified above) complex parameter is conven-
tion dependent. We will discuss it in the following, but first turn again to (212)
determining the mass of the particles.

6.5 The Duality Group

Two more properties carry over from semiclassics to the full quantum theory.
The first one is that the 9°™ vacuum angle of the effective theory can only be
defined modulo 27 and so a shift

" 9"+ 2rm , meZ

. (213)
l.e. T—>T7+m , ap — ap + ma
must be a symmetry of the spectrum as well,
Mgem = Mgemi2em (214)

which implies that one has to redefine what one considers to be the electric and
magnetic charge of a particle.

Ne = Ne — MNm , Ny — Nim (215)

In the absence of magnetic monopoles, this symmetry is void.
Introducing the two vectors

n:= (“’“) , vz (‘T) . M=+2n-v| , (216)

Ne
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the mass formula (212) as well as the formula for the central charge (211) is
invariant under any transformation

nT - nTA7! | v Av (217)

where the invertible 2 x 2 matrix A has to have integer entries in order to map
arbitrary n into vectors with integer entries. Therefore det A,det A~! € Z\{0},
and with det A™! = 1/ det A, A has determinant +1 and hence must be a member
of the product of the group of linear matrices with integer entries and unit
determinant, SL.(2,Z), generated by

_{0-1 {11
S._(l 0) and T := (01>

withT"‘:(éT) CTPT M =1, meZ

(218)

and the two element group
01
. 2
a (95 ) (219)

T™ implements the transformation (213/215) of the ¥°™ angle, showing again
that its entries must be integers.

The second element of the two element group can be ruled out to be a
physically relevant transformation of the theory: It maps 75 — T—l—l as can

be seen from (211) and hence violates the constraint that physical coupling
constants must be real because of unitarity,

>0, Im72>0. (220)
The matrix S interchanges electric and magnetic charges,

Nim — —Te , Ne —* N
ap @+ —-a , a—ap (221)
1

e 171> ——,
T

and is compatible with the positivity constraint (220). It implements the other

property of the quantum sector which is extremely important: Duality.
Consider first the classical theory: Since one knows that the effective low

energy theory allows for monopoles and dyons, Maxwell’s equations read

HFL = —gjs . OMF" = —gn™i) (222)

where gclass = ig’i. j&/™ is the electric/magnetic current four vector, and F** =

le,,”° Fe™ js the dual field strength tensor. The second equation replaces the
254 po gt
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naive Bianchi identity of QED. Dirac was the first to notice that these equations
remain unchanged under the replacement

Fom — Fpm= | Fem* o —Feom
B n B py (223)

97 = Imiy 5 Gmin = —9In

where the minus sign is necessary because (Fj;;'*)* = —F;. This interchange
of what one calls electric and magnetic fields (Ef™ — Bf™ , Bf™ — —E{™) and
currents is called duality transformation. It interchanges also the role of electric
and magnetic coupling constants by reversing as in (221). Therefore, S maps the
sector of small electric coupling g to one of large magnetic coupling constant 47"
and vice versa, and interchanges the role of fundamental particles and solitons.
Hence it is not a symmetry of the theory, it merely shows the same theory in a
different picture: For example, strongly interacting electric particles will better
be described by weakly interacting monopoles and dyons.

In order to deepen the understanding of duality in a quantum theory, to stress
once more that it is not a symmetry and to prepare calculations in the following
sections, we discuss now the basic features of eletcromagnetic duality for the
path integral in the simplest context, i.e. the free Abelian theory. Consider the
Maxwell Lagrangean .

L=-g7FwF" (224)
where F,,, = 8,A, — 8,A, and g*(z) is an z-dependent coupling constant. The
generating functional Z is given by

= /DA exp (i /d4xﬁ) . (225)

Using the properties of Gaussian integration, one can alternatively represent Z

2
Z= / DA, / DG,, exp (i / d'z [%GWF“" + #G,,,,G‘“’D . (226)

Integrating first over A, we obtain a d-distribution
§(0"Guy) (227)

whose solution is
Guv = €uvpe 0°B7 (228)

where B, is a “magnetic” gauge potential. Therefore, the generating functional
has the alternative expression

Z= / DB, exp (-1 / diz (aB - 8,B,) (8"B"—6”B")> . (229)
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Introducing sources, we can easily prove that in gauge invariant correlators the
electric and magnetic fields are interchanged in the two pictures, i.e.

Fluy = £40ps0°B° . (230)

The coupling constants have also a simple transformation rule interchanging
weak and strong coupling as above, however the relation between the potential
A, and B, is extremely nonlocal.

The simple calculations above show again the special features of the duality
transformation distinguishing it from a physical symmetry. The “electric” and
“magnetic” photons do not form a multiplet but give two equivalent pictures of
the same physical content. The same features can be seen also in the operatorial
formalism. If one works in the A, = 0 gauge, the potentials A; and the electric
field E; are conjugate variables and the physical Hilbert space is constrained by
the GauB8 law V - E = 0. The physical, transverse photons are created by the
magnetic field B. Under a duality transformation, E and B are rotated into
each other, (223), and the GauB law and the V - B = 0 operatorial equation
are interchanged. The physical Hilbert space of transverse photons remains the
same and both dual pictures are realized on it.

In the presence of matter, the generic situation remains analogous to the
one described above. The duality transformation gives equivalent descriptions
in electric or magnetic languages of the same physical content. Electric and ma-
gnetic charges of matter should be interchanged simultaneously with the change
from electric to magnetic photons in the quantum theory. Electric charges and
monopoles cannot be the fundamental particles simultaneously, i.e. in the same
picture.

In very special situations (like e.g. N = 4 SUSY gauge theories) it could
happen that in a given picture one has both electrically charged particles and
monopoles present. Then the duality transformation could relate their properties,
acting in this sense as an ordinary symmetry.

Duality is therefore an extremely powerful tool to connect weak and strong
coupling sectors by redefining what one considers to be the fundamental field:
Electrically charged particles which couple locally to photons or magnetically
charged particles which couple locally to “magnetic” photons.

To conclude, the physically relevant group under which the central charge and
mass formula (212) remain invariant, called the (full) duality group, is expected
to be SL(2,Z), inducing

ab ar + b
v v and 17—
cd et +d (231)

with ad—bec=1, a,b,c,d€ Z .
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7 Towards a Solution of Pure N=2 SUSY QCD

This chapter gives an introduction to the line of arguments Seiberg and Witten
[16] proposed for a construction of the complete mass spectrum of the quantum
theory.

7.1 The Effective Theory

In the Seiberg-Witten approach, exact statements are made about the quantum
effective action of the massless degrees of freedom.

As we discussed above, for large moduli the semiclassical approximation is re-
liable. We know, therefore, that the model is in the Higgs phase, i.e. the massless
degrees of freedom form the N = 2, U(1) gauge supermultiplet. The multiplet
contains, in a N = 1 notation, the gauge superfield W, and a chiral superfield
é.

The effective Lagrangean represents the exact interaction of these massless
degrees of freedom, and it is formally defined as the generating functional of
the one particle irreducible Green’s function involving these fields. The effective
action respects all the non-anomalous symmetries of the theory, and knowing it,
one has solved the theory. Clearly, if at some value of the modulus additional
massless fields appear in the theory, the action should be changed, i.e. such points
represent singularities in the modulus-space. The understanding of these points
and therefore of the phase structure of the theory is one of the main results of
the Seiberg-Witten approach.

The effective action is an infinite expansion in the derivatives of the fields.
Seiberg and Witten limit themselves to terms containing at most two derivatives,
motivated as follows.

The demand for perturbative renormalisability allows only terms in the ef-
fective action with not more than two derivatives and at most a four fermion
interaction. The high symmetry constrains the vector multiplet part of the N = 2
SUSY QED effective Lagrangean to depend only on one single holomorphic func-
tionof the N = 2 vectormultiplet ¥* [17]

Legt = —Im / d%6 / 4?0 F(¥ (232)

or in terms of the N=1 chiral multiplet # and vector multiplet W< which make

up ¥¢
2 1 62‘; a /2 /2
{/d 28¢2WW+ a8 d9—<§ . (233)

Here, in line with redefining the Higgs field ¢ to include the coupling, g was
absorbed into the definition of V ,¢ and W<. The prepotential F(®) is a gene-
ral holomorphic function. The relation between the first (“gauge”) and second
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(“Kéhler”) term in (233) is a consequence of N = 2 SUSY. It can be easily pro-
ven by requiring that the interaction between the scalar field and its fermionic
partner (coming from the first term) will be related by the SU(2)z symmetry
to the interaction between the scalar and the photino coming from the second
term.

The effective action (233) has a flat direction: F can be expanded around an
arbitrary complex value of &, a. This represents the exact, quantum definition
of the modulus, i.e. (233) represents the effective action for the full moduli
space of the theory. The knowledge of F (&) gives simultaneously the information
about the moduli dependence of the effective action and for a fixed modulus the
dependence on the chiral superfield expanded around the modulus.

To calculate the masses (212), it is enough to construct e and ap, which Sei-
berg and Witten show to be possible from the knowledge of the global properties
of F. The astonishing fact that these can be determined from the low energy
effective theory at points at which certain fields become massless, as will be seen
in the next section, is intimately connected to the fact that F is holomorphic.

Using the semiclassical Lagrangean (173), we read up that

1
Fact (W) = 57'3ch2
a-7'-s<:l =T d5ev afscl = @ = ap
BQ_ scl ) oP o scl (234)
62-rgcl -
o092 o = Tsel -
Together with the mass formula (212)
M=z, Z=Vi(ana+ 0| na) (235)
VY=g
it is evident that in the full quantum theory
’F
T(G) = WZ’—
VY=a
4 92 (a)
I = = e
m 7(a) @) Re 7(a) o (236)
_ O0Fciass dap _
ap(a) := £y L and hence % T

plays the réle of the effective coupling constant in the Abelian theory, i.e. deter-
mines the (effective) 9¢F angle and coupling geg in the quantum theory.

We stress that all physical quantities will depend only on the complex para-
meter a.
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7.2 Duality in the Effective Quantum Theory

Next, we discuss the duality properties of (233), i.e. the various transformations
which relate effective actions with different () without changing the physical
content of the theory. We start with the transformation which generalizes the
electro-magnetic duality to the N = 2 SUSY situation. Defining

aF
o =h(®) = 5 (237)

we see from (229) that the second term in (233) transforms as

dop o 1 o
=z WeW® > —gg- W8 - (238)
dé

In the same notation the first term in (233) can be written as

Im (%5 3) |, (239)
which is the same as
~Im (6%p) . (240)
Therefore we showed that there is a transformation of variables
Wa = Wpa
&p - —& = ~h~1(&p) (241)

& dp= h(d),

which gives a new effective action equivalent to (233).

The physical content is not changed if the function h is replaced by the
function —A~1. Even though the independent information is expressed in terms
of the change of one function, it is more convenient to treat ¢ and $p = h(®)
in a symmetric fashion as a doublet, as has been done for a and ap in (216). In
this way the transformation is expressed as

(#)-(v3) (&) o)

Another transformation which leaves the physics unchanged is changing $p =
h(®) by a linear term in & with real coefficient, i.e.

$p > Pp +bP

4
- P . (243)

Then the first term in (233) is changed by
Im(b29) ,
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while the second is changed by
b Im (/d20 WaW") ~b F,F* . (244)

From (233) we see that b changes Jcgs. In an Abelian theory, (233) is a total
derivative which cannot get contributions at infinity. However, when monopoles
are present b has a physical influence since it shifts the charge of the monopoles.
Therefore the transformation (243) leaves the physics invariant only if b is an
integer and the transformation is accopanied by relabelling of the monopole elec-
tric charge. These legal transformations are in accordance with (218) generated

’ ()~ () (2)

The 2 x 2 matrices appearing in (242) and (245) generate the full SL(2,Z) group
of 2 x 2 matrices with integer entries and unit determinant, which is therefore the
duality group of (233), and so one has shown that the duality group of Sect. (6.5)
survives also in the quantum theory.

An important point related to duality is the exact definition of the central
extensions in the N = 2 SUSY algebra. Using (233), one can calulate the ge-
nerators of the algebra and their commutation relations. One expands around
a value a of the modulus and defines ap := h(a). Then, repeating the calcula-
tion of Sect. (6.3), the electric and magnetic charge contributions to the central
extension are normalized by a and ap respectively. In particular if the massive
fields are added to the effective action, for a short multiplet the mass will be
given by (the coupling is absorbed in a and ap)

M = V2| nea+ nmap | (246)

where n., n, are the electric and magnetic charges carried by the multiplet. This
result, being algebraic, is exact. Equation (246) gives a definition of the quantum
modulus a and of ap through an actual physical measurement.

As seen in Sect. (6.5), in the presence of charged matter a duality transfor-
mation requires also a relabelling of the charges of the matter fields in such a
way that the physics remains unchanged. From (246) it follows that if (&, #p)
transform according to a SL(2,Z) transformation M,

(g") <M (gD) , (247)

the electric and magnetic charges should be relabelled according to

(:::‘) - M7 (:’:) , (248)

where M7 is the transpose of M. Therefore, the same theory characterized
by a point in the moduli space can be described by different looking effective
Lagrangeans accompanied by matter fields having different charge assignements.
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The deep and surprising observation by Seiberg and Witten is that the afo-
rementioned ambiguity in the description is a necessary feature of the N = 2
SUSY gauge theories. This class of theories have monodromies, i.e. there are
closed paths in moduli space for which — when one returns to the initial point
~ one finds the effective action written in a different picture. The existence of
monodromies is a mathematical consequence of the existence of singular points in
moduli space in the functions F(®) or h(a). A general argument for the existence
of singularities follows from (220),

A 3@ 5 (249)
Gett da
The imaginary part of an analytic function cannot have a well defined sign
unless it is a constant (which would correspond to the classical theory). Since
there are quantum corrections, h(a) must have singularities in order to fulfill the
inequality.

7.3 A Monodromy at Infinity

An explicit example of the appearence of monodromies is obtained if we take
a closed path which stays all the time in the region where the modulus has a
large absolute value. In such a domain, due to asymptotic freedom, perturbation
theory is reliable and — the theory being N = 2 SUSY - there is an important
non-renormalization theorem [17]: In SUSY N = 2 QED and QCD, the one loop
calculation yields the exact result to every order in perturbation theory. Because
of the high symmetry, fermionic and bosonic divergences cancel exactly beyond
one loop. Furthermore, the result is uniquely determined by the transformation
properties the effective action has to have in order the U(1) to be broken with
the right remaining Z, symmetry:

4k
F(@) = %TCI”SW ll + ———-ln —} + Z}-k ( ) (250)

The last term comes from possible nonperturbatwe k instanton contribution
which drop out in the classical limit, as does 9*™(u — o0) —= 0.

To get a feeling for this result, caiculate the effective coupling 7 from (236)
for |u|,lal =

a 2 2 2
ap(a) = )3 ~ QTclass {(1 + f;) + L 5 In %] (251)
$=a
0*F g a?
T(a) - —532— e — Tclass [1 + — 4 (3 + In 71'5) , (252)

whose imaginary part gives the running coupling

1 1 g2 2
el 253
!]eg(a) [1 +o3 (3+ln AZ)} for |a| & o© (253)
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and renormalization group beta function
1
B(9(@)) » — 15 52a(a) for la| » oo . (254)

This is the expected result of the beta function of SU(2) QCD with two Weyl
fermions X, and a complex scalar ¢ in the adjoint representation of the gauge
group, cf. [10], Chap. 10.1.

The expression for h(a) is

. ¢2
QDEh(Q)zg 1+In—| . (255)
i A?
In the large | # | domain, $2 is the gauge invariant quantity. Therefore
$ = p exp (ia) 0<a<nm  pfixed, large (256)
represents a closed path in moduli space. On such a path, using (255), the change
will be
3 ¢ 12 or = &p + 28
D—*—D—-"Fl2ﬂ'——D+ (257)
e 2

Therefore, there is a nontrivial monodromy around infinity represented by the
matrix

(=1 2\ oz
Mw._( 0_1)_51‘ . (258)

It is indeed a member of the duality group under which the theory is invariant.
Although we already know that in the classical limit only the particles wit-
hout electric and magnetic charge are light and describe the long range behavior
of the theory, it is instructive to re-derive this result: The electric and magnetic
charge of the massless particles must be unaltered by the monodromy, so that

nT2nTMl=n=0, (259)

as expected.

7.4 Branch Points at Finite u

Assuming that the moduli space has only isolated singularites, there are regions
in moduli space free of monodromies. This requires that, besides infinity, there
are other singular points with monodromies M; in such a way that

I M:i=M . (260)
i=1

The physical origin of a singularity at a finite value of the modulus is the ap-
pearence of another massless state. Therefore, one should study the influence on
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the effective action (233) of matter multiplets with various charges, when their
mass approaches zero.

Their electric and magnetic charge n; can again be determined by the mon-
odromy,

ol 7M. (261)

Furthermore, with u; also —u; must be a branch point because of the residual
Z, symmetry of broken U(1)%.

Electric Charge Branch Points We start with a multiplet carrying electric charge
1. If the highest spin in the multiplet is not larger than 1/2, such a multiplet
will necessarily be short, and its mass will vanish for a — 0 as a consequence
of (246). In this case, we are dealing with an N = 2 SUSY extension of QED.
Since QED is infrared free and the vanishing mass represents exactly the infrared
limit, a one loop calculation of the effective action is reliable. Through the Ward
identity, the running of the effective coupling constant 7(a) is reduced to the one
loop correction to the photon propagator due to the matter circulating in the
loop. The result of the calculation is

i m i, a
=——ln—=—-=-In— . 262
7(a) - In 1 —In= (262)
Integrating once, we obtain
1 a
ap = h(a) = ~~aln—-+& . (263)
™ A

If a circles the singular point a = 0, the transformation is

ap — ap + 2a

a—a . (264)

Therefore, the monodromy matrix corresponding to a multiplet with charges
n = (ny,ne) = (0,1) becoming massless is

12
Moy = (0 1) _T2 (265)

If instead of charge one, we have a field with an electric charge g, the off-diagonal
element in (265) is multiplied by ¢2. It is clear from (265) that the presence of
only electrically charged multiplets of this type cannot satisfy (260). The above
discussion does not include the possibility that all the gauge bosons become
massless i.e. that the full SU(2) symmetry is restored at some point in the
moduli space. The existence of such a "non-Abelian Coulomb phase” is highly
implausible.

There is only one point, a = u = 0, in the classical moduli space at which the
gauge symmetry is “restored” and all gauge bosons with their superpartners are
massless, yielding a possible monodromy, but Seiberg and Witten give arguments
that it will disappear in the quantum moduli space due to quantum corrections.
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That u = 0 is the only branch point can be ruled out for mathematical reasons:
In that case, u would be single valued everywhere, and 7(a?) analytic; Im 7 had
to be harmonic, reaching its minimum only at infinity and therefore changing
sign, which clashes with the need for a real coupling (220).

Therefore, at least two more singularities at points u; # 0,u_; = —u; are
necessary for a consistent solution, and Seiberg and Witten show that two are
also sufficient.

The Monopole Branch Point and Confinement Note first that for a # 0 the char-
ged gauge bosons and their superpartners are massive (211). Even without above
considerations, we expect therefore the collective excitations, which we found in
the semiclassical analysis, to become massless: Monopoles for a # 0,ap = 0,
and dyons for an, + apny, = 0 for some n. , Ny, # 0.

One is thus led to the conclusion that at least some of the singular points
are related to fields carrying magnetic charge becoming massless. Such objects,
monopoles and dyons, exist in the theory for large a. We calculate now the mon-
odromy matrix corresponding to a point in moduli space where the monopole
becomes massless, i.e. ap — 0. Such a calculation can be easily done using dua-
lity: We first do an electromagnetic duality transformation (242) to an electric
picture. Now we can use the result of the electric calculation (265) and after that
we transform back to the original picture using the inverse of (242). As a result,
the monodromy matrix for the monopole is becoming the conjugate of M(q ) of
(242):

M0 = (_12 (1)) =ST28 ' =SMZ'S . (266)

Under a small perturbation, a point where the magnetically charged object be-
comes massless leads to the condensation of these objects. When a magnetically
charged field has an expectation value, the electrically charged fields are confined
by a dual Meissner effect.

In type II superconductors, Cooper pairs (pairs of electrons) are the analogue
of above magnetically charged objects. Cooper pairs condense, hence have a
nonzero vacuum expectation value, and by that confine magnetic fields which
try to penetrate the solid to a flux tube of very small diameter. The ends of
this “string” lie on the surface of the superconductor and can be interpreted
as magnetic charges. Since the magnetic photon has only a small penetration
length, it can be said to have become very heavy and hence unobservable. G.
't Hooft and S. Mandelstam [18] suggested that the QCD vacuum confines the
colour electric charges by a dual mechanism: Here, magnetic charges condense
and confine the colour electric fields to small tubes between the guarks.

Since the existence of singular points corresponding to particles carrying
magnetic charge becoming massless is a necessity in N = 2 SUSY gauge theories,
Seiberg and Witten show the presence of this mechanism of confinement in four
dimensions at least for this class of non-Abelian gauge theories.
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The Dyon Branch Point The monodromy (266) does not represent by itself a
full solution of the singularity structure since it does not satisfy (260). Postula-
ting another singular point one obtains a plausible minimal solution. If the new
singular point has monodromy M’, the matrix can be calculated from (260),

-12

1 -1 —
M= M 0Moo = (-23

) = ST-2ST% . (267)
We can calculate the charges of the field whose vanishing mass produced M’ by
(261) or equivalently by calculating the matrix X which conjugates Mg 1) to

M'. The result is
xz(:;}) . (268)

The matrix X transforms the theory in the presence of the new object to an
electric picture with a field with charge (0,1) present. Using (248) we conclude
that the charges of the new object are (1, —1), a dyon, and therefore the new
singular point in the moduli space is characterized by

—a+ap =0. (269)

The Z; non-anomalous symmetry takes the point ap = 0 and (269) into each
other.

7.5 Solution and Conclusions

Once the singularity structure in the moduli space is guessed, the solution of the
infrared behavior is reduced to a well defined mathematical problem. One has to
calculate the function F or alternatively, since it contains the same information,
the function ap = h(a). It is convenient to treat the problem in a symmetric
fashion by parametrising a,ap in terms of a variable u,a(u) and ep(u). Elimi-
nating u, ap as a function of a can be recovered. The constraints on a(u), ap(u)
we have derived are summarized as follows:

— The functions should have three singular points a = oo,ap = 0 and —a +
ap = 0 with monodromies M, M(; o) and M’ respectively.
— Following from (249),

dap
%0 _ pdu >, (270)
da g2

These requirements fix uniquely the functions a(u), ap(u) up to reparametrisa-
tion of u. The solution involves the mapping of the physical problem into the
problem of calculating the periods of an elliptic curve. The solution is given in
a parametrisation where the singular points are at u = 1, -1, oo,

1 u
a=£/dz___vx—u , aD:[Z/dz__\/x-" , 271)
) RVt Pl iy~ sy
R -1 1
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and (212) yields the exact spectrum.

We discuss now further the implications of the results for the understanding
of confinement. The exact result produces just two isolated points (u = *1)
where the monopoles and the dyons become massless, respectively. In a N = 2
SUSY framework we cannot go beyond these points. If we break N =2to N =1,
however, we can penetrate into the phase where the monopoles (or dyons) are
condensed. Consider e.g. the perturbation mtr &2 to the original Lagrangean,
where & is the chiral multiplet in the adjoint representation. Near the point
in the moduli space where there are massless monopoles for m = 0, the exact
superpotential in the magnetic picture is

W = V28p MM + mU($p) , (272)

where M, M is the monopole multiplet and the first term is required by N = 2
SUSY. The vacuum is obtained by minimizing (272) supplemented with the
D-term condition

M| = |M]|. (273)
The equations are Ww
VZMM +m—— =0 (274)
d$p
oM =SpM =0 , (275)
which have as solution
dU v
- m
M=M=|-——- . (276)
( \/5 dQD ¢D=0>

Therefore the monopole field has a vacuum expectation value, i.e. from the point
of view of the effective theory the system is in a magnetic Higgs phase. Through
the dual Meissner effect [18], electric lines are expelled from the system. If +q
external charges at a distance d are coupled to the system, the electric flux lines
will be forced to join the charges on the shortest path i.e. the interaction energy
will increase linearly with d, yielding confinement.

We remark that the monopoles which condense are U(1) monopoles, i.e. they
will confine any particle having a non-vanishing Abelian charge. In this respect
this mechanism seems different from the expected Zy monopole confinement
which would confine just particles with the nontrivial transformation proper-
ties under the center of the SU(N) group. However, it is clear that there is no
phase boundary between regions where the two apparently different confinement
mechanisms act. This is related to the fact that in four dimensions we cannot
find a gauge invariant order parameter which would distinguish between the
condensation of the two types of monopoles.

As a summary, the quantum moduli space of N = 2 SUSY SU(2) Yang Mills
theory must have at least three branch points. The minimal solution consists
of a moduli space in-which three different kinds of particles become massless at
certain points:
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(i) At |u| = oo, in the perturbative region, monopoles and dyons are heavy and
become unobservable.

(ii) About some point u;, monopoles are light and act as matter in dual N = 2
SUSY QED. They are local and stable. Electric charges are confined by the
dual Meissner effect if monopoles are condensed, requiring an N = 1 SUSY.

(i) At u_y; = —u,, dyons become massless.

On the other hand, one should stress that a series of (very plausible) assump-
tions was made to arrive at this result:

— The Bogomolnyi bound (212) was assumed to hold non-perturbatively;

— Monopoles, dyons and the fundamental fields were assumed to be the only
physical particles, and no new particles would arise in the quantum theory;

— The duality group is a invariance group of the quantum sector (This is proven
if the path integral analogue of the dual transformation has no undiscovered
pathologies.);

— Only massless particles can yield logarithmic behavior and hence branch
points in the non-perturbative regime, at finite u.

In the end, we should keep in mind that the applicability of N = 2 SUSY
pure SU(2) gauge theory to the real world is unfortunately limited, a fact ack-
nowledged even by the most ardent of SUSY supporters:

— In the real world, supersymmetry (if it is a physical symmetry at all) is hea-
vily broken, since we observe no supersymmetric partners to e.g. gluons. But
then the Bogomolnyi bound (212) is invalidated, and no universal relation
between masses and charges of the observed particles is known. Although e.
g. all quarks have the same colour charge, their masses differ very much.

— Supersymmetry being broken, we lack the Higgs field ¢ in the adjoint repre-
sentation of the gauge group, whose flat directions proved so vital and which
“broke down” the gauge symmetry. The Higgs mechanism was essential to
determine the effective low energy theory which was used to solve the model.

- A non-renormalisation theorem for the effective low energy theory, as well
as for full QCD is not at hand.

The generalization to supersymmetric QCD with arbitrary number of colours
and flavours and both massless and massive quarks has been performed as well

[19]. Here, chiral symmetry breaking could be demonstrated besides the exact
spectrum.

These notes follow loosely the lectures given by A. Schwimmer of the Weiz-
mann Institute at Rehovot, Israel, at the workshop “Nonperturbative QCD”, or-
ganised by the Graduiertenkolleg Erlangen-Regensburg on October 10-12, 1995
in Kloster Banz, Germany. We thank him for a critical reading of the manuscript
and an extensive revision of the last two chapters.

A more thorough introduction into the work of Seiberg and Witten may be

found in [20] [21] [22]. There is no need to remind the reader that the subject
evolves rapidly.
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